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PREFACE TO THE SECOND EDITION 

The first edition of this book met with a very wide apprecia¬ 
tion, and as a consequence thereof, the present edition should 
have been brought out much earlier. The authors and the 
Publishers regret very much the delay that has been caused 
mainly on account of abnormal conditions created by the War. 
While all the essential features of the .previous edition have 
been retained, the book has been revised thoroughly and 
substantial additions have been made in the subject matter. 
The logical arrangement of having ‘Complex Numbers in the 
Introductory Chapter proved too difficult for the beginners, and 
it has consequently been considered advisable to sliilt ‘Complex 
Numbers’ to Chapter IX, in a very much improved form. 
Several other portions, included mainly in Chapters VI-XIII, 
have also been re-written and enlarged. Statements of Theorems 
have been made more precise and proofs more rigorous. This 
should not be considered tantamount to making the subject 
difficult, as the treatment has at the same time been made more 
explanatory. All this accounts for an increase of more than 
fifty pages in the volume of the book. 

Quite a large number of questions selected from recent 
Examination Papers have been added. In the case of the more 
difficult among them, either full solutions or hints have been 
given, partly with a view to give the student necessary guidance, 
and partly in order to excite his interest in the work. The 
student is, however, strongly advised to exercise great restraint 
in referring to the hints or the solutions. He should invariably 
start with an independent attempt to get at the solution. 

It is hoped that in the present form the book will meet the 
requirements of the B.A., and B.Sc., Pass Course and Honours 
students of Indian Universities, even to a greater extent than 
did the previous edition. 

The thanks of the authors are due to Prof. A. N. Ganguli who 
has read through the mss. of Chapters VI and IX. The 
Publishers and Printers are also to be thanked for their whole¬ 
hearted co-operation in seeing the book through the press. 

LAHORE : \ G. L. GUPTA 

February, 1946. ) HUKAM CHAND 
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EXTRACTS FROM THE PREFACE TO THE 1ST EDITION 

The recent changes made by the Punjab University in the 
Syllajous i'or B. Course of Mathematics created a demand for 
a revision or amplification of the book entitled “A Course in 
Higher Algebra ” by the authors. After much careful thought 
it was decided to bring out a book which would fully meet the 
requirements of Paper (a) in B Course, which now consists of 
Algebra (one-third of the paper), Theory of Equations (one- 
third), and Trigonometry (one-third). The necessities, there¬ 
fore, of giving a logical treatment of the four fundamental 
operations on complex numbers required that the introductory 
chapter should be on “Real and Complex Numbers”. That 
suggested the present title of the book which, however, does 
not pretend to be an introductory treatise on all topics pertain¬ 
ing to Pure Mathematics. It is, however, hoped that 
treatment of the topics included will be found to be free from 
logical flaws and such as to lay, within obvious limits, correct 
foundations for a further pursuit of the subject. 

With our “A Course in Higher Algebra ” as nucleus the 
present book has, of course, been written afresh. All that 
seemed to be unnecessary in the old book has been omitted and 
the rest of the matter has been so compressed as to give the 
book with all necessary additions a reasonable size. * * * 

Some extracts from the preface to our old book, are equally 
applicable to the present book and are reproduced below : 

We have tried to treat the subject in as easy a manner as 
could be possible. In the Theory of Equations, we have 
omitted the Theorems of Fourier and Sturm and have only given 
a statement of Budan’s Theorem. The roots of equations, 
unless they are nearly equal, can always be separated by other 
methods which involve less labour ; and as any elaborate discus¬ 
sion of equations, with nearly equal roots, is outside the scope 
of the book, the necessity for the above Theorems does not arise. 
The treatment of determinants will be found to be sufficiently 
rigorous and is based on the Theorem of Permutations. In the 
chapter on Infinite Series, we recognize the restrictions to which 
the train of reasoning is subject. The theory of limits, without 
which the first facts relating to convergence cannot have a firm 
foundation, are beyond the scope of this book. The treatment 
of the subject, as presented here, is not, therefore, free trom 
assumptions and limitations. But we may say that the subject 
is treated in such a manner, that the student will have nothing 
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to unlearn, should he choose afterwards to proceed to a rigorous 
study of Infinite Series. * * * 

The book contains a very large number of examples. Some 
have been constructed for this book, and others collected from 
many sources. Apart from giving solutions of examples illus¬ 
trative of the book-work, we have given solutions or hints for 
difficult examples, whenever we have found it necessary, and 
we hope these will encourage the student to tackle successfully 
even the more difficult examples that may be found at the end 
of the chapters. 

* * * The writers on the subject to whom we are indebted 

are too numerous to be mentioned here. Their names will be 
found in the bibliography given at the end of the book. That 
will also indicate to the student the sources upon which he 
could draw in case he felt more deeply interested in the subject. 

Considering the books mostly in use in Indian Universities 
for Pass Course, the present book, perhaps, strikes a new line. 
We shall feel grateful to the teachers using the book for the 
valuable criticism or suggestions they may have to offer for its 
improvement. 

LAHORE : ) G. L. GUPTA 

1st. Jan. 1942. j HUKAM CHAND 
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A TEXT-BOOK OF 

PURE MATHEMATICS 

CHAPTER I 

REAL NUMBERS. ELEMENTARY PROPERTIES OF 

EQUATIONS 

1 * 1 . The question as to the ‘nature and meaning of numbers’ 
is one which concerns the philosophers. The number concept 
is considered by mathematicians as entirely independent of 
notions of time and space, and is an immediate result of the 
laws of thought. Numbers are free creation of the human mind. 
‘The whole of arithmetic is a natural consequence of a simple 
arithmetic act, that of counting, and counting itself is nothing 
else than the successive creation of the infinite series of positive 
integers in which each individual is defined by the one immediate¬ 
ly preceding ; the simplest act is the passing from an already- 
formed individual to the consecutive new one to be formed.’ 
Addition is the repeated application of the simplest act into one 
single act, and multiplication is the repeated application of addi¬ 
tion. The individuals so formed are called the natural numbers 
which are denoted by 

1, 2, 3, 4,... 

While operations of addition, and multiplication always give 
a number of the system, the inverse operations of subtraction 
and division are not always possible in the domain of positive 
integral numbers. This limitation led to the creation 1 of negative 
and fractional numbers by the- human mind. The system of 
numbers so created is called the rational number system which 
we denote by R. 

1 11. Representation and Properties of the 
System R. 

The numbers of the system R can be represented by points 
of a straight line. Taking for granted that we understand what is 
meant by a st. line and a segment of a line , we take an arbitrary 
point 0 as the origin and another point A v such that the 
segment OA* is taken as unit. Any other number plq can be 
represented by taking a length OA P =p, and dividing it into 




2 THEORY OF EQUATIONS ' 

q equal parts. The first point of division A pq , such that 
OA p, Q =p/q, represents the number p/q. The point A p;q will be 
to the right or left ofO, according as pjq is positive or negative. 


o AjA^Ae A* * 

This complete correspondence between the points of a line and 
rational numbers suggests an important property, that the system 
of rational numbers is everywhere dense. It means that, however 
close two rational numbers may be, it is possible to find a 
rational number between them. 

112. Irrational Numbers. The four fundamental 

operations of arithmetic in the rational domain produce a mem¬ 
ber of the system. The system R is, however, insufficient to 
solve such equation as x 2 =2. This needs the creation of new 
types of numbers distinct from the members of R. 

First consider a terminating decimal, e.g. 

’ ^2 ^3' ••®n*, 

This can at once be reduced to the fraction of the form 


10 " ? 

which is a member of R. 

. In the second place, we can easily sec that 

m . _ 9 9 9 _ 

*”-10 + 102 + 103 +- 1# 

Finally consider a recurring decimal 
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FUNCTIONS, POLYNOMIALS 



where the denominator contains m 9’s followed by n zeros. Thus 
in each case wc get a number of the form pjq which is a member 

of R. 

Conversely, it can be proved that every number plq, where p 
and q are integers, can be expressed in one of the above forms. 
We may also note that every terminating decimal can be express¬ 
ed as a recurring decimal whose recurring part consists entirely 
of 9’s, c.g. 

0-315 = 0-314<j. 

From the above discussion it follows that a decimal fraction 
which does not terminate or recur, cannot represent a rational 
number. Accordingly we define :— 

Every infinite non-recurring decimal 

a 2 ° 3 “’ 

is a real irrational number. 

The domain R of rational numbers, which is represented by 
terminating or recurring decimal fractions, together with the 
irrational numbers represented by infinite non-recurring decimals, 
constitutes the domain of real numbers, or the arithmetical 
continuum. 

We can establish a complete (1, 1) correspondence between the 
arithmetical continuum and the points of a directed line (geomet¬ 
rical continuum) as in Art. 1*11. 

Another method* is to represent the number by a displace¬ 
ment along the line, the positive number x 1 being represented l>v 
a displacement of x units from left to right, and the negative 
number x 2 being represented by a displacement of ,r 2 units from 
right to left. 

1/2. Functions, Polynomials. Let x and y be two 

variables, and E x , E 2 their fields of variability. If a correspon¬ 
dence can be established between E x and E 2 by whatever law, we 
say, y is a function of x, and write y= f {>v)~ or y=<f>(x), (say)’. 

The variable x is called the independent variable, and y the 
dependent variable. It is obvious from the definition that the 
role of the independent variable x. and of the dependent vari¬ 
able y, can be interchanged, so that y can be taken as the indepen- 
dent variable and x the dependent variable. 

Suppose n is a positive integer, and a 0 . a v a. t ...ave some 
constants, and a 0 =£o, then the expression 
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F(®)=a o * n + 0 1 * ,l “ 1 +. +a n ~ 1 x-\-a n is called a polynomial 

of degree n in the variable x. The relation 

F(£)=0 

is called an equation of degree, or order, n. 

For the values 1, 2, 3, 4, of n, the equation F(.r)=o is called a 
linear, quadratic, cubic, biquadratic (or quartic), respectively. 

Any value of x for which the polynomial F(.r) vanishes, is 
called a root of the equation F(a.’)=0, or zero of F(x). 

The main object of Theory of Equations is to find the roots of 
the equation F(;r) = 0, i.e ., to solve the equation. 

1‘3. (Factor Theorem). If h is a root of the equation 
f(x) = 0, then the polynomial is exactly (i.e., without a remainder) 
divisiblejjy x—h, and conversely. 

Let f (x) m divided by x—h in the ordinary way until a 
remainder R, if possible, is left which does not involve x. Let Q 
be the quotient. Then we have the identity 

f(x)=(x—k) Q + R. 

Putting x=h, we have / (h)= R ; but / (h)= 0, since h is a root 
of the equation f(x)=0. It thus follows that R = 0, i.e. f(x) is 
exactly divisible by x—h. 

To prove the converse, wc notice that since f(x) is exactly 
divisible by x—h, we have 

f(x)=(x-h) Q. 

Putting x=h in this identity, wc get f(h)=0, which proves 
that h is a root of the equation / (#) = (). 

% 

2-1. We have seen that f(h) =R. If h be not a root, wc 
conclude that the value of the polynomial for x=h, equals the 
remainder obtained by dividing f(x) by x—h. 

EXAMPLES I (a) 

1. Find the values of a and b so that 3, 1 may be -tke^roots 

of the equation : 2x*—7x 3 +ax + b= 0. 

2. Find a, b, c if x 5 +2x 3 +ax 2 -\-bx+c be divisible by * 3 +l. 

[Hint. Divide the expression by a 3 +l and equate to zero the 

coefficients of x z , x and the absolute term of the remainder.] 

3. Show that (x— l) 2 "— x u +2x— 1 is divisible by 

2x 3 —Sx 2 -\-x. 

Solution: 2x 3 —3x 2 +x=x (2x-l)( 4 r-l). 

jf x== o, f(x)=(x— l) 2n —.r 2n +2 l r—1 =0, which shows that x is 

a factor of f \x). 

Similarly, f(x) vanishes for x=\ and x—\. 

Hence/(#) is divisible by 2x(x— l)(^r—A), or 2x 3 -Qx 2 -\-x. 
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4. For what values of n is the polynomial a’ 3 " x 2n -\-x n 1 
divisible by x 3 —x 2 +x— 1. 

5. If a be a real root of the cubic x 3 +px 2 -\-qx+r=0, of which 

the coefficients are real, then the other two roots are real, if 
p 2 —4q—2pa—3a 2 ^0. (Math. Trip.) 

Solution : Since a is a root, x—a divides x 3 +px 2 +qx-\-r 
exactly. If we carry on the process of division, we get the 
quotient 

x 2 +(p+a)x-\-a 2 +pa-\-q. 

Now the equation, x 2 +(p+a.)x-\-a 2 -{-pa-\-q=Q will have real 
roots, if (/J + a ) 2 ~-I (a 2 -fpa-i-< 7 ) ^0. 

which gives the result. 

SYNTHETIC DIVISION. 


1*31. Computation of Polynomials. The labour of 
computing the value of a polynomial for a particular value of .r 
can be saved by a simple device explained below. 

Let the polynomial be a 0 x 3 -f a V v 2 + a 2 x -f a 3 , and x=h. For 
x=h, a 0 x 3 =a 0 x 2 h, so that the sum of the first two terms is 
(aji+ajx 2 and this equals (aji+ajhx, where x=h. Thus the 
sum of the first three terms is (a 0 h 2 +a a 2 ) x. Hence the 
value of the cubic is a 0 h 3 -\-a^r-^a^h^-a^. 

If we write the coefficients in a line, supplying the intermediate 
missing powers of x with zero coefficients, the work is neatly 
exhibited thus 

o Q a 1 a 2 a 2 

_ aji a Q h 2 +a-Ji a Q h 3 -\-aJi 2 -\-a 2 h 

a 0 a 0 h+a i aJi 2 -\-a l h+a 2 \a 0 h 3 -\-a 1 h 2 +a 2 h+a 2 


It can be easily verified that the expressions a Q , a 0 h-\-a v a 0 h 2 - f- 
a J l +°z appear as coefficients of the quotient during the pro¬ 
cess of division of f(x) by x—h, and a 0 h 3 +ayh 2 -{-a 2 h-\-a 2 is the 
remainder. The method exhibited above is in essence a method 
of division of / (,r) by x—h. This process is called synthetic 
division. • 


For the sake of illustration, consider the following case : 
Let x=5, f (x)=x A +5x 3 — 3,r-f-7. 



Thus the value of a ,4 -j-5.r 3 —3.r-|-7 for x=5 is 1242, and the 
quotient obtained by dividing this expression by x—5 is 
* 3 +10.rH50.r+247. 
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1*32. The Behaviour of a Polynomial at Infinity. 

Suppose that the function f(x) is given by 

f(x)=a 0 x n +a 1 x n - 1 + .+ o„_ r r+fl n ( 1 ) 

If .r>0, each power of x is positive, and, therefore, 

f(x) <fl 0 ®»+A 1 a»-»+A^- 2 +..'....+A n _ 1 a+A B , 

and f(x)Za 0 x' l -(A 1 x n -'+A 2 x n -*+ .+A n . 1 *+A n ), 

where | a x | =A 1} | a 2 j =A 2 etc. 

Also when®>1, x n >x n - l >x'"- 2 ...>x>\, consequently 
a o x " + (A i + A 2 +... -f A n )x n ~ 1 >/ (a’) 

>a 0 x"-(A 1 +A 2 + .+ A n y- V 

i - e - ( a o+~y n >f(x)> ( a o-^) xn > 

where A=A 1 -fA 2 . +A„. 

Now choose e>0, however small; then we can make (A/,t) <e 
by taking x>A/e. Thus for all values of x>A/e 

("o + e )> f ( x ) >( a o~ «)«*> 

i.c. the function f(x) behoves like a 0 x n ,for large positive values of x. 

Similarly, if x is negative, but numerically large , f(x) behaves 
like a 0 x n , its leading term. 


EXAMPLES I (b) 

1. Form the equations whose roots are (£) 4, —3, —5,2; 

(“) s’ - 5 ■ 

2. Find the equation whose roots are w m+w 2 w, 
where w 3 =l. 



3. Find the equation whose roots arc 
(1) 2 m+(,)?b where ,., 3 =1. 

4. Find the quotient and the remainder when x*— 5a? 3 +3.t’ 2 
—7a;-fl is divided by #+2. 

Here h— —2; 1 -5 3-7 1 (-2 

_-2_14_-34_S2 

1 —7 17 —41 |83 Remainder. 

The quotient is a; 8 —7*c 2 +17ar—41, and the remainder 83, 
(which is the value of the function when x=—2). 

5. Find the value of 2;i’ 6 — x*+2x~ 1 for x=—2. 

6 Given that 8 is the root of the equation 
* ' 2.c 3 —31a: 2 + l I2.r+C4 = 0, 

solve the equation completely. 
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r*-' 


7. Given that 
solve it. 


—4 is a root of the equation 
x 1 - 2.i’ 3 -13.t 2 +3S.C - 24 = 0, 


8. Depress the equation .t’ 4 —2.r 3 —13a--}-38.r—24=0 by one 
dimension. 

[Hint. 1 is seen to he a root by inspection.] 

If another root of the equation is known to be — 4. find the 
remaining roots. 

9. Tabulate the values of the function 

ir 2 +2.i—3, when «r=2, —2, 3, —3. 

10. Divide 4.r 5 — 10.r 1 -{-G.i 3 —7.t: 2 4-9.C—11 bv x— 2. 


11. Divide 2.r 4 —5.r 3 -r7.r—5 by .r-j-2. 

14. The Fundamental Theorem '—Every equation 

of the form f(x )=0 has a root . where f(x) is a i>olynomin! in x. 

The proof of this theorem is beyond the range of the present 
work. \Yc shall, therefore, assume it. 

It follows that there exists at least one value of ,v for which 
the polynomial/(.r) has a given value. 

For, if the given value be A\ the equation f (x) —4=0 has at 
least one root. 


1*41. Every equation of the nth degn 
Let the given equation be 

/ M =P 0 x n +lh* n ~ l + p«j n ~- 


c has n roots, and 

.+y , » l = 9. 


no more. 


The equation f {x)= 0 has a root, real or imaginary*. Let it 
be h v Then /(. v) is divisible by x—h v so that, 

f(x)~(x-h 1 )f 1 (x). 

where f fx) is polynomial of n-lth degree. Again, the 
equation J 1 (,i’)=() has a root, real or imaginary. Let it be 
so that fi(x)=(x~h 2 ) JJx), where f 2 {x) is a polynomial of 
n—2th degree. 


Hence f {*)={*-hJix-lu)/^ v). 

Proceeding in this way, we obtain the identity 

. , , . /W=(tf-tyt*-*,).(,r -h n )f„{.v), 

where f n (x) is of degree (n—n), or zero, i.e. does not contain x 
Comparing the coefficients of .i”* on both sides, we find 

/ («) =P<fi”+Pi*"- 1 +-+V. =p 0 (x-h 1 )(x- h i )...(x-h 

♦It is assumed that the student possesses elementary ideas about complex 
or imagmary numbers, and knows the four fundamental operations of 
addition subtraction, multiplication and division of those numbers, these 
will be introduced formally in a subsequent chapter. 
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Obviously, f{x) vanishes when x is equal to any one of 
the numbers h v h 2 . h n , and, therefore, the equation has 

n roots. 

Also the equation cannot have more than n roots, for then the 
product of more than n linear factors of the form x—h 
would be a factor of the polynomial, i.e. a polynomial of the 
nth degree has a factor of degree higher than n, which is 

impossible. 

1*42. When some, or all, of the h's are equal in one or more 
groups, the number of distinct roots will be diminished. But 
the equation will still be said to possess n roots, the equal 
values giving the corresponding equal roots. In this way, 
the generality of the theorem is maintained. The right hand 
side of (1) will still contain n factors, some of the factors being 

repeated. 

‘ 1*43. If the equation f(x) = 0 is satisfied bij more than n values 
of x, then all the coefficients of f(x) vanish, i.e. J {x) is identically 

zero. The proof of this is postponed. (+■ 

1-44. If an equation with real coefficients, has a root a+ip, 
it has also the root a-ip, where a and p arc real. 

Since a+i P is a root, 
f{x)= {x—(a+ip )} Q. 

where Q is a polynomial of degree n-1. 

In this identity write — i for i ; and since f{x) does not contain 

i explicitly, it will remain unchanged. 

Henccf{x)={x—(a—ip)}Q.', 

which shows that a->P is also a root of the equation/(,r)=0. 

The number of complex roots of an equation with real co¬ 
efficients is even. 

1-441. Every equation of odd degree has at least one real root. 

' This follows from the fact that complex roots like a+ip occur 

in conjugate pairs. 

1 -442 If fix)=0 with real coefficients, has a multiple complex 
root, a+ip of order p, then a-ip is also a multiple root of 

° r Th/nroof is simple. We know that complex roots of the 
form a+ib a—ib of an equation with real coefficients occur in 
• rmto If the multiplicity of each kind is not the same, 

the^c^efficien^s o/the'eq'uation formed by taking them as roots 
will be complex, which is contrary to the hypothesis. 
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It follows from the above, that if a r -H0, (>'- 1 , 2 ,...^ 3 e 
complex roots of multiplicity p r (r=l, 2 ,...?), oi the equatioi 

f (a.’)= 0 , then 

[(l t- ai ) 2 +^ i 2 ]'' 1 ! -a 2 ) 2 + •-U a -“■') 2 +f " 2] ' 

is a factor ol f(x). Thus the equation can be reduced by 

=(/>i+J>j+-+P'<) dimensions. 

1 . 443 / It may be pointed out that a quadratic and a cubic 
cannot have a multiple complex root, and that a quartic 
having a multiple complex root, must have two distinct pans 
of equal complex roots. It may also be noticed that if a 
quartic has two distinct pairs of equal roots, they are cither 
both real, or both complex; for, one cannot be real and the other 

complex. 

1*45 In 071 equation with rational coefficients, if, for 
instance, a + ^/b (b not being a perfect square) is a root, so is 


a — rfb. 

1-451. If an equation with rational coefficients Ins an irra¬ 
tional root a+^b of multiplicity p {where b is not a perfect 
square), then a — y/b is also a multiple root of 01 do p. 

The proofs of these theorems are left to the student. 


1-452- An equation with rational eoellieicnts may have a 
root of higher irrationality than the square root, e.g. a+fyb, 
where b is not a perfect cube. Roots of this type occur in 
groups , which we may call conjugate groups. If a+f/b is a 
root, a-\- M $/b and a+upf/b will be two other roots, and these 
two latter roots are complex. 

Again, an equation may have a root consisting of more than 
one irrational part, the other roots can then be put down at 
once, as in Exs. 8 , 9, and 12 below. Again, a root may consist 
of an irrational part and a complex part, as in Ex. 10 below, in 
which \/2 + v / — 1 is one root. The other roots will be seen to 

be y/2 —y/~\, + — y/2~\/ — \. Thus, we see 

that in all such cases the roots of the equation occur in conjugate 
groups. 


1*5. Common roots of equations- 

Let / n (;r)=0 and f m [x )—0 be two equations of degrees n 
and m, respectively. - If h v ( k<m or «) be the roots 

of both the equations, then both j n {x) and f m (x) are divisible 
by <l>[x)^{x—h l )(x—h 2 )...(x—h k ), which is, therefore, the 
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H.C.F. (highest common factor) of Jn (x) and f m {x). Thus, the 
common roots of f m {x)=0, and f n (x)=0 are the roots of the 
equation $ {x)=0, where <f> (x) is the H.C.F. of f n (x) and f m (a;). 

EXAMPLES I (c) 

V- !• Find the cubic with real coefficients, which vanishes for 

x=3-\-\/—5 , and has the value—9> 
when x has the value 1. 

2. Find the lowest degree equation with rational coefficients 
whose roots arc ^3 — 1 and 2—^/5. 

3 . Solve the equations :— 

(i) x 4 — 8®*—12a: 2 -}-60a:+63=0, given one root equal to 
S-y/30. 

(ii) x 4 -\-x 3 — 25.r 2 -f4Lr+66 = 0, given one root equal to 

3-HV 2 - 

4. Solve the equation a: 3 + 6a:+20=0, one root being l+3i. 

5. Find the real factors of x 3 +4a: 2 +9a:+10, one of the factors 
being a:+l—2 i. 

6. Show that the equation 

x 0 -f- 2 a: 5 — 1Oa* 4 12a: 3 +59x 2 +10x-50=0 
is satisfied by x=i —3 and x=i-\-2 , and find the other roots. 

(P. U. 1922) 

7. Solve the equation :— 

X 6 _ ^5 _ s £4 _J_ 2x i + 21 x 2 — 9x — 5 4 = 0, 
given that one root is ^/2-\-i. 

[Hint : y/2—i, — */2+i, — \/2 — i are the other three roots.] 

8. Solve the equation 

x 6 —4a: 5 — 11 x* + 4 Oa: 3 -j-11 x 2 —4x —1 = 0, 
given that one root is ^2 + ^/3. 

9. One root of 3a, 15 —4a: 4 —42a: 3 +56a: 2 +27a:-36=0 is y/2 — y/o, 
find the remainining roots. 

10. One root of the equation 

2a: 6 —3a: 5 +5aA+ 6a: 3 - 2 7a:+81 = 0 
is ^/2-hi/ — l, find the remaining roots. 

11. Solve the equation x 4 — x 3 —9x 2 — 14«:+8=0, given that one 

rog>t is — 1 + ^3. 

12. Form an equation with rational coefficients which shall 
have for a root the irrational expression y/p+^/q. where p and 
q are not perfect squares. 

The expression has four different values according to the signs 
of the radicals, i.e. 

VP+y/Q’ -VP+y/9’ VP-y/Q> Vp~y/<1- . 


EXAMPLES 


The required equation is, therefore, 

(x~ \/P~~ i/Q){ x + y/P + V9) ( a ' — VP+ •/9)( x + VP — a/V) = () » 
i.c. a: 4 — 2 ( j p+< 7 ).i’ 2 +(p—?) 2 = ( ). 

Alitcr : Put x=^p+V<i 1 _ Squaring both sides, 

x 2 ={p-\-q)+2VP9' . _ 

Hence (x 2 —p—q) 2 =4pq> which is the required equations. 

. 13. Find the simplest equation with integral coefficients 

which has and — Vf”Vlf amo “g its roots * W ,iat 

are the other roots of the equation ? ( Pctcrhouse , etc., 1931) 

14. Show that the equation 

A 2 a 2 A 2 

.+ — =x+l, 

„ „ 1 ™ — n x—a.. 


x —a l x—o 2 


where A,, A«,...A n . a v a 2 , . a n and / arc real, cannot have 


imaginary roots. 


[Solution. If possible, let a -\-ip be a root, then a — ift is also 
a root. Hence 

a 2 A 2 A 2 *b**<sA 

(0 r-r! .-K . ; 


(a — Oj) —i'0 ' {a—a 2 ) — ij$ 

Ap , , A 


(a-0 n )-ij3 


(li) (^)Ttf + 


+(i=r.fc?- ( ' +( « +l - 


Subtracting (//) from (i), 

2 i'fl f-p._ 4 - 1 I — 0 

^ L(a—o 1 ) 2 +^ 2 ‘ + (a-a n ) 2 +0 2+ J 

which is impossible, unless /3=0.] 

\s 15. If the roots of the equation 4 r n —1-0 are 1, a, /?, y... show 

that (l-a)(l-/3)(l-y).=n. 

16. If tTj, x 2 ,......x„, arc the roots of the equation 

( a i“«)(<**—*). ( a n—x) +A-— 0 , 

then a v a 2 . a n , are the roots of the equation 

x) . (x n ~x)—k= 0 . ( Radford ) 

[Hint : -a:)+A=(.r 1 -.r)(j’ 2 -.r)...(j ll -a:).] 

h 17. For how many values of x can a polynomial of decree n 
equal a constant k ? 

2 

^ 18. Prove that satisfies the equation 

(^-l) 3 +( 2 .r-l)V.+(».c— 1 ) 3 = 0 , 

and find the quadratic equation satisfied by the other two roots. 

10 u- 1 4 -u , , {Downing, 1928) 

1J. Find the common roots of the equations 

£ 4 -f-3.r 3 — 5a: 2 — 62 ’—8=0 and a: 4 -f-a; 3 —9i’ 2 -j-10A ’—8 = 0. 
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20. Solve the equations 

4a: 4 -f 12,r 3 —a: 2 —15®=0, 6® 4 + 13a: 3 -4a.- 2 -1 5x =0 
given that they have common roots. 

Elementary Symmetric Functions 


1*6. It is known that when a v a 2 are the roots of the equa¬ 
tion fl 0 a: 2 -f cqaj-ffl 2 = 0 , the following relations hold : — 

. _ a i _° 2 . 

&l\0-2 —-* Cl i^o — 


a 


0 


a 


o 


Now we shall establish such relations for the general equation 
f(x)=a 0 x n +a 1 x n ~ 1 +a& n - 2 + . +a n . 1 x+a n =0 .( 1 ) 

It has been proved that if a v a 2 , a 3 ,...a„ arc the roots of this 
equation, 

/(®)= 0 O (®— ai )(®—a 2 )(®—a 3 ).(«— 

Multiplying out all the linear factors, we get the expression 

- («i+° 2 +« 3 +- +a„)® n - 1 + foaj+a 1 a 8 +a 2 a 3 + ...)x n ~ 2 

— ( a l a 2 a 3"h a l a 2 a 4* , 0'^ -3_ h — l)” a l a 2 a 3* ,,a n J * 

Now a 1 + a 2 + a 3 +...4 a„, which is the sum of all the roots, 
may be represented shortly by Scq ; in the same way 
ai a 2 -f ai a 3 -f... _!_a 2 a 3 -t----, which is the sum of products ol roots, 
taken two at a time, may be represented by I'cqcq, and so on. 
Thus the expanded expression may be written as ' 

a Q { X n — Va ^"" 1 + ^a 1 a 2 x n ~ 2 — 2 a 1 a 2 a 3 .r n “ 3 -|- ••• -f ( — 1 ) n a 1 a 2 a 3 .. .o n }, 
the absolute term being the product ol all the roots. 

Now since the expression is identically equal to 

a 0 x n -T-a 1 x n - 1 +a 2i x n - 2 -\-...+a n - 1 x+a n , 

the co-efficients of the corresponding powers of x must be equal. 
Hence we get the following n relations :— 


*h=- 


a 


a 


o 


- a l a 2 = 


a 

a 

a 


o 


l (2) 


^cL 1 a 2 a 3 — 


— 9 


a 


o 


a 


\ n 

a l a 2 a 3 ###a = ( 

u 0 

It should be noted that in the above relations the coefficients 
of the alternate terms enter with their signs changed, the first 

change occurring at *"” 1 - 
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1*61. If the coefficient of the highest term is unity, i.c. if 
a 0 = l, the relations become simpler, there being no necessity 
of division by the coefficient of the first term. In that case, 

^aja 2 .a n = (— l) ,lfl n» 

which shows that the absolute term is exactly divisible by each 
root. 

EXAMPLES I (d) 

1 . The sum of two roots of the equation 

a’ 3 —3a' 2 —16.r+48 = 0, 
is zero, find all the roots. 

Let the roots be a. /?, y; then we have the following three 
relations between the roots and coefficients :— 

a+0+y=3, (0 

aj3+/?y+ya = — 10 , (ii) 

afiy = —48. (iii) 

Let the additional relation here be written as 

a+£= 0 . ...... (iv) 

From (/) and (re), y=3. Substituting this value of y in (iii), 

—16 ..... (v) 

This could have also been obtained fronv(fi) and (iv). 

Now from (iv) and (v), a and fi are found to be 4 and —4. 

Thus the roots are 4, —4, 3. 

The student will also see that after one root has been obtained 
to be 3, the cubic could have been divided by x— 3, giving 
x*— 16=0, which gives .r=±4. 

It is clear that all the relations between the roots and the 
coefficients are not necessary for solving the equation com¬ 
pletely. The relation not used may be utilised for checking the 
results. 

2. Solve the following equations, the sum of two of the roots 
being equal to zero, in each ease :— 

(?) 25.r 3 + 5 Od’ 2 —.t—2 = 0, 

/ (ii) 4.C 4 —24.t 3 +3 Lr 9 + 6 .r— 8 = 0 , 

L (i») 6 a; 4 - 3 ^+ 8 a:*-a;+ 2 = 0 . (Math. Trip. I, 1932) 

3. The cubic 3.r 3 -lLr 2 +8.r+fc=0, has two equal roots, find 
k and solve the equation. 

Let the roots be a, a; ft. Then we have 
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Substituting in (2) for ft “-2a, obtained from (1), we have 

the quadratic equation 9a 2 -22a+8=0, \jhich gives a=2, or 

g- The corresponding values of 0 are-* and j. Thus we get 

25 
____ • 

9 


the two sets of values, 2, 2. 

3 9 9 


For the first set of roots, k =4 ; and for the second set 
. 400 

= — 243 


4. The cubic x 3 — 12a? 2 +45a?— k =0 has two equal roots. Find 
k and solve the equation. 

5. Each of the eubics 2®?—9«*+12ar—5=0 and 2a: 3 —9.c 2 -f- 
12a: 4=0 has two equal roots. Find all the roots, and clear 
the ambiguity, if it arises anywhere in the solution. 

6. Find the condition in order that the equation x 3 +%qx+r=0 
may have a pair of equal roots. 

7. Show that the equation x 3 - 3a:-f- a =0 has equal roots, if 
a= ±2. Solve the equation in each case. 

8. Solve a: 4 —8a: 3 +21a: 2 —20a:+5=0, it being given that the 
sum of two of the roots is equal to the sum of the other two. 

(P. U. 1918) 

The equation is identical with 

(a: 2 —4a?+ p) (x 2 -4x+q)=0, 

i.e. with a: 4 — 8 a.’ 3 4 -(p +7 + 16)a: 2 — ±(p+q)x+pq=0. 

p+q=5, pq=5. 

Hence p, q are the roots of the equation t 2 —5t+5=o, etc. 

9. Find the condition that the roots of the equation 
x*+2ax 3 +bx 2 +cx+d=0 be so related that the sum of two of 
the roots is equal to the sum of the other two. 

Hence solve the equation x l — 10a: 3 +27a: 2 —10a:—10=0. 

Solution. If a, /3, y, 8, be the roots, a-f/?=y-fS = — a. 

Hence a, £ ; y , 8, are the roots of the equations 

a: 2 +aa:+p= 0 , a. , 2 -f-a.r-{-< 7 = 0 . 

Hence x x +2 ax 3 + bx 2 -\-cx+d=={x 2 +ax+p) ( x 2 -f ax -f q ). 

Comparing coefficients, a 2 +(p+q)=b, a(p+q)=c. 

Elimination of p+q gives the required condition a 3 —ab+c=0. 

10. ' Solve the equation x x -\-2x 3 — 21a? 2 —22a:+40=0, given 
that the sum of two roots is equal to the sum of the other two. 
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11. Solve the above equation of Ex. 8, given that the product 
of two of the roots is 5. 

Since y 8=5, afi= 1 : hence the biquadratic can be factoriz¬ 

ed in the form ( .r 2 -f- 79.1’ + 1 ) (.r 2 -f qx + 5 ). 

. •. x* - 8 .i 3 +21 .t 2 - 20 *+5 = (*»-f+ 1 ) (. 1 - 2 + qx + ->). 
Comparing cocllicicnts. 

-*=P + q, ... (i) 

21 =«+W ... (ii) 

— 20 = 5/>-f 7- . 

From (?) and (m), />= — 3, 7 =—5. Hence the roots of the 
biquadratic are the roots of the two quadratics 

.r 2 —3.r-f 1 = 0 and .r 2 — 5*4- 5=0, 


which give 


3 ± v/5 


and 


5 i y/i 


- z 

12 . Given that the product of two of the roots of the coua- 

+12 ' 2 - 82J ' +C5 =° is “■ the 

13. It the product of two of the roots of .r 4 -f ni' 3 -ba.r 2 4- rr j_o 

“o, ,s c< }y n .^ 1C product of the other two, show that r 2 =;A? 
Sliow that this condition is satisfied if the roots arc in G. P. 

14. Show that if c 2 ~a 2 d, then the product of two of the roots 

51S“: ,+ "‘ w+ "+'-•»” 1 ""' «»735 

Hence solve the equation .r 4 -f-.r 3 -j-2.r 2 +2.r+4=o 

15. The equation .r 4 —2* 3 +4.r 2 +6r— 9 i —n u, * 

equal in magnitude and oppositt in sign : fin'fail the root! r °° tS 

1 C. Given that sum of two of the roots is '* College) 

telythe equation 4.i J +8a' 3 +13.iS+2.r+3=0. ’ soK ' c eonipie- 

17. Given that two of the roots of Cathcr ‘ nc ‘ WT) 

45.r 4 —54*2—98.r 2 + 150*— 75=o 

b “ r n...». 

„ la ; /»'--■ a. equation T 

For (i). we take the roots a, „. p, ft'fnd gef*** °" d 

a +^=~-’ aH|8*+4 a^=° C 


a 


a 
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afi(a-\-P) = - - \ and a 2 /3 2 =-- 
rv r/ a a 

Substituting the value of a+£ from the first relation in the 

third, we have aj3=^, which value substituted in the fourth 

relation, gives ad“ cb 2 —0. ... ... (A) 

Attain, from the second relation similarly is obtained the 
condition 2b*+a 2 d=3abc ... ••• (B) 

Thus, in order that the roots may be equal in pairs, conditions 
(A) & (B) should hold. 

Here the relations between the coefficients and the roots to be 
consistent, require that two conditions should be fulfilled. 

20. Solve the equation 

.r 4 -f 4a;3 - 2a 2 -1 2x -f9=0 

friven that it has two pairs of equal roots. 

Let the roots be a, a. /3. 

... 2(a-f/3)=-4 a 2 £ 2 =9 

a-|-/3=— 2 anda/3=+3. 

Thus a and /3 are the roots of the equation a 2 +2^3=0. 

Hence put tentatively (^+2^3) 2 =,i'H^-2^-12M-9. 
Comparing the coelficients on bolli sides, it is seen that the 
positive sign before 3 is to be rejected. Thus a and £ are given 
by the equation a: 2 + 2x —3=0 

Hence the roots are 1, 1, —3, —3. 

21. The biquadratic a 4 -14a 3 +73.r 2 -lG8a’+144=0 has two 
pairs of equal roots ; find them. 

22. The roots of the cubic equation 4a 3 -f-12a 2 +lLr+3 = 0 are 

in Arithmetic Progression, find them. 

[Take the roots as a—k, a and a-\-k.\ 

23. Solve the equation .r>-m*+39.r-28=0, whose roots 

are in Arithmetical Progression. (I . U. 

24 . The roots of the equation 

’ IGa 4 —64a 3 -f5Ga 2 -{-16a—15=0 

are known to be in Arithmetical Progression ; solve the equation 

(Math., Trip. I, rJ6l 

25. The roots of the equation 8a.’ 3 —14a 2 +7a—1=0 arc i . 
Geometrical Progression ; find them. 

TTake the roots as y, a, ar. j 


N 
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26. Solve the equation 27 a' 3 + 42 a: 2 - 28 ;r -8 = 0 whose roots 

are in Geometric Progression. (P. U. 1942) 

27. The roots of the equation 2o: 4 -45a: 3 +315a: 2 -810a: 
+648=0 are in Geometrical Progression : find them. 

[The product of two of the roots is equal to the product of the 
other two, now proceed as in Ex. 14.] 

28. Solve the equation a: 4 + 20o; 3 -210a; 2 -540a:+729=0, the 
roots being in Geometrical Progression. 

29. Two roots of the equation a: 4 +6a: 3 —16a: 2 +24a:—80=0 
are pure imaginary. Find them. 

30. Solve the equation a: 3 -9a: 2 +14a:+24=0, two of whose 
roots are in the ratio 3 : 2. 

31. One root of x 3 —px 2 +qx—r=Q is double the other, show 
that it may be found from a quadratic equation. 

32. One root of the cubic x*—px 2 +qx—r =0 is n times the 
other, show that it may be found from a quadratic equation. 

[Let the roots be a, na, £, then 

a(n+l) + jS = p, ?ia 2 + £a(« + l) = < 7 . 

Substituting for /? in the second, we see that a is one of 
the roots of the quadratic 

(n 2 +n +1 )x 2 —p[n +1 )x +q = 0 . 

The value of a should be so chosen that the value of ft 
obtained from one of the equations 

a(n+l)+j3=p, na 2 £=r, 

satisfies the other.] 

33. Show that the sum of two of the roots of the equation 
x x -\~px 3 + qx 2 +r =0 will be equal to zero, if r 2 -pqr-\-sp 2 = 0 . 

34. Show that the four roots of the equation 

x *■+ px 3 + qx 2 -+ rx + s = 0 , 

i will be connected by the relation, a/?+y 3 = 0 , if p 2 s-\-1 2 =4qs. 

{ 35. Prove that the sum of the n nth roots of unity is always 

zero. 


36. Prove that the equation 

rt three roots equal, if — ~ — — = 
<A‘ H b 5ac 


ax s +bx z +cx 2 -\-d=0 will have 
5 bd 

- 2 > each of these quantities 


ai being equal to the repeated root. 

Solve 32a: 5 —360a; 3 +540a; 2 —243=0. (P. U. 1923) 

37. The product of two of the roots of the cubic equation 
am 3 +(2a— x) m+y=0, in in, is a constant k; find the relation 
between the coefficients that must hold. 
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[Lct/Wj, m 2 , ?n 3 . be the roots, and let m, m 9 =k 
We have 

W 1 4-?72 2 +W 3 = 0, 

Oq _^ 

Wl?« 2 + W 2 77?3 + 77i3?n 1 = “ 


a 
V 

m 1 in 2 m 3 = — 

CL 


(i) 

(«*) 


m 1 m 2 =k, 


y 


. (in) 

■•(tv), tlie given relation. 


From (Hi) and (iv), m,= -J 

ka 

Here it is not necessary to eliminate )«„ m 2 , m 3 with the Hein of 

relations (0 and (ti). The easiest method is to substitute P the 

value of m 3 in the given equation, which must be satisfied by it 
Thus we have, yUf+k‘a(2a-x)-kW} = 0 , Y 

which is the required relation. .* ' 

This gives the solution of an important problem in Co-ordinate 
Geometry which may be stated thus 

The locus of the point of intersection of two normals to the 

parabola y -4a.r==0, the product of whose slopes is a constant 
k, is another parabola if+k 2 a( 2 a-x)-k 3 a 2 = 0 .] C 

38. I he roots of the cubic x 3 +Zpx +3nx4-r=0 arc in 
0 A. P„ (it) G. P„ (iff) H. P„ if (/) 2p>-3p, q +7Lo 

(n) rp 3 =q 3 , (m) 2q 3 =r(Zpq-r). 1 

Solve the equation in the three eases. 

39. One root of the equation a^+a^+aji+a^ is equal 

to the sum of other two. Solve it and (ind the relation amon" 
the co-clhcicnts. ° 

Solve the equation x 3 +2a 2 + 3 a-f 2 = 0 . 

40. The ratio of two of the roots of the biquadratic 

a 4 - 12 a 3 + 47 a 2 - 72 a-f 30 = 0 

is equal to the ratio of the other two. Solve the equation 

41. Show that if the roots of the equation 

x*+np l x«-'+ , ^~± P 'X*-i + . =0 

- • 

be in A. P., they can be obtained from 

i 


-Pi“{ for k=l, 2, 


n. 


[Sol. Suppose that the roots are 


a x = a, a 2 =a-\-d . a n = a + n — \d. 

-n ft =v» |2a-f n—-id[ 
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~Pi~CL-\-\n~l d .(j) 

- a i 2 =(- a i) 3 —2 a 2 =n 2 p 1 2 — n{n—l)p t \ 

n V-«(«-l)^ 2 =a 2 +(a+d) 2 +.+(a+n—1 </) 2 

=na 2 +2ad(l -J-2 +.-f n —1) 

. +(l 2 +2 2 +.+S=1 2 )d 

=na‘+2ad | "t 2 - 1 )^-! ) 

2 ~ 6 ’ 

npi 2 _(„_ 1 ) J , 2=a 2 +ad ( n _i) + (!LrlK^zi) d 2 . (i - ;) 

From (u) subtract the square of (i); 
then (n-l)( ft 2 _p 2 )=(!t^ 2 . 


or 


d—2 


Now 


12 

s (Pi 2 ~Pi) \ ^ 
n-t 1 J 


«*=«+*—1 d 


= a +~d+l(2k-l~ n )d 


i 


=—Pi~ (n+l-2fc) \ 3 1&*ZPJ 

42. If^+6H.~ 2 + 4G:+VI_3H 2 =0 L " + * 

has two pairs of equal roots, prove that 

x,tz. If -+^+« 2 ~'=^r°^+4;^=4 2 ,. •+*+&£; 19 Z 

[a, b, c are the roots of t>=th+ly +x . Hence etc.l 








CHAPTER II 

DETERMINANTS 

21. Definitions. 

Permutations. Let 1, 2, 3, 4,...w, (or a, b, c,...) be integers 
(or letters), which stand in natural order. Any other arrange¬ 
ment {e.g., 4, 7, 6, 3, 2,... or edbac...) of these numbers (or 
letters) is called a permutation. A number (or letter) q is called 
higher than p if it occurs to the right of p in the natural order. 

Transposition. An interchange of two numbers (or letters) 
is called a transposition. 

Inversion. If in a permutation a higher number precedes 
a lower one, an inversion is said to occur. 

! 2*11. Class Of a permutation. A permutation is said 

to be even, or of even class, if it contains an even number of 
inversions. If the number of inversions be odd, it is said to be 
odd, or of odd class. 

The class of a permutation can be determined by actually 
counting the inversions. Form the pairs of each number with 
those which follow it and count the inversions in all pairs. Their 
sum gives the total number of inversions in the permutation. 

! Take, for instance, the permutation 304152. We form the 
following couplets (the inversions will be indicated by crooked 

brackets). 

The couplets (30), (34), {31 }, (35), {32} give 2 inversions. 

The couplets {64}, {01}, {05}, {02} give 4 inversions. 

The couplets {41}, (45). {42} contaiii-2 inversions. 

The couplets (15), (12) have no inversion, 

The couplet {52} is an inversion. 

The total number of inversions is 9. The class of the permu¬ 
tation is odd. 
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The same thing can be exhibited graphically as follows 



In the upper line write the six numbers in the natural order, 
and below it, in the second line, write the permutation. Join each 
number of the upper line with the same number in the lower line 
by lines (straight or curved), so that no three lines pass through 
the same point, and no two lines intersect in more than one 
point. The number of intersections which lie between the two 
rows, equals the number of inversions. 

212. The effect of a transposition. A single trans¬ 
position of two elements in a permutation introduces an odd num¬ 
ber of inversions, and therefore changes the class of the permutation. 

Take, for instance, the permutation 31982657 4, 
and, suppose, we interchange 9 and 6, and get the permutation 

31C82957 4. 


We may note that the interchange of 9 and 6 has no effect on 
the inversions of the groups, 31 which precedes 9, and 574 
which follows C. We may, therefore, consider the effect only on 
the group 9826. We may also note that by an interchange of two 
consecutive numbers we either gain or lose an inversion {c.g., by 
the interchange of 9, 8 which gives 89 an inversion is lost, and the 
interchange of 2 and 6 gains an inversion). Now 9 can be 


brought to the place of 6 by passing over 8,2,6, i.e. three invei 
sions are lost (in general, m, say), and then 6 can be brought t 
the original position of 9 by two interchanges (in general, m— 1 
so that 2 inversions are gained or lost (in general, m— 1). Thi 
the number of inversions gained, or lost, is 2m— 

/Tg'* ls cc 
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RULE OF SARRUS 


2*13. Consider the two simultaneous equations 

<•h x + b iy=° ... (2) 

and a&+b&=0 

Elimination of x and y gives 0. 

The expression af) 2 —aj) v ••• ( 2 ) 

which is a function of the co-efficients a v b v a 2 , b 2 , is symbolically 

represented by 

7 1 ... (3) 

o 2 b 2 

which is called a Determinant of the second order, and 
a b — dob, is known as the development or expansion of the 

determinant, while a„ a„ b v \ are called the elements of the 

determinant. . 

Next, we take the three simultaneous equations 

a^+b^+c^O, 

a 2 £+&22/+ c 2 s=0 > ••• v 1 ) 

and a 2 x+b 2 y+c 2 z=0. 

From the second and third of these equations, the propor¬ 
tional values of a?, y t and 2 are easily found to be 

x _ y __ 2 

b 2 c 3 — b 2 c 2 c 2 a 2 —« 2 c 3 a 2 b 2 —a 2 b 2 

Now x, y , and 2 may be eliminated by putting the proportional 

values in the first of equations. ••• (U 

Thus we get the eliminant * 

odb 2 c 2 —^ 3 ^ 2 ) b\(p. 2 c 2 — a 2 c 2 )+c 1 {a 2 b 2 —a 2 b 2 )=0. ... (2) 

The expression on the left-hand side of (2), which is a function 
of the nine elements, or constituents, a v b v c v a 2 ...c v is the 
expansion of the determinant of the third order , 

Gl J 1 Cl 13) 

a 2 b 2 c 2 ••• K°) 

o 3 b 2 c 2 . 

Tho following rule of expansion is due to Sarrus. 

Write down three columns of the determinant {a-fifa), and 

re-write the 1st two. 


% \ \ / / 

\ \ ?< /•« 
V V /' 


* x x X. 

. A A / \ \ A 
' ' \ 


I 



determinants 



The positive terms in the expansion are obt “ lncd fr °™ ‘ 
numbers on the lines, running diagonally from top to bottom, 

and the negative terms from the numbers on the lines running 

diagonally from bottom to top, beginning being made, in each 
case, from an element in the first column. 

EXAMPLES II (a) 


1. 1 

1 

a 

b 


1 c 


a b 


a b 


a 

1 

c 

=1 

—c 1 

+a 

—c 


I c 


-b 

—c 

1 








[expanding by means of the first column] 

= (l-fc 2 )+u(fl-|-ta)— b{ac— 6) = l-}-fl 2 +6 2 -f-c 2 - 

2. Show that the determinant 


a h g 


h b f 


=abc—af 2 —bg 2 —ch 2 -f- 2 fgh 


g f c 

3. Expand and simplify the following :— 


x 


y 


(0 


0 cosx siny 


> (”) 


y-x ~x 2 +xy—y 2 
x+y x 2 +xy+y 2 


I 0 sin x cos y i 

[It is obviously convenient to expand (?) from the first 
column.] 

4. Find the values of the determinants : 


i 

I 

5 

9 


3 

0 

-5 | 


4 

9 

2 


3 

8 

4 

(*») 

7 

-1 

0 

(Hi) 

3 

5 

7 


6 

2 

7 

5 

-9 

6 

1 

1, 

8 

1' 

G 


The last determinant is an example of a ‘magic square’. The 
sum of every row, column, and diagonal line is the same. 

5. Write down, in determinant form, the result of eliminating 
x, y, s, from the equations:— 

lx-\-my-\-nz=0, nx-\-ly-\-mz— 0, mx-{-iiy-\-lz=0. 

Hence show that the eliminant is l 3 +?n s +n 3 —3toi=0. 
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DEFINITION OF DETERMINANT 


2*14. The examples of Art. 2T3 exhibit the following 
properties which will enable us to formulate the definition of a 
determinant of any order n. 

1. A determinant of order n is an integral function of n 2 
elements (also called constituents), arranged in the form of a 
solid square, along n horizontal lines (called rows) and n vertical 
lines (called columns). 

2. Each term in the expansion is the product of n factors, in 
which each of the letters, a, b, etc., and each of the suffixes 
1, 2, ...n, occurs once, and once only. If in each term the 
letters a, b , etc., be arranged in order, the suffixes will be some 
permutation of the natural order 1, 2, 3, etc., of the suffixes. 

3. The number of terms is n !, which is the number of permu¬ 
tations of 1, 2,...n. Half of the terms are positive, and the 
remaining half are negative. 

4. A term is positive, or negative, according as the permuta¬ 
tion of suffixes is even, or odd. 

Ex. Take a determinent of the fourth order and obtain its 
expansion by the above rules. 

215. Definition. The above discussion enables us to 
formulate the following definition of a determinant:— 

The sum of n ! different terms , viz., 

— i 

obtained by permuting the suffixes 1, 2 ,...n, in all possible ways, 
the order of the letters a, b,...s being kept intact, and the sign of a 
term being positive or negative according as the permutation of 
suffixes is even or odd, constitutes a determinant of order n. The 
sign of the term a 1 b 2 c z ...s„ is positive. This determinant is 
symbolically represented by 



and will here be denoted by A- 

It is briefly written as | a 1 b 2 c 3 ...s n | , or as (a 1 6 a c 3 ...5„), or 

^hJ term ajb]s 3 ...s n , which is obtained by multiplying the 
elements situated in the diagonal drawn from the left-hand top- 
corner, is called the leading or principal term. 
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A determinant of order n is, therefore, an integral function of 
n 2 elements, arranged in the form of a square along n horizontal 
lines and n vertical lines. The horizontal lines are called rows 
and the vertical lines columns. The letters signify the columns 
and the suffixes, 1, 2,...refer to 1st. 2nd...rows. Thus d x is the 
element occurring in the fourth column and the i th row. 

Another notation for the determinant of the nth order is the 
following:— 


a 


a 


li 


a 


12 


a 


13 


a 


in 


21 a 22 a 23 . a 2 n 


°31 a 32 °33 . °3 n 


a 


»1 


a 


”2 




or (a n a n a 33 ...a„„), or | a | n, 

First suffixes refer to rows while the second refer to columns. 
Thus the element a xj occurs in the ?th row and the jth column. 

Note. ( i) An interchange of two letters, keeping the suffixes 
fixed, is equivalent to an interchange of the suffixes, letters being 
kept unaltered. 6 

(ii) Each term in the expansion contains one and only one 
element from each row and column. 

(iii) The interchange of two complete elements, for instance, a,, 
and b h in a term does not change the sign of the term. For, the 

... ^ a ^ ^ bj is equivalent to two interchanges; a with b 
and i with j. 

As the suffixes refer to rows, a r , b r ,...s r occur in the rth row. 
bo, m the definition, the parts of the elements that are to be 
permuted are those which refer to rows. 

, ? X ',' Vrite , d ? wr ? the symbolic notation for the determinant 
fl ip“V’ and ob tain all the terms from the notation according 
to the above rules, by keeping the order of the suffixes fixed, and 
permuting the letters. 


? . Theorem I. If rows be changed into columns and 

columns into rows , the determinant remains unaltered. 

ShaU CaU the determinant 





THEOREMS I AND II 


For example, for a determinant of the second order, 


A = 


«i &i 
flo bn 


a i 


=za x b 2 —a 2 b v which is obviously equal to A'» 


i.e ., 


I b 1 b 2 

Now in the general case, we have to show that 

I fli b x C x .ii I | fl l G 2 G 3* • • 


b 2 c 2 


O 3 ^3 C 3 


1 2 b x bn 

L = c x c , 


fl n b n c n . In I h h h .• 

The expansions are obtained by taking one and only one ele¬ 
ment from each column, and one and only one from each row. 
A'nv element situated in the rth row and the sth column in A 

becomes simply an element in the sth row and the rth column 
with reference to A' ; the terms, in magnitude, are, therefore, 

the same in A' as in A- The terms are als0 the j i 8 u 
For, let ± \ b p-" l p< where “> b ’ - 1 occur m ° rder ’ W " 

(a B p) is some permutation of (1, 2 , 3....n), be a term of A- 
The elements in the term can be re-arranged so that the suffixes 

are in order, and a,b,c ...are a permutation ; and , thls “ a 
f a / The second is obtained from the principal term y 
f a J number of interchanges of letters as the first is obtained 

-f ,ht 

T wE 55 T «««-' *«■»■ 

Tnd similar is the ease with rows, “parallel lines ” is the common 
term applied to columns as well as to rows. 

o oo Thporem II. U tw0 V arallel lines °f deteiimn f lt 

J'fleZTT determinant retains its absolute value, but 
changes in sign. 
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Proof. Evidently the terms in the expansions of both A and A' 
are the same in magnitude and number, for each term contains 
one and only one element from each row, and one and only 
one from each column. Further, an interchange of two lines is 
equivalent to an interchange of two suffixes, or two letters. 
Thus every term of A occurs in A', with the sign changed ; 
hence A , = —A- 


2*221. Cor. 1. If any line of A be passed over two 
parallel, lines, i.e., if the resulting determinant is like 


Cj dj b-y 


a 2 ^2 dg ^2 
a z c 3 d 3 b 3 


(when A is of fourth order), 



then A'=(-1) 2 A = A- 




Generally,- if any line of a determinant be passed over m parallel 
linesy the resulting determinant A ,= =(—1)"* A- 

It is also obvious that A=( — 1) TO . A'. 

2*222. The sign of any term zoill be positive, or negative , 
according as that term can be made the principal term in A' bu an 
even, or odd, number of movements of lines of A- 

Thus if we require the sign of a 2 b 3 c A d 1 in a determinant of the 
fourth order, A will be ' 

@2 ^2 ^2 ^2 1 


^3 ^3 ^3 ^3 


a 


a 


d 4 


* c i d 4 |, 

and this requires three movements of rows of A. i.e., the firs 

1- 

letters, the suffixes keeping their order intact. 

T ?' . M f n 9 rs an d Co-factors. 

I^t A= | btf i ...s n ' 


^G\* LS c C 


r. < 


r' 


RINAGA 
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EXPANSION OF A DETERMINANT 


Definition 1. The determinant that is left by removing the -4 
row and the column which intersect at a v is called the co-factor of 

a v and is denoted by A v j 

To determine the co-factor of p r which occurs in the rth row 
and pth column, we bring p r to the left-hand top corner position 
by r-1 movements of the rth row upwards, and p— 1 move¬ 
ments of the pth column to the left. Calling the transformed 
determinant A', we have 

b r . s r | .( —l) p+r-2 = A'( — l) p+r - 


A= i V 




Pi 


a 


*i 


Pt 


a 


Pn a n . s n 

Hence bv the definition above, the co-factor P r of p r in A is 
the co-factor of p r in A', multiplied by (-1)-+' ; hence it ,s 

by . S 


(_l)P+ r 


a 


a 2 b 2 


1 

S 2 


, which is of order n - 1. 


| «« “n . 

n^finitimi 2 The co-factor P r of p r without the proper sign , 
.PS^Zeithe minorofr,, and is denoted by P', Thus the 

minor of p r ™ the determinant obtained from A by removing the 

row and column that intersect at p T . 


2*31 Expansion of a determinant. 

| a x b 2 .-Sn I = ~± a i"2.*»• 

Illustration. Consider a determinant of the third order, 
V1Z ‘ (a l b 2 c 3 )=^±a 1 b 2 c 3 . 

In this summation, group all the terms which contain (i) n„ 
(ii) - 
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We note that the coefficient of a v viz. b 2 c 3 —b 3 c 2 does not con¬ 
tain the letter a, nor the sufiix 1, and consists of the 
permutations of suffixes in b 2 c 3 , the letters being kept in order. 

The coefficient of a, does not, similarly, contain the letter a , 
nor the suffix 2 ; also, 2 can be made the suffix of a by inter¬ 
changing 1 and 2 in the leading term a x b 2 c 3> which thus gives 
—a 2 V 3 . Thus the coefficient of — a 2 , which is obtained by 
permuting 1 and 3 in b Y c v the order of the letters being kept 
fixed, is b x c 3 —b 3 c v This gives the coefficient of a 2 as b^—byC^ 
which is precisely A 2 . In the same way, the coefficient of a 3 is A 3 . 

Now we take up the general case of the expansion of the 
determinant. 


Proof. In the summation ^±a l b 2 ...s ni group all the terms 
which contain (i) a v (ii) a 2 ...(n)a n . Calling the coefficients of 
these T lf T 2 .. we have 

I . s n | =< 7 iT 1 +a 2 T 2 4-. t<J n T n . 

To determine T v we notice that it contains neither the letter 
a > nor the suffix 1. Thus T x consists of all permutations of. 
b 2 c 3 ...s n , where letters are kept fixed. Thus T 1 ='Zb i c 3 ...$ ni and 
this is precisely A v 

Now f T 2 does not contain the letter a and the suffix 2. So 2 
may be made the suffix of a by interchange of 1 and 2 in the lead¬ 
ing term a l b 2 ...s n ; the result obtained is —a 2 b 1 c 3 ...s n . Thus the 
coefficient of — a 2 will be obtained by permuting the suffixes 
I> 3,..., keeping the order of the letters intact. The required 
coefficient is '*±b l c 3 ...c n , which is precisely A' 2 . Thus the 
coefficient of 0 , is — A' 2 =A 2 . 

Again, to determine T r which contains neither a nor r, the 
suffix r can be made the suffix of a by r— 1 transpositions 
Tk G * eatlin £ term - The result obtained is ( —l) r “ 1 a^c,...^. 

e coefficient of ( —l) r-1 a r is obtained by permuting 

, 2 ,...(r— 1 ), (r+l),...n, the result being ^±b 1 c 2 ...s n , i.e.. A' r 
5o the coefficient of a r is (—l)'- 1 A' r =A r . 

Hence 

A=« a A' i --a 2 A / + ...+(_ l ) r - 1 ar A / r +..*+( —l) n ~ 1 u n A , n , 

a \ A 1 +G 2 A 2 +...-fa r A r -f ...+a n A n . ...(1) 

^ an y row or any column can be brought to the position 
ot the first column, we have 

A =^. Pi +ftP 2 +. +p„p„ 

-<2rA r +6 r B r +.+s r S r . ...(2) 
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EXAMPLES 


EXAMPLES II ( b) 

1. Count the^inversions in the following 

\/\i) 203154, (ii) 7326451. \ m) 28631754 (iv) 784132965. 

y 2. Determine the sign of the term c 3 b 4 c 1 d 2 in a determinant 
‘'of fourth order. 


3. Evaluate the determinant 


A : 

= 

0 

1 


2 

1 





3 

1 


0 

1 



• 


1 

0 


5 

2 




• 

2 

3 


0 

4 . 



3 

0 

1 


3 

1 

1 ! 3 

1 

0 

Now A = — 1 

5 

2 

+2 

1 

0 

2 - 1 

0 

5 

2 

0 

4 


2 

3 

4 2 

3 

0 , 


(expanding in terms of first row). Expanding further these 
three determinants of the third order, the result is found to be 

-45. 


Evaluate 


l 2 

‘>2 

3 2 

5. I 2 

2 2 

3 2 

4 2 

2 2 

3 2 

4 2 

2 2 

3 2 

• 

4 2 

5 2 

3 2 

4 2 

5 2 

3 2 

• 

4 2 

5 2 

6 2 




A ° 

4“ 

5 2 

6 2 

7 2 


Find the values of the determinants 


6. 1 

2 

3 

4 7. 5 

-2 

1 

0 1 

0 

1 

2 

3 3 

1 

—2 

4 

4 

3 

2 

1 2 

0 

— 1 

2 

1 

2 

3 

0 . 1 

-1 

2 

3 
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8. Show that the determinant 

i a a a 0 


b b 0 b 


c 0 c c 


= —3 abed, 


| 0 d d d 

Expand the following determinants :— 


0 c b I 


c 0 a in 


b a 0 n J 

l m n 0 '. 


10 . 


11. -p q 


r s 


12 . 


q —p s r 


r s -p q 


« a (3 y 
—a (i l —m 
—(3 —l a n 

. —y in —n a . 
0 c b x 


—c 0 a 


—b —a 0 


\ s i- q —p |. —a* —y —2 0 

Show that the result in Ex. 12 may be put as 

( ax-by+cz)-. 

. Tlieo ?® in .HI. A determinant vanishes if two of ih 
paiallel lines are identical. J u lts 

It is clear that the interchange of identical lines leaves the 
determinant unchanged, yet bv Theorem II ? VCS * ie 

two lines changes the sign of the dSM- 01 

hence A = A'—A. or A=0. ’ 

Cor. It has been proved that 

A -Or A r +b r B r + .-f5 r S r 

T a , =Pl Pl+ftPi!+ .+P» P »- (1) 

In A, replace the rth row by «„, b . 

** - 
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THEOREMS IV AND V 


Expanding it with respect to the new rth row, we have 

a m A r -\-b m B r +.S r =0. 

For a similar reason 

<7l Pi + </2 P2“b*- ,- btfn Pn = 0* 

Thus fl m A r -|-& m B r -j-..S r = A. il" m~r, 

, = 0, if m=fzr, ‘ (2) 

and P x +q 2 P 2 +----h?n Pn = A> if P=?> 

= 0, if p^zq. (3) 

2*33. Theorem IV. If all the elements of a line be multi¬ 
plied by a common factor, the whole determinant is multiplied by 
that factor. 

If all the elements of the rth row of A are multiplied by m, 

A /= ={ ma r A r -{-mb r B r -j-wic r C r +.} 

—m { a r A r -\-b r B r +c r C r +.} 


i 




= 771 A- 

Cor. If two parallel lines be such that the elements of one are 
the equimultiples of the elements of the other, the determinant 

vanishes. 

2*34- Theorem V. If each element of a line consists of 
m terms, the determinant can be expressed as the sum of m deter¬ 
minants. 


Illustration. Let the determinant be 


A = 


a 2 +a' 2 a 3 -\-a' 3 




= («i+« / i) Ai+{a 2 +a' 2 ) A 2 +(a3+ fl/ 3)A3> 


where A^bfr—b^p A 2 —b 3 c 1 -b 1 c 3 , 

A 3 = biC 2 — cf ).». v 

... ^^(fljAj+fljAa+flsAJ-KaaAi+fl'iAi+fl'aA#) 


II 

• 

a 2 a 3 

+ 1 

a\ a' 2 a' 3 

• 

b 2 b 3 


b x b 2 b 3 


Cl c 2 c 3 


Ci c 2 c 3 
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Here we have to prove that a determinant like 


o v &i>.»;V•!* Jh"+Pi "+••••• -Pi ( r )+ .+Pi('”)>. s i 


a 2 , b 2 .... 

- ,P2 , +P 2 "+l>2'"+ • 

• • • ’Pzi. r ) “b ••• 


• • • • ^2 

• 


• • • 

• • 

•••ipn ~\~Pn ~rPn ••• 

•••Pn{ r ) 4“ ••• 


...s n 


1 . • •yPli r )i . 5 1 


«2> ^.P 2 ( r )».*2 

I 

\ 


I (l n , b n , . Pn{ r )> .* 

where the summation extends from r=l to r=m. 


Let the co-factors of the elements in the pth column of the 

determinant on the left be denoted by P 1} P 2 ,.P„, then the 

determinant 


r _ i-Pi r + - • - +7>i( m ) ^ Pi 4- •! + -.. ’r P 2 +...] 

[ 'Pi Pl+7 ; 2 r f > 2+.. -f Ptt'Pn ! + i7^i"Ri+P2"P 2 -f-...+Pr/'P n } 
, +•..+ •: Pl( m ) l\ +P. ( m ) P 2 + ... + />„('") P„ | ] 

=the sum of ?/? determinants represented in the 1 notation. 
In general, if each element of one line consists of p terms, of a 
second parallel line consists of q terms, and of a third consists o r r 
terms, and so on, the determinant can be split up into par., 
dele,„ii?iants. 


2 34. Theorem VI. If to each clement of a line of a 

determinant hr added J.'.o ,qui-multipies of the corresponding ele- 

inents oj one or more parallel lines, the determinant remains 
unaltered. 


Illustration. 

A /= =i Qi+b 1 <7,-f& 2 sr 3 -j-&. 
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= (<Zi+^i) A 2 + (« 2 -f& 2 ) A 2 -}-(o 3 +i 3 ) A 3 
= (fliA 1 +a 2 A 3 +tf 3 A 3 )+(& 1 A 1 +& 2 A 2 4-£ 3 A 3 ) 

= ( G iAi+fl 2 A 2 -}-fl 3 A 3 ) 

=1 a x a 2 a 3 

I b i b * h — A- 

C \ C 2 c 3 | 

Proof. Here we have to prove that a determinant like 




■ ■+m{ k )k v . s 1 


...,P2-\-m'a 2 +m"b 2 +.. 

... + m{ k )k v .s 2 


....,p n -\-rn'a„+m"b u -\-.. 

....+m( k )k n , .s 2 


a V b 2> . 

• 


(l 2> b 2 . P 2». S 2 

— A 


i 


I fl?u Um . Pn> .| 

The determinant on the left is obtained by adding m' times the 
first, m" times the second,.. m( k ) times the Arth column to the 
pth column of A* Jn order to prove that this determinant A' is 
equal to A> wc notice that it can be broken up into &-fl deter¬ 
minants, one of which is A- and the other k determinants all 
vanish in virtue of two columns being identical. 

In practice generally, several parallel lines of a determinant 
mav be so altered simultaneously without altering the determi¬ 
nant. As an illustration 


«1 W c x 



&1 + ^1 

c i 

0-2 b 2 ^2 

— 

a 2 +pb 2 +qc 2 , 

b., -f sc,. 

C2 

a 3 b 3 c 3 


a 3 +pb 3 +q c 3 , 

b 3 +sc 3 

C 3 


The determinant on the right can be split up into 3x2 deter¬ 
minants, all of which vanish except one, which is equal to A- 
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ADDITION OF PARALLEL LINES 

But care is to be exercised in using, in the alteration oj any 
line, such lines of A, as have already been altered. For, as case (i) 

if we put A' as 

b l -\-ra 1 -\-sc 1 

a i -\-pb. i +qc 2 b 1 +ra i -\-$c 2 c 2 

A' will be split up into 3x3, i.e., 9 determinants. Only seven 
of these will vanish, and the remaining two will be 


«1 

b i 

C 1 

| ph 

ra t 

c i 

a. 

l> 2 


and pb 2 
* 

ra 2 

c. 

a z 

*3 

C Z 

1 V b 3 

ra 3 

c 3 


so here A'=(l —pr) A* 

But as case (ii) if we put A' as 

a x +pc v b l +qa lt c x 

a t -\-pc,, b,+qa 2 , c 2 

# 

a 3 +pc z , b 3 +qa 3 , c 3 , 

A' will be found to be equal to A- 

In case (i), in altering the first column the second column has 
been used and again in altering the second column the first has 
been used ; while in case (ii), the second column has not been 
used in altering the first column, although the second has been 
altered by means of the altered column i.e., first. So we are led 
to the following general result :— 

If any rth line has been altered by means of sth and tth (say) 
parallel lines, sth and /th cannot themselves be altered by means of 
that rth line, though all the rest parallel lines can be altered by 
means of the rth line (as it originally stood). 

The above rule will hold only subject to the condition that 
one of the parallel lines is left unaltered. For example, in 


a i +P b i 

b 1 +qc l 

c i+ ra i 

ai+pb 2 

b 2 +qc 2 

c,+ra 2 

“z+pb 3 

. b 3 +qc 2 

c 3 +ra 3 
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although 1st column has been altered by means of 2nd, and 2nd 
by means of 3rd, and 3rd by means of 1st, yet the determinant, 

= (1 +pqr) A- 

It may be noted that alteration by means of altered lines 
means a fresh alteration, and is. therefore, always admissible. 

2'35, Theorem VII. If those elements of a determinant 

A which involve x, are polynomials in x, and if A=0, when a is 
substituted for x. then x—a is a factor of the determinant. 

Since the elements of A involving x are polynomials in x, the 
the expansion for a will also be a polynomial in x. 

As A vanishes for x—a, therefore x—a is a factor of a. 

Example. In the determinant 

A =1 a b c | 


be ca ab , 

if a be substituted for b, first two columns become identical and 
hence A vanishes. Thus a — b is a factor; similarly b—c and 
c — a are factors. Since a is homogeneous and symmetrical in 
a , b, c, and of fifth degree, there must be another quadratic 
factor, symmetrical in a, b, c. 

Let 

A ={a— b)(b—c)(c—a) \ k(a 2 + b- + c 2 ) + k'(ab+ bc+ca)),.. . (1) 

where the numerical .factors, k and Id. are to be determined. 
Rutting «=0, /<=1, c= 2 on the two sides of (1), we see 

that - (54:+2^ ), or 5k+2k'=2 .(2) 

Again, putting a— 0, 6=2, c=3, in (1), 

3C = 6 (13A+C/c'), or 1 3A- + 0// = 0. (3) 

Solving (2) and (3)-, /.•=() and A'=1. 

Hence A ={a-b) ( b-c ) (c-a) (ab + bc+ca). 

Though A here may be factorized directly also, without much 
trouble, the above illustrates an important process. 

EXAMPLES II (c) 


1 5 

4 

0 

—1 

0 

-3 

2 

0 

1 1 

0 

— o 

G 

5 

4 

• 0 

-1 

0 

—3 

2 

0 

• 1 

0 

—5 

G 

— 10 

6 

1 

4 

-10 

G 

1 

4 
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[The third row passes over two rows to occupy the first place. 
The expansion can, however, be done by means of the third row 
without any movement.] 



I 5 

0 

-1 


5 

4 

— 1 

3 

1 

-5 

G 

+ 2 

1 

0 

G 


-10 

1 

4 


-10 

G 

4 


and expanding the two determinants by means of first row and 
second row, respectively, the value of the given determinant is 
obtained to be —1127. 



43 

1 

G 


7.6 + 1 

1 

C ; 

2. A = 

j 35 

7 

4 

== 

7.4 + 7 

7 

4 


17 

3 

2 


7.2+3 

3 

2 I 



6 

1 

6 


1 

1 

G 

_ _ ^ 

4 

7 

4 

+ 

7 

* 

7 

4 


2 

3 

2 


3 

3 

2 I 


(since two columns are identical in each of these two determi¬ 
nants). 


3. Prove that 

(0 


3 

2 

2 

2 

(«). 

1 

1 

1 

1 

2 

3 

2 

9 

_o 

1 

2 

3 

4 

2 

2 

3 

2 

— J* 

1 

3 

6 

10 

2 

2 

2 

3 : 


1 

4 

10 

20 


=1 


4. Prove that 
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5. Show that the determinant 

I 21 17 7 


vanishes. 


[Make two rows identical. 
I and III and subtract II] 

6. Evaluate 


Subtract IV row from III. Add 


7. Show that 


3 

2 

1 4 

15 

20 

2 14 

16 

19 

3 17 

33 

39 

• 

8 38 . 

1 a 

a 2 

a 2 -\-bcd 

1 b 

b 2 

b 2 -\-acd 



= 0 . 

1 c 

c 2 

c 2j rabd 

1 d 

d 2 

d 2 -\-abc 

x p 

q i 

1 


(P. U. 1940) 


a x r 1 


a b x I 


a b c 1 


={x-a){x-b){x-c). 




a 

b 

c 

0 


—a 

b 

c 

0 

b 

a 

0 

c 


b 

9 

—a 

0 

c 

c 

0 

a 

b 


c 

0 

—a 

b 

0 

c. 

b 

a 


0 

c • 

b 

—a . 


Prove that 

10 . 


a 


bed 


—a bed 

=8 abed. 

—a —b c d 

\ —a —b —c d 

11 . b-\-c a—c a—b 

b—c c+a b—a =8 abc. 

c—b c—a a-\-b 

011 1 I 

# 

1 b+c a a 

* =a 2 -\-b 2 -\-c 2 —2bc—2ca —2ab. 

1 b c+a b 

1 c c a+b 

13. Prove that —2a a-{-b a+c • 

b+a —2b b+c =4(fc-fc)(c-f-a)(a-f-&). 

c+a c+b —2c i 

14. Prove the identity 

Pyh, a, a 2 , a 3 1, a 2 , a 3 , a 4 

y8a, ft p 2 , ft 1, /S 2 , ft, ft 

= [P. 2224] 

hap, y, y 2 , y 3 1, y 2 , y 3 , y 4 

a/3y, 8, S 2 , 8 3 I 1, 8 2 , 8 3 , 8 4 . 

[Apply Theorem IV.] 

15. Solve the equation 

x+2 2x+3 3a:-f 4 

2a:+3 3.r+4 4a:+5 =0. (P. U. 1939) 

3a:-f 5 5*4-8 I0a:+17 





u determinants 

16. Show that the determinant 

1 a b-\-c | 


c-\-a vanishes. 
a+b , 


[Add the elements of the second column to the corresponding 
elements ot the third, and take out the common factor.] 2 

17. If we denote by capital letters A, B. the co-faetors of 

corresponding small letters «. b ,...in the determinant 


show that 


a h o 


h b f 
g f c 


A = 


a 

h 

s 

h 

b 

f 

g 

f 

c 

• 

/ 

m 

n 


= -(l'A/2+2i'F mn). 


[Expand A w- r - to the lourth column, and then each of the 
three determinants re. r. to the third row.] 

18. If a h (i I • 


As h 


f , 


1 o J I 

show that (with the notation of Ex. 17) 

BC—F 2 =«Ar CA —G 2 =/yA. AB-I12 = c a, 
GH—AF=/A, HF^BG=gA, FG-CH=/iA. 


19. Expand the determinant 

| a b g 


1 / in n 

as a quadratic function of /, m, n. 


[P. U. 1926, 1929 ] 


• < 
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Prove also that the above determinant is a perfect square, if 

I a h g 1 


/ 


= 0. 


a 


/. 


20. If it) is one of the complex cube roots of unity, show that 

1 2 i 

1 frl <•! 


<*> 


<•> 


vanishes. 


(0 


<»> 


1 


21. If u=ax*+4bx 3 +6cx*+4dx+c, 

u n =ax 2 +'2bx+c 
u l2 =bx 2 -f- 2cx -f- d 
u 22 =cx 2 -f 2 dv -{- c. 


prove that a 

b c v n 




a b c 

b 

c d w 12 



= — U ; 

bed 

c 

d e u 22 | 

• 



c d e 

u n 

m 12 u 22 0 

% 

22. Evaluate 

1 1 10 5 0 | 

• 


A = 


o 


10 


10 


0 


[P. U. 1918] 


10 5 10 1 ( . 

When, as here, the sum of the elements of each row or each 
column is the same, we proceed as follows 

Adding the constituents of each column to the corresponding 
elements of the first column, we get 8 

i 10 10 5 0 | 1 10 5 0 ! 1 10 5 o 


A = 


16 1 10 5 1 1 10 5 0 -9 5 5 

= 16 ' = 16 

1 10 1 0 


10 10 1 0 


16 5 10 1 


1 5 10 1 


0 0—4 0 

0-5 5 1 I. 


(subtracting first row from second, third, and fourth rows). 
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So A=I6 


-9 5 5 


0 —4 0 . This may most conveniently be 


—5 5 1 


expanded by 2nd row ; the sign to be prefixed to the element —4 
is obviously positive. Thus A = 16 x( —4) x-16 = —1024. 

^3. If u=ax 2 +2bxy+cy 2 , u'=a'x 2 +2b'xy+c'y\ 

prove that 

w 


(n) 


to 

1 

eg 

to 

ax+by bx+cy \ 


m 

1 

u u 

a b c 

— 

. J 


\ 

1 a'x+b'y b'x+c'y 

y , 

ax+by a'x+b'y 

a’ b' c' 


• 

i 

1 a b 

ax+by 






bx+cy 


=.—(ac—b 2 )(ax 2 -f-2 bxy -J- cy 2 ). 


ax+by bx+cy 
24. Evaluate 


0 



! 

1 

15 15 

1 

0 







0 

1 15 

15 

1 







6 

20 6 

0 

0 


[I>- 

U. 1010] 



0 

G 20 

G 

0 







0 

0 G 

20 

6 

• 




Evaluate 


26. 

Show that 




1 

15 

14 

4 1 1 

5 

-10 

11 

0 


12 

6 

7 

9 

— 10 

-11 

12 

4 

=8100 

8 

10 

11 

5 1 

11 

12 - 

-11 

2 


13 

3 

2 

1G |. 

0 

4 

2 ■ 

-G 

• 


[P. U. 1025] 


( Salmon's Algebre Superieur) 
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27. Show that 


6 2 +c 2 

ab 

ac 

ab 

c 2 +a 2 

be 

ca 

cb 

a 2 -\-b 2 


=4 a 2 b z c 2 . 


28. Prove that 


b-\-c 

c+a 

a-f b 

=2 

a 

6 c 

b'+c' 

c'+a' 

a'+b' 


a' 

6' c' 

b"+c" 

c”+a" 

a"+b" 


a" 

b” c" 


29. Prove that 

a b c 

a a-\-b a-\-b-\-c 

a 2 a-\-b 3a-{-2b-\-c 

a 3 a-{-b 6a-\-'3b-\-c 

30. Prove that 


d 

(i- j- b- f- c-]-d 
4a+3b+2c+d 
lOa+Gb+Zc+d 





a 2 a 2 -(b-c) 2 be 

b 2 b 2 —{c~a) 2 ca 

c 2 c 2 —(a—b) 2 ab 
L /“ . Show that 


={b—c)(c—a)(a—b)(a-\-b-\-c)(a 2 +b 2 -\-c 2 ) 


(a 2 +b 2 )/c 


a 


(b*+c 2 )/a 

I 

b 


a 


(c 2 +a 2 )lb 


=4 abc. 


32. Show that 


a 


a—b b—c c—a 


b-\-c c+6 a+b 


=a 3 +6 3 -f c 3 — Sabc. 


-' ¥ 


[a-f 6+c is easily seen to be a factor.] 
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Factorize a b c | 

a 2 b 2 V 

a 3 b 3 c 3 . 

Show that 

a-\-b-\-2c a b \ 

c b+c+2a b =2(a+b+c) 3 . 

c a c+a-\-2b | 

Prove the following identity :— 
a+b-\-nc (n — \)a (n —1)6 / 

(n-l)c b+c+na (n — l)b =n(a+b+c) 3 . 

(n— l)c (n— l)a c-\~a-\-nb 

Prove the identity :— 


< 


1111 ) 

abed \ i ^ 

=(a—b)(a—c)(a—d)(b—c)(b—d)(c—d). 

a 2 b 2 c 2 d 2 

% 

a 3 b 3 c 3 d 3 
1/ 37. If A=/?y+0.3, n=Va+/38, v=aP+Y8, prove that 

1 1 1 

a /< =—(J8—r)(r—a)(a—j8){«—s)08—S)(y—«). 



Hence show .that the following determinant has the same 
value:— 


/ 3 2 r a +a 2 s 2 

/ 3Y+a6 

1 

Y 2 a 2 +6 2 /3 2 

Ya +(38 

1 

a 2 /3 2 +Y 2 S 2 

ajS+ra 

1 . 
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38. Show that 
(a+6) 2 ca be i 

ca {b+c) 2 ab 1=2 abc{a+b+c) 2 . 

be (ib (c-f^) 2 

39. Show that 

i (6+c) 2 a 2 o 2 

A = b 2 (c+a) 2 6 2 =2n6c(a-f-6-{-c) 3 . 

c 2 c 2 (a+6) 2 , [P. £/. 1923) 

Subtracting the third column from the first and also from the 
second, and taking out the common factors from the columns 
thus altered, 

b + c—a, 0, a 2 

A = («+6+c) 2 0, c+a —b y b 2 

c—a—b, c—a—b, (fl-|-6) 2! . 

Again, subtracting from the third row the sum .of the first 
two rows, 


1 

b+c—a, 

0, 

a 2 

A = («4 b-\-c) 2 

0, 

c+a-b, 

6 2 


-26, 

— 2fl, 

2ab 

(a+b+c) 2 

a(6+c-a), 

l ~ 

0, 

a 2 

~ ab 

0, 

6(c+a-6), 

b 2 


i —2ab, 

—2a 6, 

2ab 


a{b+c), a 2 , a 2 

J a+b+c) *^^ b* b(c+a), b* 

o, 0, 1 

a{b+c) a 2 

=2(a+6+c) 2 

, b 2 b(c+a ) 

=2a6(a-f 6-f c) 2 {(6+c)(c-fa) — ab) =2abc(a+b-\ c)'\ 
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40. Verify that 

- a(b 2 +c 2 -a 2 ) 2 6 3 2c 3 

2 a 3 -&(c 2 +a 2 -6 2 ) 2c 3 =aZ>c(a 2 +& 2 -f c 2 ) 3 , 

2a 3 26 3 — c(a 2 -{-fc 2 —c 2 ) 

and evaluate 

a—b—c 2a 2a 

2 b b —c —a 2b [ P.U.1927 ] 

2c 2c c—a—b . 


41. Simplify 


=0 


into the form 2 (x-a)\b-cY= 0, and deduce that i‘s roots are 
both imaginary, when a, b, c are all real. [ • 

Subtracting third column from second, and expanding, 


a 

i 

b 

1 

ab 

a—b 

1 

ab 

a 

b | 

1 1 

b 

c 

1 

-f x be 

b—c 

1 

— be 

b 

c 

c 

a 

1 

ca 

c—a 

1 

ca 

c 

a 


Now the coefficient of **=-*2 (b~c )*; the coefficient of c 
fl(b-c) 2a—b—c 0 

- -c{a-b) -(2 c-a-b) 0 ,=v fl (fc-c) 2 . 

I ca c—a 1 I 

• Thus^the given equation becomes l(x-a) 2 {b-cY=0. 

Now the left-hand side can vanish cither .1 a b, e neall equal, 

or if the two values of x are imaginary, a, b, c being 


=^a(b—c) 2 . 
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distinct. The first cannot happen as it will turn the equation 
into an identity, hence the roots are both imaginary. 

42. Prove that the determinant 


1 +a a —6* 


2 ab 


-2 b 


2ab 


I -a 2 +b 2 


2a = (l-fa 2 +fc 2 ) ; 


2b 


-2a 


1 —a 2 —b 2 


[Trinity, etc.] 


43. Prove that 




a 2 +l 

ab 

ac 

ab 


b 2 +1 

be 

ac 

- 

be 

c 2 +1 

ad 


bd 

• 

cd 


a 2 +l 

b 2 

c 2 d 2 


a 2 

b 2 +1 

c 2 d 2 


a 2 

b 2 

c 2 d-1 d 2 


a 2 

b 2 

c 2 d 2 +1 


ad 


bd 


cd 


d 2 +1 


=a 2 -ffc 2 -j-c 2 -M 2 +l. 


2*4. Solution of a system of linear equations. 

For the sake of convenience, wc shall explain the method 
with reference to a system of three linear equations in three 
unknown quantities, but it will be readily seen that the method 
is perfectly general. 

Let the equations be 

a iX-\-b 1 y-\-c 1 z=d l \ 


a ^+b 2 t/^-c i z=d z [ 


...( 1 ) 


Denote the co-factor of a small letter by the corresponding 
capital letter in the determinant 


i a i ki c i 



a 


2 "2 

a, b 


ba Ci 


3 ‘'S c 3 




S 


vs 


CO t 

/ v\ <<<S 

SRINAGA (D 

KZC. NO . 01 


" o 
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Hence 


Multiply the equations (1) by A 1? A 2 , A 3 , respectively, and 
add ; then 

(G 1 A 1 + «2 A 2 + «3 A 3)' r = ^l A l + ^2A2+^3 A 3> 

Using the short notation of Art 215, we may write this relation 
as x {a*b 2 c 3 ) = (c/ 1 b 2 c 3 ), where (</j b 2 c 3 ) is a determinant 
obtained from the determinant bq b 2 c ? ) of the co-efficients, by 
replacing a v a 2 , by d l (l 2 , d 3 , respectively. 

r __(^i b» c 3 ) 

(«i b 2 c 3 ) 

(fli d <> Co) . (flj bn do) 

In the same way, Ms) ^ 

If we take the four simultaneous equations, 

+ = A r > ( ,== I» -, 5, 4),...(2) 

the values of .r, y, z, u will be given, as above, by 

, Z= K^A), and 

(a l b 2 c z df) (rti5oC 3 c/ 4 ) ( fl i b 2 c^d i ) { (l ib 2 i 3 d x ) 

It will be a good exercise for the student to actually obtain 
these results. 

o* 4 i. Homogeneous linear equations. If in the 

equations (2) of the last Art. Ai=A 2 =A 3 =A 4 =0, the equations 

reduce to a t ,j+ Cl z+d r u=0 (r=l, 2, 3, 4)...(1) 

Such' a system is called homogeneous. Such were the equa¬ 
tions with which we started in Art. 2*13. 

Now solving this system of equations by the method ot the 

last Article, we get the determinants in the numerators of the 

values of x, y, zcl °- . . 

Hence if the determinant (a l h 2 c 3 d,), ol the coefficients, 1 , not 

zero. = , 

Thus we conclude that if K b 2 c 3 </ 4 )*0, the homogeneous 

enuations (1) have no other but the obvious solution 
1 x==0=y=z=u. 

If all the unknown quantities are zero, the system reduces to 
n nullity Hence in order that the system of equations be satis¬ 
fied^ values of the unknown quantities all ol which are not 
it is necessary and sufficient that (a l b 2 c 2 d i ) — 0. It is 
otherwise 5 e'^sed' by the" statement fiat ike — 

Motion (a b c d.)=0, between the co-efficients of equations (1), 

must ob^ously be the'result of eliminatin' the four unknown 
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quantities from the four equations. In general, if we have n 
homogeneous linear equations in n quantities , which are simul¬ 
taneously satisfied for non-zero values of these quantities , the 
eliminant can at once he written down by equating to zero the 
determinant formed from the co-efficients in then equations , taken 
'in order, as above. 

Again, if the equations (1) are consistent , we can find from any 
three of them the ratios of the four unknown quantities. For 

instance, if we take the three equations 

a r .v + h r y + c r z + d r u = 0. (>'=2, 3, 1). 

dividing by u and transposing d„ we get 


x . y . z . 
"'•u +A " u +<V u— d ’ 

Now, solving for - » ^ by the last Article. 

° u u u ’ 



x _-(d 2 6 3 c 4 ) y_ -{a 2 <l*Ci) . s _ (l ,v 

?/ (j 2 6 3 c 4 ) « (fl 2 6 3 e 4 ) u (agfrjCj) •■•v-/ 

Thus the ratios x : y : z : u can be determined. It should be 
noted that in the case of homogeneous equations, only proportional 
values arc found because there exists obviously an infinite set of 
values satisfying such equations. 

If we substitute the values (2) in the fourth equation 

/y 2 

a*. -+b v --Kv -+d l —0, we get the eliminant 
1 u u u 

-a 1 (d 2 6 3 c 4 )-y/i(a 2 d 3 C4)-Ci(fl 2 6 3 d 4 )+c/ 1 (a 2 6 s c 4 )=0, 
or a 1 {b 2 c z d i )-b i {a 2 c 9 d i )-\-c l {a 2 b z d 4 )—d 1 (a 2 b 3 c 4 )=O i which is the 
same as (a 1 6 2 c 3 d 4 ) =0. 


242. From the above it is clear that in a system of homo¬ 
geneous equations n equations arc sufficient to enable 
us to eliminate n unknown quantities. But in a system of non- 
homogcncous linear equations, n equations will only give us "the 
values of the n unknown quantities, and in order to eliminate 
these n quantities, we must have one more equation, i.e. s n + I 
equations in all. Thus in order to eliminate three unknown 
quantities from a system non-homogenoeus linear equations, the 
number of such equations must be four. If we have the four 
equations ajs+b r y+ Cr z+d r =0 (r= 1, 2, 3, 4) the values of 
x, y, z may be found from the three equations 

a,zc+b r y+c,z+d r =0 (r=2, 3, 4) 
and substituted in the fourth equation d 1== o. 

Thus, as above, we shall get the eliminant (a 1 i 2 c 3 d,)=0. 
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2 43. If we have four homogeneous equations, involving only 
three unknown quantities, as, for instance, 

arX+b r y+CrZ=0 (r= 1, 2, 3, 4), 

which are all consistent among themselves, each of the following 
four relations must hold :— 


** i b i c i 


! 


a i c i 


a 2 /> 2 c 2 | 

a 2 b 2 C 2 

1 

=o, 

^2 ^2 ^2 

=o, 

^3 ^3 ^3 

1 

= 0, 

^3 ^3 ^3 

^3 ^3 ^3 


^4 ^4 ^4 


fl 4 ^4 


a 4 5 4 c 4 


All these four relations are shortly written together as 


a i a 2 a 3 a A 

h-y I) 2 1*2 b A =0, 



where one column is to be omitted in turn. 

Similarly, if/our non-homogeneous linear equations involving 
only two unknown quantities hold simultaneously, 
i.e. if a r x-\-b r y-\-c r =0 (r=l, 2, 3, 4), 

the four relations that hold are expressed by the above notation 
of a rectangular array of elements being bounded by double 
vertical lines. 

Examples II (d) 


1. Solve the following systems of simultaneous equations : 


(a) x+2y+5z=23, 
3x-\-y-\-±z=26, 
Gx-+-y+7z=±7. 


(b) a'+2//+3;=14, 

o.r+8/y-f llz=54, 
Sx+5y+z=16. 


(c) x+y+z=l, 
3x-\-5y-\-6z=i, 
9x+2Gy+36z=17. 

[P. U. 1019} 


2. Solve :— 

X+ ?y-fz+it! = l, 
3a’+4?/+25z=—2, 
4y+7z-\-w=S!., 
7.r+7z + 10w=4. 


3. Solve :— x-\-y-\-z—a-\-b+c, 

x V z c 
- + ,+ -= 3 , 

a 1 b c 

ax-{-bi)-\-cz=bc-\-ca-\-ab. 

(. P . U. 1917) 


Solve the following equations and put the values of x, y, z, 
in the simplest form 

4. x+y+z— 1, 5. .r+//+z=A, 

ix4-bij-\-cz=k, a.r+^//+yz = A , 

a 2 x-\-b 2 y+c 2 z=k 2 , a 2 x+p 2 y+y 2 z =\ 3 . 
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6. Test the consistency of the equations 

4.r+7//-52= — 3, 

11a,’—9//+ 72= 5, 

9.r—ll//+52= — 1, 

3//-fl02 = 23. 

7. Show that the equations 

,i+2/y+32+14=0, 

5.r+9//+112+56 = 0, 

3.r+5//+2+lG=0, 

2.r+7//+52+30=0, 

are not consistent with one another. [P. 17. 7521?] 

8. Show that the equations 

,r+3//+2=0, 

55.r+5//+72=0, 

9a.’+7//+32 = 0, 
are consistent; find the ratios x : y : 2 . 

9. Show that the following equations 

5,i’+7//—13=0, 

—32 + 11//—53=0, 

*-5//+23 = 0, 

2.r—3//+18=0, 

are consistent with one another. 

10. Express in determinantal form the conditions, in order 
that the equations 


aX+hlJ-\-gZ=Q, 
hx+by+fz=0, 
g*+fy+cz= o, 
Ix+my+nz—Q, 
may hold simultaneously. 

11. Find A from the equations 

ax+hy+g=0, 
hx+by+f= 0, 


io ci , „ 8 x +fy+ c =\. 

12 . bnow how to find k , where * * 

/j2’+wii//+ni2+p 1 =A:, 

4r+?n3//+n 3 2+7?3=o, 

. „ 4" +?i 4 2 +t; 4 =0, 

terms of l s, 7n’s, n’s and ;a’s. Carefully establish the princip 
you make use of. (P. U. 192 

13. Eliminate a, b, c from the equations 

..a b 


C= T-c' y~c^a’ 


[Math. Tripe 
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2*5. An equation of degree n’ cannot have more 
than ‘n’ roots. 

For the sake of definiteness we give a proof for the cubic, the 
reasoning being general. 

^If possible, let, u , p, y, 8 be the roots of the equation 

^ V 3 + g i* 2 +V+"3= 0 > 

so that ^a Q a iJ r a l u 2 -\-a 2 a-\-a 3 =Q. 

T «o^ 3 +Oi^ 2 +a 2 ^+«3=° 

/ «oy 3 + fl iy 2 -ro 2 y+«3=° 

V. ^7 0 S 3 -}-<2 1 S 2 -|-«2^“+" <2 3 == 'D' 


This is a set of four (« + l in general ease) equations, linear in 
Oo . a v a 2 , o 3 . Hence by the theory of linear equations, either 

fl 0 = fl 1 = « 2 = «3 = 0, (f-^) 


a 3 a 2 a 

_ P P 2 P 

° r A= 3 2 

y y y 

8 3 8 2 8 

Now ^ is the continued product ofG, [’-(n-fl) in the general 

case], differences a —0, a—y,...ofa, p, y, 8 taken in pairs, none of 
which vanishes, as all the roots are distinct. Thus A cannot be 
zero; hence a 0 =a l =a 2 =a 3 . 

Thus if an equation of degree *n’ be satisfied by more than ‘n 
values of x, it must reduce to an identity (cf 143). 



Multiplication of Determinants. 

2*6 Theorem VIII- T/?e product of two determinants o f 
ant the same order , is itself a determinant of that order. 

We thall give a proof for determinants of the third order only, 
but it will be capable of extension to determinants of higher 

orders as well. 

Let (aM and (a^y*) bc the tw0 determinants, then we shall 


prove that 


flj b x c x a l p 1 y l 
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fli a i+Mi+ c iri» fl i a 2-t-M 2 +qy 2 , 

I 

= 'a 2 a 1 +5oj3 1 + C 2 y v a 2 a 2 + b 2 ^ 2 + C 2 y 2 , ^2 a 3 + ^2^3+ C 2y3 

a 3 ai+&3£i-f c^, a 3 a 2 +^2+ c 3y2’ a 3 <'3+^3#s + c 3y3> 

i.e. (fl 1 6 2 c 3 )(a 1 /3 2 y 3 )= (c/n^aa), where ^^flpa^ip^+Cpy,,. 
Let us consider the three simultaneous equations 

(«!— / \)*r+fl 2 ?/+ a 3 2 = 0 
6 1 a:+(6 2 — \)y+b 3 z=0 ...(1), 
c x x+c 2 y+{c 3 — A)z=0 

whence by elimination of x, y, z. we get 

Ox —A a 2 a 3 | 

I 
I 

by b 2 —\ b 3 0, 


or A 3 -A 2 L+\l\I-( ai b 2 c 3 ) = 0 . ( 2 ) 

If Ai» A 2 * A 3 be the roots of this equation, 

Ai A 2 A 3 =(fli b 2 c 3 ). 

Now multiply the equations (1) by a lt f} v y v respectively, and 
add; then multiply (1) by a 2 , ft, y 2 and add; again, multiply 

(I) by a 3 , ft, y 3 and add. The system of equations (1) is then 
reduced to 

( rf n-Aa 1 ),r+(d 21 -A/i 1 ) 2 /+(d 31 -Ay,) 2 = 0 , 

#(di 2 -Aa 2 )j’4-(d 22 -A/5 , 2 )?/+(d 32 -Ay 2 )2=0, 

. , ( rf i3-Aa 3 )^+(d 23 -A/i 3 ).y+(d33-Ay 3 )2=0, 

where ft^a.aj+ftft+Ciy,-. 

By elimination of .r, y , 2 , we get 

dn-Xay d 21 —Aft <4i — AYi 

^i2~Aa 2 d 22 —a^ 2 ^ 32 -Ay 2 

1 d i3-Aa 3 ^23 — Aft d 33 -Ay 3 

or A*(«i ft y 3 )-A 2 L / + AM'-(d 11 d 22 d 33 )= 0 . 




(dii ^ 22 ^ 33 ) 
a i $2 ^ 3 ) 

(«1 *>2 « 3 ) («! ft A 8 )=(d u d 22 d„). 



Ai A. 2 A 3 —(#i C 3 ). 
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, „ u . , Examples II (e) 

1. Multiply 


a-\-ib c-\-id 

a — i(3 

7 -iS 

Ixl 



i —c-\-id a—ib 

-7 -iS 



where i=y/— 1, and show that the product-determinant is of 
the form 


D-iC B-iA 
— B—iA D+iC 


Hence prove that 

(a 2 +b 2 +c 2 +d 2 ){a 2 +p 2 -Ly 2 -f3 2 )=( A 2+B 2 -f C 2+D2), 
which is Euler's Theorem that the product of two numbers, each the 
sum of four squares, is itself the sum of four squares. 

2. Multiply ' • 


abc 


—a c b 

b c a 

X 

—b a c 

cab 


—c b a 


and establish the identity :— 

r 

2 be—a 1 c 2 b 2 a b c 2 

c 2 2 ca—b 2 a 2 — b c a =(a 3 -f 6 3 -f-c 3 -3 abc) 2 . 

b 2 a 2 2ab—c 2 cab * 


3. Prove that 

a 

b 

c 

1 X 

y 

1 

** 


b 

c 

a 

x y 

«v 

** 

X 

• 

c 

a 

b 

\ z 

X 

y 


^(ax+bij+czy+^ij+bz + cxY-^^z+bx+cijY 

—3 {ax+bij-\-cz) [ay -f bz -f c.r) (az+bx+cy). 

4. Find the condition, in determinant form, in order that the 
general expression of the second degree, in two variables, 
f{x, y)=ax 2 +2hxy+by 2 +2gx+2fy+c, may be resolved into 
two" linear factors. 

Let f{x, y)s{lx+my+n)[l'x+m'y+ri). 


EXAMPLES 


Comparing the coefficients, 

U'=a, mm'=b, nn'=c, lm'+Vm=2h t mn'+mn=2f, 

and nl' -\-n'l=2g. 



l 

V 

0 

! 

V 

l 

0 

Now 

m 

m' 

0 

** 

o 

II 

m' 

1 

m 0 


n 

n' 

0 


n' 

n 

t 

0 


Multiplying them we have 

1 2 ll Im’+Vm nl’+n’l 

ml'+m'l 2mm! mn'+m'n =0; 

nl' wm'-fm'n 2 nri 

a h g 

hence the condition h b f =0. 

e f c ' . 

6. Prove that 

2 a + fj+y + h a/}+yS 

0+/3 + V +8 2(o+/?)(y + 8) aj3(Y+8)+YS(a+/i) | =0. 

I a/3 + VS a/3(y-f 8) + ?S(a+/3) 2a/3yS 

( Trinity) 

[Hint. Multiply two zero-determinants, as in Ex. 4.] 

6. Express I a h g | 2 


h b f | as a determinant. 

f / ' 

7. Show that 


[x-aY [y-a )* (z-a) 2 

.t 2 ,r 1 


a 2 a 1 

(x—b) 2 ( y—b ) 2 (z—6) 2 =2 

</ 2 0 1 

X 

6 2 b 1 

(*.“C)* (»/-c) 2 (z-c) 2 

A / \ / V < Vs 

z 2 z 1 

1 V s V Vs 


c 2 c 1 

V 


= 2 («-2/)(!/-2)(3- l r)(a-6)(6-c)(c-a). 
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Find the value of 




. m 1 

tl i 

A= h 

m 2 

M 

h 

m 3 

*3 » 


where a =l, etc., and o, etc. 

(P. V. 1926) 

[ Square A ] 

9. Show that each of the following determinants is zero:_ 


W 

a i a i+bifti 

a 2<*i+b 2 fti 

°3 a l+b 3 fti 


a i a 2+b 1 f3 2 

^ 2*^2 + ^2$ 2 

a 3 a 2 + b 3 ft2 


a i a 2+b 1 p 3 

a 2 a 3“h^2^3 

a 3 a 3+b 3 8 3 

(«) 

1 

C5 

1 

c/3 

•o 

o 

cos (y—a) 


COS (a—ft) 

• 1 

cos (y—ft 


cos (a — y) 

cos (ft—y) 

1 

Hi) i 

2 9i*i 

91*2 + 92*1 

91*3 + 93*1 

1 


y&i+y&i 

2 9i*2 

92*3+93*2 


yi z 3+y3 z i 

92*3 ~i~ 93*2 

~ 1/3*3 


Deter linants of special types 

2‘7. Determinants may be written in such a manner that 
their elements bear some particular relations with the elements 
of another determinant, or among themselves. Such determi¬ 
nants possess properties which are of some special and important 
nature. The classification and study of such determinants will 
afford great facility in their evaluation or factorization. We 
shall take up here the'more important of such determinants. 

2’ 71. Ad jugate Determinants— In the general determi¬ 
nant A= (tfi b 2 c 3 ...I n ), if the elements be replaced by their 
co-factors, we get another determinant, A'=(A 1 B 2 -C 3 ...L„). This 
determinant A' is called the Adjugate of A* 
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To prove that A’ = A”" 1 - 


As 


j«l 

h 

c i 

i \ 

• • •» j 

1 

A, 

Bx 

C, 

• • • L| 


b 2 

c 2 

• • • / 2 

and A' = 

A 2 

. . . A 

B 2 

c 2 

• • • L 2 

• * ■ • 

; a» 

b n 

c n 

i 

i 1 

•••*!» 

• • • • 

A n 

B„ 

C n 

...L n ! 


I -- — •• •• IW -II 

we have, A A # 

a i^i +&1B1 “}■ •••■}■ ^Lj,... fljA n -J- 6 jB n -}-... —j—/jL,, 

a 2 A 1 +626! -f...+/ 2 L 1? ... a 2 A„ +b 2 B n + ...-|-/ 2 L„ 


flnAj +...-|-/ n L 1 ,...<7„A n +6 2 B n -/ 2 L n !. 

Now in this determinant the elements, a r A r +b r B r +... +l r L r 

(r=l, 2, situated in the principal diagonal are all equal 

to A* while the remaining elements 

„ . , a r A« + b r B s -f ...+ l r L s (where r=hs) 

all vanish. [See Art. 2 82 Cor.] 

Thus we get AA'=A n , or A'= A" -1 - 

2*72. Symmetrical Determinant.— Any two elements 
of a determinant which are situated in a line perpendicular to 

the principal diagonal and at equal distances on opposite sides 
of it, are called conjugate elements. 

pnnil d tn C nl!? ,nant f , K in which „ e 7 ry two conjugate elements are 
equal to one another, is called a Symmetrical Determinant. ' 

Delermfnan“! nan “ *’ Exa, ” plcS 11 (c) ' are Symmetrical 

determinant^^ ^ ,leUlminanl is a symmetrical 


«1 

K 

C 1 

| 

1 

«2 

K 

e 2 

1 

X i 

» 1 

b 3 

i 

C 3 



«1 , +V+C 1 * 

~ a tfh+bJ>i+C& 
¥l+Vl + C3 C l 


a ! fl *+V*+<V * a 1 a 3 +b 1 b 3 + Cj c 3 

§ 

a t 2 +V+c 2 2 < 1*03 + b 2 b 3 +c 2 c 3 

¥i+y,+c,c, v+v+v 
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which is clearly a symmetrical determinant. In the same way, 
the theorem can be shown to hold for a determinant of any 
other order. J 

In the per-symmctrical, or ortho-symmetrical, determinant 

la h c d 

' 

bade 

k 

c d a b 

d c b a j, 

ft 

all the elements on every line perpendicular to a diagonal are 
equal and the elements in the principal diagonal are all equal. 
The factors of such a determinant are found as below 
By adding together all the other columns to the first, a+6+c 
-d is seen to be a factor. Again, by adding to the first column 
the second and subtracting the sum of the third and the fourth, 
a-\-b — c—d is seen to be a factor. Similarly a-\-c — b—d and 
a+d—b—c are factors. The remaining factor must be numeri¬ 
cal, which on comparison of the coefficients of a x is seen to be 
unity. Thus the determinant is equivalent to the product 
(a-\-b-{-c-\-d)(a-\-b —c—d)(a-\-c—b—d)(a-{-d—b—c). 

Skew and Skew-Symmetric Determinants 

2*73. A determinant in which every element on one side of 
the diagonal is equal to its conjugate with sign changed, is 
called a Skew Determinant. ' 

Thus a, a, /?, y 

fl, by , 7YI 

j — P, —U c, n 

— y, —77i, —n, d 

and the determinant in Ex. 1, Examples 11(a), are skew determi¬ 
nants. , 

If every element is equal to its conjugate with sign changed (the 

diagonal elements being not excepted as above), the determinant 
is called a Skew-Symmetric determinant. 

Since each element in the principal diagonal, in this case, is its 
own conjugate, all the elements in the principal diagonal must 
be zero. Thus every Skew-Symmetric determinant is zero-axial. 
The determinant in Ex. 12, Examples II (6) belongs to this class. 
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* The following two properties of Skew-Symmetric determinants 
are useful :— 

2*731. A Skew-Symmetrical determinant of odd order vanishes. 
The following method of proof for a determinant of the third 
order is quite general. 

0 c b 0 — c — b (the columns 

have been 

A s —c 0 a = c 0, — a changed 

into rows) 

—b —a 0 | b a 0 

0 c b 

=(—l) 3 — c 0 a = —A ; ••• 2A, or A=0. 

—b —a 0 1 

2'732- A Skew-Symmetric determinant of even order is a 
perfect square. 

Taking a determinant of the fourth order, we have to prove 
the identity 

0 x y z I =(ax—by+cz ) 2 . 

—x 0 c b 

\ [P. U. 1922, 1923 1 

—y — c 0 a 

—z —b —a 0 

Adding to a-times the second column, -6-times the third and 
c-times the fourth, we have 


0 

ax—by+cz 

y 

z 










X 

c 

b 

—X 

0 

c 

b 

ax—by-\-cz 




-y 

0 

0 

a 

~ a 

y 

0 

a 


0 




<v _ 
** 

-a 

0 

—z 

-a 

0 





={ax—by+cz)*. 

2*74. Circulant Determinants. A determinant like 

a b c 
cab 


b 


c 


a 


60 


DETERMINANTS 


•in which the same elements occur in all the rows and are written* 
in circular order, is called a Circulant Determinant. In the 
example given here the last element of any row is the first ele¬ 
ment of the next row, so that the same element occurs in the 
leading diagonal throughout. 

Every circulant determinant can be put into factors (real or 
imaginary), which are equal in number to the order of the 
determinant. 


The following method of factorizing the above determinant is 
quite general. 

The roots of ,-r 3 —1 = 0 are 1, M , (I > 2 . 

Multiplying the second and the third columns by I and l 2 , 
and adding to the first, a+b+c is easily seen to be a factor. 

Again, multiplying the second and the third columns by w , 0 > 2 , 
respectively, and adding to the first, a+&u>+C(.) 2 is seen to be a 
factor. 

Similarly, a+bj+c*,*, or a+6„,*+Cw is a factor. 


Thus the determinant 

=k(a-\-b-\-c) (a -f 6,.,+c (1 ) 2 ) (a + &<„ 2 +c<,>), 
where k must be numerical. On comparing the coefficients of 
a 3 , k is found equal to 1. 

The following is an alternative elegant demonstration. We 
consider a fifth order determinant ; the demonstration is appli¬ 
cable to determinant of any order. Let the determinant bo 



a i 

0 2 

03 

04 

05 

1 

• 

«5 

01 

02 

03 

«4 


A = 

«4 

«5 

01 

flo 

•< 

03 



03 

0-1 

05 

"I 

02 



«2 

03 

04 

05 

01 

# 

Write </,(<■>) =0i+< l *w+ fl 

2 

3 W 

+ 0 4 w 3 

+ 0 5 w 

4 , where 

Let <oi> ti> 2 » « 3 * (,, 4 ’ 

0 , 6 be the roots of x b 

= 1, and 


1 

'■»1 

2 

o>l 

3 

(•>1 

4 


D= 


• • • • 






1 

e>5 

2 

<*'5 

3 

(05 

4 

0)6 
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Then 



<£Ui) 

</>(<- > 2 ) 

</j(w 3 ) 

0(^4) 

</>(w 0 ) 


(-»2</»(a) 

*|>3 < />( ,,, 3) 





<03 2 (/>(c , I3) 



Wl 3 <^(ci»l) 


">3 3< / > ( ,0 3) 

i.>4 3 («.»4) 

<«>5 3< />( w 8) 


(02 4< />(< ,, 2/ 

">3 4< /»( <iJ 3) 


< * > 54 r / > ( r,> 5 ) 



=D.(/>( t o 1 ) <^( 0 ) 3 ) </>(»» 4 ) </>(w 5 ). 


A = </>(«l) f/>(<»2) «Mwa) */>(<•» 4 ) </>(<*»5)* 

2 8. Sylvester’s Dialytic Method of Elimination. 

A single unknown quantity may he eliminated from two or 
more given equations of any degree, in that quantity, by means 
of determinants. The method may be illustrated by means of 
a simple example. The method here employed is due to 
Sylvester and is called the “ Sylvester's Dialytic Method of 
Elimination''’ . It is generally applicable when only tzvo equations 
are given, but sometimes, it may be used for more than two 
equations as well. 

Ex. 1. Eliminate .r between «.r 3 -f bx 2 -\-cx+d=0 ...(1) 

and lx 2 +mx-\ n =0 ...( 2 ) 

Multiplying ( 1 ) by x, we have 

ax*+bx*+ c.r 2 -f-da:+0=0 ...(3) 

Also ( 1 ) may be written as, 

0.x*-\-ax z -\-bx 2 +cx+d=0 ...(4) 

From ( 2 ) 0 . lC 4 _|_ 0 itr 3 _j_/ a . 2_|. 7nil , +7l:=0 

Multiplying (2) by x, 0.x*+lx*+7nx 2 + n.r+0=0 ...( 6 ) 

>♦ >, x 2 , lx*-{-mx 3 +nx 2 +0.x- [-0=0 ...(7) 

From the five equations, (3), (4), (5), ( 6 ), and (7) we eliminate 
x, x 2 , .t 3 , .t 4 , and get 



\ l m n O' 0 i 

Note .-Elimination can be efiected by Bezout’s method also : 
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Let the equations have a root in common. 

aa z +ba 2 -\-ca+a = 0, 
and la 2 -\-ma-\-n=0. 

Hence the following is true for all values of x 
(ax 2 -\-bx 2 cx d) ( lat+ma+n) 

— (lx 2 +mx-\-n) (na 3 -|-6a 2 +ca4-d)=0. 

Cancelling out the factor x—a, and collecting the terms we 
have 

(ala 2 + ama+an)x 2 -f- [amo 2 + {an+bm-d)a + bn —dl]x 

+ ana 2 +{bn—dl)a-\-cn—md=0 . 
Now, as this is true for all values of x, the coefficients of the 
various powers of x must severally vanish. 

la 2 +w u +n=0, 
ama 2 +(an+bm—d) a -\-bn—dl—0, 
ana 2 + (bn—dl)a+cn — ?nd=Q. 

Eliminating a 2 , a we get 

/ m n 

I • 

am an-\-bm—d bn—dl =0. 
an bn—dl cn — md 


Examples II (f) 

1. Show that the determinant 


0 

—x 

V 

—z 

u 

X 

0 

— r 

9 

n 

-v 

r 

0 

P 

— m 

z 

-Q 

~P 

0 

l 

—u 

—n 

in 

-l 

0 


2. Factorize 


X 

a 

a 

a 

a 

a 

X 

a 

a 

a 

a 

a 

X 

a 

a 

a 

a. 

a 

X 

a 

a 

a 

a 


ax 
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03 


3. Show that 


AA's 


■ —a 

b 

c 

d 

1 

1 

1 

1 

b 

—a 

d 

c 

-1 

— 1 

1 

1 




X 





1 c 

| 

d 

—a 

b 

-1 

1 

— 1 

1 

! d 

c 

b 

—a 

—1 

1 

l 

-i! 


=(b+c+d—a){a—b+c+d)(a+b-c+d)(a+b+c—(l) A' ; 
hence find the factors of the first determinant. 

Find the factors, real or imaginary, of the determinants : 


i a 

b 

c 

d 

5. 0 

• 

X 

y 

** 

d 

a 

b 

c 

1 ■ V 

0 

z 

y 

c 

d • 

a 

b 

y 


0 

X 

b 

c 

d 

a 

*v 

> * 

y 

X 

0 . 


Show that the result of eliminating x from 

ax 2 +bx+ c=0 1 
ax 2 +fix-i-y=() \ 

I a b ' c 0 I 


'0 a b c 


* /S y 0 
0 a y 

Examples II (g) 


=0. [P. U. 1917 , 1921] 


1. Show that 

( 9 13 17 4 

18 28 33 8 

30 40 54 13 

24 37 46 11 


= -15. 


(Salmon’s Algebre 
Superieur) 
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2. Show that 


7 _o 

I M 


0 


-2 


6 -2 


0 —2 5 

5 2 3 

3. Show that the equation 


5 

2 

8 


= -972. 


iv 


6 3 


(a-hi’) 3 (6+.r) 3 (c-fa) 3 =0, 


(2fl+*c) 3 (26-fa;) 3 (2c-fa:) 3 i 
can 'oe written as (a-f 6-f c)a ,2 +3(a6-f 6c-fca).r-f 6a6c 
4. Solve the equation 



4a: 

6 a:-f2 

8 a’-fl 



6 a:-f 2 

9a-f3 

12 a: 

=0. 


8 a:-fl 

12 a: 

16a-f2 

| 


If 



6 . Solve 


a-f fl 

6 c 

d =0, 

1 - 

-a 2 

fl x 

-f 6 c 

d 

% 

1 ' 2- 

a 

6 a-f c 

d 


L 2 

a 

b c 

x 4-r/ 

1 2 


2 3- 


3 


prove that , 

x=0, or x+a+b+c+d—0. 

7 . Show that 

a a x a 2 a 3 1 =(x—a l ){x 

ol x x a 2 a 3 1 

I 

Qj a 2 a? a 3 1 

a x a 2 a 3 oc 1 


- a 2 )(x-a 3 ){x - 


a x a % Og o 4 1 


( Salmon ) 


= 0 . 


5 4 =o. 

I 4 

.r 4 
4 —x 

«i)- 
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8. If o) is one of the imaginary cube roots of unity, show 
that 


1 1 

o> 

2 

(i) 

« # 

2 = l 

1 

-2 

1 

(fj 

„ 2 

3 

CO 

1 

1 j l 

1 

1 

-2 

2 

0) 

«o 3 

1 

(0 

-2 

• 1 

1 

1 

3 

(i) 

1 

(0 

2 

1 

-2 

1 

1 1 


9. Show that 


A c —b | 

* 2 +a 2 

ab+\c 

-< 

1 

<3 

— c A a 

ab — \c 

b 2 + A 2 

bc+\a 

' b —a A 

ac+\b 

bc—\a 

c*+ A 2 


= A 3 (A 2 +fl 2 +6 2 +c 2 ) 3 . 

10. Show that 


fl 2 + A db ae 

ad 

% 

ab 5 2 -f- A be 

bd 


ac he r 2 -f- A 

ed i 


(id bd cd d 2 +A 1 

is divisible by A 3 , and find the other factor. 

11. Prove that 

1 3a 2 3a 1 =(a-l)«. 

(Corpus) 

a 2 fl 2 +2« 2a + l 1 

a 2 a + l a-f-2 1 

4 

(Balliol Ox.) 
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Deduce A»= 

1 +a 1 1 

1 

1 

1 


1 1+a, 

1 

1 

1 


1 1 

1 

1 

1+^5 


111 II 1 

/ 1 1 1 1 1 \ 

= a > a > a » a * “■(. 1 + a, +r a +r 3 ^ + «. /' 

« « 1 « i 1 1 1 


- 1 4 ^ m ^ 

[The first part can be proved by subtracting the first 
column from all others. To prove the second we notice that 
A 5 =S 5 +a 6 A 4 - This can also be proved by subtracting the 
first column from each of the others.] 

13. If f{x) = {a 1 -x)(a i -x){a 2 -x)(a i -x){a 6 -x), show that 

=/w-4*- 


a 


x 


x x 


x 


a 


x 


x x 


x x a 3 x x 


x x x a K x 


xxx 

[Hint. Reduce it to 12 (if) ] 
14. Show that 


x 


a , 


x 


a 


a 


^{x-ay-'lx+n-la]. 


a 


x 


a 


a 


a 


x 


a 


x nth order 

15 "Prove (by"'multiplication of two determinants, 
vhere 


or 


=0, 


[Hint. 


A =y*+z 2 +a\ \=yz+x{b+c), 

B ==z*+x 2 +b 2 , Y =zx-\-y[c+a), 

C=x 2 +y 2 +c 2 f Z =xy+z{a+b). 

U 2 y =abc+ 2 xyz—ax 2 —by 2 —cz 2 .] 


z 

y 


b x 
x c 
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16. If p rt = 

a, b r 

and q rt = c T d r 


a t b t | 

1 c, d. 

prove that 
• 

• I <*1 

b l Cl <li | 



b 2 c 2 d 2 


' <*3 

b z dj 1 


«4 

r 4 d K 


—Pn ?34+/ ; i3 <?42+Pl4 723 + P34 7l2+/>41 7l3+p23 7l4' 

This can be seen directly, or as follows : The determinants 
like p 12 , q 3i are called complementary minors. It is obvious that 
there are 4c 2 =G pairs of complementary minors. The product 
like p 12 q 3i contains four terms and these are terms of the 
given determinant with the same signs. * Thus all the 24 
terms of the given determinant appear on the right with the 
same signs. The sign of a product is+t’c. or — ve. according 
as the product of the principal terms of the factor, regarded 
as a term of A is +ve. or —ve. 

[This is a useful practical method for expanding a determinant 
of the fourth order.] 


17. Prove that 

-Wl 2 ?34+Pl3 Pn+Pu P23 = °. 

(*0 M M) + (ca)(bd) + (ab){cd) =0, 

18. Show that 


*1 

b l 

Cl 

Pi 

7i 

r 1 | 

°2 

b 2 

C 2 

Pi 

72 

** i 

«3 


C 3 

Pz 

7s 

r 3 

0 

0 

0 

a i 

Pi 

1 

Yi 

0 

0 

0 

a 2 

0 

rz 

Yi | 

0 

0 

0 

a 3 

ft 

Vs 


= a i b i e l 

a i c 2 

a i 6, c t 


[Laplace) 


a i 

ft 

Yi 

a a 

ft 

Yt 

a, /?, 

Yi 
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Proof- The expansion of the determinant of the sixth order 
on the left is obtained by taking one and only one element 
from each row and from each column ; and, therefore, each 
term of the product (flj ft c 3 ) (a x ft y 2 ) of the two determinants 
on the right is a term of the determinant on the left and with the 
same sign. Again, there will be only 36 terms in the product, 
and the remaining 6 !—36 terms in the left hand determinant 

are to be accounted for. ' 

These terms will contain the elements p, q, r. Consider, tor 
example, the co-factor of r. In this co-factor R x of r v three 
elements must be chosen from the last three rows, and only two 
of these can be chosen from the last two columns ; hence at 
least one of these three elements must be zero, and therefore, 
every term of the co-factor Rj is zero. Similarly, the co-iactor 
of every other p, q, r, is zero. This proves that there are no terms 

which involve the letters p , q , r. 


19. Show that 
fli ft c x 

(1% ft ^2 

! a 2 ft c 2 


“1 

ft 

Yi 

“ a i 

u 2 

ft 

72 

1 «2 

11 3 

ft 

Vs 



0 

0 


ft Cl -1 0 0 

ft c t 0 -1 0 

ft c 3 0 0 -1 

0 0 a l a 2 <13 

o o & ft ft 







1 0 o 
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0 

-1 

0 

0 

i=’ M 

(ba) (ra) 

0 

0 

-1 

0 


m m 

0 

0 

0 

-1 

1 M 

(by) (cy) , 


(aa) (M M “i “» “ 3 

(a/3) (6/3) W Pi ft ft 


(ay) (by) (cy) Yi Yi Yi ■ 

>] ier e (p?)=p,7i+Mj+P??3- 

This nroves the rule for multiplication 
rKri order. Extend the result to 


of two determinants 
determinants ot any 


order. 


EXAMPLES 


fiO 


20. If {P~bc)x+{ch-fg)y+[bg-fh)z = 0, 
{ch-fg)x+\g 2 -ca)y+{af-gh)z = 0 , 

(bg-hf)x+ {af-gh)y+(h*-ab) 2=0; 
show that abc+2fgh-af 2 -bg 2 -ch 2 =0. 


21. Solve the equations 

?+!+?=o. 

a b c 

ax-{-by-\-cz=a-\-b+c, 

a 2 x+b 2 y-\-c 2 z=(a+b+c) 2 , 

given that -+, + -^0. 
b o b c 

Examine the case when -4-r+-=0. 

a b c 

22. Solve the equation 

u-\-a 2 x w‘-\-abx v' -\-acx 


w'+abx u+ b 2 x u'+bcx = 0 . 
v' -f ncx u'+hex w +c 2 .r 


23. By means of a determinant, eliminate x, y , 2 and iv from 
the equations 

tx+a(y-\-z-{-w) =0, 

ty+tyz+w+x)***), v 

tz+c(w+x+y)=0, 
tw+d(x+y+z)=0 , 

and show that the coefficient of t 2 in the result is 

—{ab+ac+ad+bc+bd+cd). ( London) 

24. Find the values of t for which the equations 

(*-l)a?+(3*+l)f/-|-2te= 0 , 

(l-l)*+(«-2)y+(f+8)*=0, 

&r+(8*+l)y+8(«-l)a=0, 

arc compatible and find the ratios of x : y : z, when t has the 
smallest of these values. What happens when t has the greatest 
of these values ? ( London) 


25. Find the ratio of 


1 1 

1 

i 

to the square of 

h 

a 

0 

, be f 2 

ch 

fh 

l 

! a f 

i 

-*h 

ch 

1 

1 

1 

1 ! 




h 

b 

/ 

i 

1 

1 1 




' fh 

a 7 

ab~ti* 


0 

c 

/ 
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26. Determine all sets of solutions (z, y, z) of the equations 

z+y+z=a+b+c, 
a 2 x -f b 2 y -f c 2 z = a 3 + b 3 -f c 3 , 
a 3 x-\-b 3 y-\-c 3 z=a 4 -\-b 4 -\-c 4 , 

where a, b, c, are unequal, distinguishing the eases in which 
bcA-ca-\-ab is different from, or equal to, zero.. 

27. Prove that if 

a _l ^ 4 _ c — a _j_^ \ c .bm.cn _ 

To ' — o ■ To To ' 7 o ' ' Q O ■ Q * "To 


/ 2 m 2 n 2 x 2 y 2 z 2 x 3 rj 


V. 2 


where a, b, c are not zero, and no two of -r> —» - are equal ; 

l m n . 


, * , V i 2 

then 7 + - + -=0. 
I m n 


[.Petcrhouse etc., 1931] 


[Hint. Eliminate, a , b, c. Simplify the determinant, put 


z y __ 2 _ , 

r =A> 

28. Show that a 


u / j 


b f v m x 


g / c w z*! i =kD—2ViA 

w v w d p 1 

I Wi 8 ”2 * * 

where A, B, etc. are the co-factors of the corresponding small 
letters in 

a h g u 


h b f v 

D= 

g f c w 

I V W (1 . 

This is Cauchy’s Method of Expansion, and is useful in ex¬ 
panding bordered determinants. 

29. Prove that the square of a determinant of even order 
can be exhibited as a skew-symmetric determinant. 

The following proof for the fourth order determinant is 
perfectly general. Let the determinant be 
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As 

a i 

*i 

*1 









1 

a i 




> 

then 





1 

«3 

*>3 

C 3 

d 3 








1 

fl 4 



d. 






«1 

b i 

Cl d l 

*1 

-fll 

*i 

— c l 

0 

hi 

hi 

hi 

; a 2 

b 2 

c 2 d 2 


“«2 

rf 2 

-c 2 


in 

0 

^23 

hi j 

*3 


c 3 ^3 

b i 

-«3 

d 3 

“ C 3 


1,1 

hi 

0 

hi 

a i 

*4 

C \ d* 

! ft* 

~°4 

d, 

-c 4 

1 

in 

hi 

hi 

0 


where l pq =a p b q -a q b p +c p d q -c q d v . It is obvious that l vq =-l qp . 
30. Show that 

| (a+6+c) 2 d 2 d 2 d 2 | 

I 

a 2 (b-\-c+d) z a 2 a 2 

' 6 2 6 2 (c-M+a) 2 6 2 ! 


c a c 2 c 2 (d-}-a-f-6) 2 

=2(a+6+c-f d) 4 :ia 2 6c. 


31. Prove by determinants, or otherwise, that the equations 

5a-’+. 3 j/+ 2z=12, 

2x+ 4 i/+ 52= 2, 

39x-f*43t/-f 452= c, 

are incompatible unless c=74, and that in that case, the equations 
are satisfied by x=2-\-t, y=2—3t, 2 =— 2-f2<, 


where t is any arbitrary quantity. 


( London) 


32. Multiply a x 

*1 

C 1 | 

C 1 

-2 b x 

a i 

a i 

b 2 

1 

c 2 c 2 

-26, 

a i 

: «3 

Hence show that 

b z 

C 3 

C 3 

-26, 

«> 

2( fl i6,c 3 ) 2 = 

2Ai 

Il2 

^31 

^12 

2A 2 

1.33 

^31 

I23 

2 Aa 

1 

I> 



where Ai=fliC 1 — 6j 2 , l l9 ^a l c t -\~a^! 1 —2b l b t . 



CHAPTER III 


TRANSFORMATION OF EQUATIONS 


• 31- Let a 1? a 2 ...a n be the roots of the equation 

. / /(*) =0 .. (iL 

it is required to find an equation whose roots are ^(cq), <^(a 2 ) 
...^( a n)> where <f>{x) is a given function of x. 

The relation between a root x of f(x) — 0, and a root ij of the 
required equation is 

y=(f>{x) ...(ii) 

Thus the required equation will be found by the elimination of x 
between (i) and (ii). 

In general, whenever a root of the required equation can be 
expressed as a function of a single root of the given equation 
f(x)= 0, we have a relation of the form <f>(x, ij)— 0, and the 
required equation is found by eliminating x between f(x)=0 
and (f>{x, y)— 0. 


Examples III {a) 

1. If a, (1, 7, be the roots of ax z -\-3bx 2 -\- 3c.r-fd=0, find the 
equation whose roots are /3 + y, y-fa, a+/J. . (P- U. 1020) 

Here p+y={a+p+y)-a=~-a. 


a 


Hence we get the relation y=—x 


3b 


...( 1 ) 


a 


Eliminate x between (1) and the given equation. 

2. If a, ft, y, be the roots of the cubic x 3 +ax 2 -\-bx-}rC=0, 

, a P y 

find the equation whose roots are-» 


a 


Here = 


/3+V y+a a + p 

a —a 


P + y la—a fl+a 

3. If a, b, c are the roots of xfi-\-qx-\-r=0, form the equation 
whose roots are 

b+c c+a a+b (P.U.1910) 


-1 


{ h 


If a, b , c be the roots of the equation x*+px*+qx+r=0, fin 
the equation whose roots are a{b-\-c), b(c-\-a), c{a-\-b). 
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4. If a, 0, y, be the roots of the cubic ajj 3 +3iw 2 +3c.r+d=0, 
find the equation whose roots are 

° ■ _ P _, 7 - ■ [P. U. 1926] 

0 + y—a y+a — 0 a + 0 V 


Here 


a 


a 


= -^-. etc. ^ 


0 + y — a i'o—2a- 3&+2r/a 


J 


5. Find the equation whose roots arc ctc - 

where a, 0, y, are the roots of the general biquadratic. 

6. If o, 0, y be the roots of the equation .t’ 3 —6.c 2 +ll.e—6=0, 
find tlie equation whose roots are 0 2 +y 2 , y 2 +a 2 , a 2 + 0 2 . 

[p. u. mi s .] 

7. If a, 0, y, be the roots of the cubic .r 3 — ax* + bx— c=0, find 
the equation whose roots are 


* + f« 


y+ 


i 


<*0 


8. If a, 0, y arc the roots of .c 3 +gj?+r=0, prove that the 

.. , . Pj_y y , a a , p 

equation whose roots are + v -+ * „t » 

M y 0 a y 0 a 

is r 2 (</+ 1 ) 3 +? 3 (j/+ 1 )+< 7 3 = 0 . 

9. Solve the equation x*—2a? — 13.r 2 +38a?—24=0, given that 
one root exceeds the other by 2. 

Here the functional relation is a=/3-f-2. 

Since a satisfies the given equation , 0+2 also does it. 

... (0+2) 4 —2(0+2) 3 —13(0 +2) 2 +38 (0 + 2) —24=0, 
or 0 4 +60 3 — 0 2 —60=0, 

or ^ .03+(302—0 — 6=0, 

i.c., 0 satisfies the equation a: 3 +6.r 2 —.r —6=0. ... (1) 

But, v 0 is a root of the original equation, it also satisfies 
that equation. Therefore, .r—0 must be a common factor in 
the polynomial of the given equation and of (1). 

By successive divisions, the highest common factor is found to 
be a 1 —1. Therefore, 0=1 and a=3. 

Dividing the given biquadratic by {x— 1) (.r—3), a quadratic is 
obtained, which gives the remaining roots easily. Thus a 
biquadratic has been depressed to a quadratic. 

The example is a particular case of the theorem :— 

If two roots a and p of the equation f {x)—0 arc connected by 
the relation p—<f>( a), i then a is a common root of f(x )=0 and 

/[*(*)]=o. 
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For, $ being the root of / (x)=0, f (>3)=0, i.e., f[<f>( a )]= 0, i.e ., 
a is a root of the equation/[<£(#)] = 0. 

The method fails if f(x) and f[<f>{x)] are identical. 

It is obvious that generally in such cases the equation on 
division by [x—a) (x—ft). cart be reduced by two dimensions. 

10. Solve the equation a 4 — S.r 3 - r 21a’ 2 — 20.i > -}-5=0, given that 
the sum of two of the roots is 4. 


Here a+ 0 = 4, so a = 4 —0. Writing 4— ft for x, it will be 
found that the new equation obtained in ft will be identical with 
the original. So the method of Ex. 1) fails. It can easily be seen 
that the left-hand side is identical with (x 2 — 3fr+l)(# 2 —5,i’+5). 

If lV be replaced by 4— x, the factor x 2 — 3,r+l transforms 
into x 2 —bx+b, while x 2 —bx+5 transforms into x 2 -%x-\- 1. 
This explains the failure of the method. Such equations can, 
however, be solved by the method of Ex. 9 by assuming an 
additional relation a—ft=*2y ; and since a+0=4, we get 
a—y- 1-2. Substituting for a, we get the following equation 


in 



y*—%y 2 ■+• 1=0 


!J 4 


or y= 


I ± y/b 


, , 3 + y/b b±y/b 

Hence a and 0 are found to be — -’ —; 2 ' 

It is seen that the equation in y contains only even powers. 

11 Find all the roots of the equation x 4 - bx 3 +1 lx 2 -I3x 
+ 6 = 0 where the roots are connected by the relation 20+3a-7. 

12 Solve the equation 3,r 3 -10.i 2 +.r+G=0, when a and 0 
nve connected by the relation a0-a-2=O. 

Though j3 is not given as an explicit function of a, it can 

easily be so expressed, i.e., £=+!• 

x _ a is found to be a common factor between the given cubic 

and 5x 2 +# 6=0. 

I? Find the common roots, if any, of the cubics 

13 ’ g" *+ 24 ^ + 24*+9=0 and 8.r 3 + 72z 2 + 9Gz+45 = 0. 

Hence find all the roots. 

,, A root a of the equation 3 .* 3 - 10 z a + 7 .z+ 10=0 is con- 

nected with a root a' of the equation ^-*’-17.1+65-0 by ie 
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relation aa'-t-a' —fl +1 = 0. Using this Tact, solve the two given 
equations completely. {P. U. 1923) 

[ v 1 satisfies the second equation, and 

therefore, 6 (l H 22a 2 +27a+10=0. 

Thus x—a is a common factor of 

3 a: 3 —1 Ox 2 -f 7.r+10 and Ga; 3 +22a- 2 + 27.r-}- io. 

Successive divisions give the common factor 3.r+2.] 

15. The equation : 4a: 5 —57a: 3 -f-64a: 2 -|-l()8.r —144=0 has two 
roots which arc equal in magnitude and opposite in sign. Solve 
it completely. (Seize yn 1928) 

[Sol. The relation /?= — a leads to 4a 2 —9=0, which gives 
3 3 

a=-, ^ = ~2* ^ 1C ^ e P resse( * ec l ua L°n * s a: 3 —12a’+10 = 0, one of 
whose roots is found by inspection.] 

16. The two roots a\, ,r 2 of a: 4 —7.t 3 +lU ,! -7a.’+10 = 0 are 
connected by a: 2 =2a.' 1 +l. Solve it. 


[Hint. Put z~x 2 — l=2.r r Substituting s-f-l for a a and 2/2 
for a’i in the equation, it is found that 2 satisfies the equations 
2 4 -32 3 —42 2 — 22 + 8=0 and 2 4 —14s 3 -}-442 2 — 562 + 100 = 0. The 
H. C. F. of the two expressions on the left is found to be 2 — 4 . 
Hence 4=a’ 2 —1=23+ whence 3.^=2, a: 2 =5.J 

3*2. Special Transformations. 

In all the articles which follow a r (r=l, 2,...,p) will denote 
the roots of the given equation /(a?)=0, and p r (r=l, 2,...,n) the 
roots of the required equation. 


3-21. To change the sign of roots, i.e., to Jind the equation 
whose roots are — a v — . 

,' Ve „ h “ ve Jr = ~*,, or a r =-f! r . Since a, is a root of 
/(.r) 0,/(a r )—0, or /(—/!.)—0, i.e., /J r ,(r=l, 2are roots 
°f . /(—ar)=0. (I, 

Obviously, (1) gives the following working rule for changing 
the signs of roots:—In a complete equation (i.e., when all the 
missing terms are supplied by zero coefficients) change the sign of 
every alternate coefficient, beginning with the second term, and the 
equation obtainted will have the same roots with opposite signs. 

3*22. To multiply the roots by a given number, i.e., to find the 
equation zohose roots are ma v ?na 2 ,... 

Let dj be a root off(x)=0, then/( ai )=0. 
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Now if ma x is put for y in f(-), we get /(—*), or f( ai ) 

\ Tft / \ 771 / 

which vanishes. Thus m, n is a root of the new equation 


/( 


! y 

m 


= 0 . 


Art. 3*21 is a particular case of Art. 3*22, for, put m= — 1. 

3*221 ■ The use of this transformation is to remove fractional cocllicients 
so as to have the co-efficient of the first term unity. If all the coeffi¬ 
cients are integers and the coefficient of x n is p 0 , the coefficient of a."’ 
can he rendered unity b\ multiplying the roots by />„. If the coefficients 
arc fractional, we multiply each root by the L. C. M. of the denominator 
of the fractions. But in practice i* number much less than the L. C M. 
is sufficient for the purpose. The rule to get this number is illustrated 
in the following examples. (For proof see Peterson Laurent Theorii des 
Equations Altgbriques.) 

Examples III (b) 


1. Transform the equations 

(i ) 7,i' 6 - 8.r 5 + 9x A — x z - x z —3.t +1=0, N 

(ii) x* —8.r 4 —3.i’ 2 —7.1*-f 9 = 0, 

into those with roots of opposite signs, in each case. 

2. Transform the equation 3.r 3 —2a; 2 —=0, into another 
with intergral coefficients, so that the cocflicient of a 3 may be 
equal to 1. 

Multiply the roots of x z - z x 2 - J.r+ J=() by 3. Thus wc get the 
equation x z — 2a 2 —3a+9=0, each of whose roots is 3 times that 
of the given equation. 

3 . Multiply by 0 the roots of the equation 

Ga 4 - 7.r 3 +8a 2 - 7a+2=0. 

4. Transform the equation x z +%x 2 — \x —3 = 0. so as to 
keep o 0 =l, and make other coefficients all integral. 

Here w r e shall have to multiply the roots by the smallest 
number 0, which is the least common multiple of the numbers 


in the demoninators. 

5. Remove the fractional coefficients from the following 
equation, in such a way that the coefficient of the highest 
term may be unity :— 

i, -h 1 +9' r! -,s x+ i 1 r 0 ' 

Here, the L. C. M. of 2, 9, 8, 12, is 72. But, if we multiplied 
the roots by 72, that will mean multiplying the absolute term, 
T >„ by as high a number as 72 4 . As the following process 
will show, so much labour, and then obtaining the equation 



EXAMPLES 


i i 


in a clumsy form, can be avoided by choosing a much smaller 
number. 


Suppose that number to be m. Then we have 

. m , m 2 2 m 3 , ™ J 

• r o' 1 - 


= », 


• >3“' 1 02 3 

_ 

for the transformed equation. It is obvious that as only the higher 
powers of 2 and 3 occur in later terms, it would suffice 
to take 7 ?i=C. The following rule will be found helpful m 

finding m :— 

The equation may be written in the form 


r 3 i’2 T 1 

iT 4_L+i—f :— + -^-.=o. 

ll ,>i go 1 oo 32 1 o 3 go 1 • 


0231 


Take the exponents of 2 in order, (1, 0, 3, 2,) and divide them 
by 1, 2, 3, 4, respectively. We then get 1,0, 1. i. The least 
integer not less than any quotient is 1. 

Hence 2 1 is a factor of the multiplier. 

Again, take the exponents of 3 in order, (0, 2, 0, 1). Divide 
them by 1, 2, 3, 4, and we get 0, 1, 0, ]. The least integer is 
again 1. Thus 3 1 is also a factor of the multiplier. 

Hence the multiplier is 2 1 x3 1 , i.c., 0. 

6. Obtain the equation whose roots are times the roots 
of 50 4 -6,i’ 3 +9tf 2 4 54.?—81=0. 

7. Make the coefficient of the highest term unity and the 
other co-etficients all integral in the equation 

10,r 5 —5.r 3 —2 a 2 — -f — = 0. 

8. Remove fractional co-efficients from the equation 

making the coefficient of r 1 unity, and change the signs of the 
roots. How are the roots of the new equation related to those 
of the given equation ? 

9. Remove fractional co-eflicients from the equation 

‘1 5=0 ' 

10. Remove fractional co-efticients from the equation 

_-, 35 3 _ i _ 5 x 2 — — —0 

11. Transform the equation x 3 — l.r+ r 1 5 .r-l- T V—0 into another 
with integral coefficients, the coefficient of x* being unity. 
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3’23. Reciprocal Roots. To transform the equation 
f (#)=0, into another whose roots shall be the reciprocals of the roots 
of the given equation, f (x)==0. 

Let x be a root of f{x) = 0. If y be a root of the new 
equation, then y= -» or x— 


We have, therefore, to put x= » so that ?/=-, and 

y x 

value of y in the new equation is the reciprocal 
corresponding value of x in / (a') = 0. Thus 

7V" fPiX n ~ l +p*»: n -*+ . +Pn-iX+p n = 0, 

is transformed into 


every 
of the 


Pny n +Pn-iy n ~ l —+Pty i +Piy+Po=° 

Examples III (c) 


1. Solve the equation 105.r 3 — 142.r 2 -f- 60.r—8=0. if the roots 

be in H.P. (P. U. 1039) 

Hint. Take tlie reciprocal equation. 

2. Solve the equation 40.r 4 —22.c 3 —21j 2 + 2.r-}-1 =0, if the roots 
are in H.P. 


3. The roots of the equation a; 3 — 3ax 2 -\-Sbx—c=0 are in 

. c 

H.P., show that the mean root is ,• 

4. If the roots of x*-\-px 2 +qx-\-r=0 be in H.P., then 

2q 3 -Upqr+27r i ={). 


3 3. Synthetic Division. Before we take up the next 

transformation it will be worthwhile to explain the method of 

synthetic division. 

We take the general quantic 

a 0 x n -t-a 1 x n - 1 +a 2 x n - 2 -{- . 

and the divisor x—h. 

Let a v x n +a l x n - 1 + . 

={x-h) (V’-HV’H . +K- i)+R. 

Now equating the co-efficients of the various powers of .r on 
both sides, we obtain 


(, o — 

a j — b j b 0 h , 
a 2 =b 2 — bfi . 


Oq — a 0 , 

bi=a 1 -\-b 0 h t 

b 2 =a 2 +b 1 h f 


rt„ = R— 6 n -i K R = a n“f&n-i^* 
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We exhibit below the short method of division, deduced from 
the above :— 

(1q O-i a 2 ■ n n 

b Q h bji bji...b n -ji b^h 

b Q b^ b 2 ^3.."^n-l ^ 

It is easy to see that b x —a 0 h-\-a v 

b 2 =a 0 h 2 -{-a l h-\-a 2 ,... 

R =a 0 h " 1 + a x h n ~ 1 -f... + a n =f ( h ). 

Note that we have to write down the coefficients and the 
absolute term in order, supplying the missing coefficients by 
zeros. 


3 4. To diminish the roots by a given number. 

To transform f (x)=0 into another equation whose roots shall 
be less than the roots of the given equation, each by a given 
number h. 

Let x be a root of / (,r)=0. If y be a root of the new equation, 
then y=x—h, or x=y+h. 

Thus the required equation is / (y-\-h) = 0. When f (y+h) 
is expanded by Taylor’s Theorem in ascending powers of y, we 


get 

m +/' (%+9r+^V=o ... (i) 

■ • it • 

In practical applications, it is convenient to use the artifice 
explained below :— 

Let the transformed equation in y be supposed 

A/|A 1 fHA 2 f 2 f...+A n . l! /|A n =0 ...(2), 

where A’s are to be determined. Since y=.v—h, substitution in 
(2) gives 

^o{ x ~h) n -\-A l (x—h) n - 1 -\-A 2 (x—h) n ~ 2 -\-... 


XT , +A n -i(‘ l ’-^)+A„=0....(3) 

Now the left-hand side of (3) is identical with f(x), which 

shows that if f{x) is divided by x—h, the quotient is 
A 0 (.r—^) n-1 -i-A 1 (.r—A) n_2 -f-...-|-A n _ 1 , and the remainder, A n . 
Again, if this quotient is divided by x-h, the second quotient 
is A 0 (.r— h) n ~ 2 ^-A 1 (x—h) n ~ 3 -\-,..-\-A n _ 2 and the second remainder, 
A «-i. If this process is continued n times, the nth quotient will 
be A 0 , and the nth remainder, A v Thus division of f(x) by x—h 
successively, gives the successive remainders A*, A n _ l5 
A n _ 2 ,...A 2 , Aj, and the last quotient A 0 , which is the same as 
a o' Hence the successive remainders determine the values of the 
coefficients in the required equation.. 
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If h is positive , the roots will be diminished ; but ifk is negative, 
the roots will be increased. Hence to increase the roots by h. division 
should be performed by the binomial x+h. 

Examples III {d) 

1. Find the equation whose roots arc less than the roots of 

the equation 3.r 4 —2,.r 3 -}-4.r 2 —3«r+16=0 by 3. 


_9 


—3 
75 

721 
2191 


16 

216 

• 

232=A 


291= A 


148=A.> 


34=Aj 

Dividing the quartic 3x 4 — 2# 3 -f-4.E 2 —3«r+16 by x— 3, the first 
quotient is obtained to be 3.r 3 -f-7£ 2 +25.r-{-72, and the remainder, 
232, which is equal to A 4 . Again, division of this quotient 
by x— 3 gives the second quotient, 3.r 2 4-16<r-f 73 and the 
remainder, 291, which is equal to A 3 . Dividing again by x— 3, 
the quotient, 3.T+25 and the remainder, 148 ( = A 2 ) are obtained. 
Next process of division gives 3 as the quotient and 34 (— Aj) as 
the remainder. This last quotient, 3 = A 0 . Thus the transform¬ 
ed equation is 

Sx 4 -f 34a 3 +148«T 2 -f-29 lx +232=0. 

2. Diminish the roots of ,r 4 -f 3.r 2 —4>r-f 9=0 by 5. 

3. Increase the roots of 3.r 5 —5a 3 -f 7=0 by 4. 

4 ! Find the equation whose roots are the roots of 

4x 5 —2.r 3 -f-7.r—3 = 0, 

each increased by 2. ^ U ' 194 °l 

another so that the term containing x 2 may be absent. 

The sum of the roots here is 9 and in the transformed 
equation this sum is to be zero ; hence the sum of all the three 
roots should be diminished by 9, i.e., each root should be dimi- 

111 This transformation is very important in the solution of equa¬ 
tions, and is known as “Removal of second term. 

6. Diminish the roots of the equation a -3a ».j+o <> 

by c, and find c so that (?) the second degree term, and ( 1 ?) 

first degree term be absent. 
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7. Remove the second term from the quartic 

2x x — 16.r 3 -f 2.r 2 —.r+5 = 0. 

8. Diminish the roots of z 3 -3a: 2 +5.i’+9=0 by 25. 

In a case like this, when the number is big and may involve 
inconvenient multiplications, the process may be performed in 
stages. As a first stage the roots may be diminished by 20 
and then the roots of the reduced equation may be diminished 
by 5. The process be put in a contracted form as shown 
below :— 



After the roots are diminished by 20, the transformed 
equation is ,r 3 + 57a’ 2 +1085a*+6909=0, whose coefficients arc 
shown separated by the first broken line. Then the reduction 
is done by means of 5, and thus the finally reduced equation is 
a; 3 +72.r 2 + 1,730.?’+13,884 = 0. 

9.' Diminish the roots of the cubic.?’ 3 —60.r 2 +281,r—330=0 by 
55. What conclusions about the roots of the given equation can 
you draw from the transformed equation ? 

[We might diminish the roots first by 50 and then by 5. 

The absolute term in the transformed equation will be found 
to be zero, showing that one of the roots is zero. Since the roots 
of the given equation are greater by 55 than the roots of the 
transformed equation, one root of the given equation is 55. Also 
the other roots may now be easily found.] 


10. Find the equation whose roots exceed by 2 the roots of 
the equation- 4a: 4 +32.r 3 +83.r 2 +76.?:+21 = 0. 

Hence solve the given equation. (P.U. 1923) 
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11. Show that the same transformation removes the 
second and fourth terms of the equation 

x* +16x 3 +72.i’ 2 4- 64.r -18 0=0. 

Hence solve the equation 

12. Remove the second term from the equation 

t r 4 4-20.i 3 -f 143a; 2 +430.r-f 462 = 0, 
and solve the equation 


3*5- Removal of terms in general 

As shown in Art. 3'4, when the roots of 

f(x)=a 0 x n +a l x n - 1 ■\-ax n ~ 2 +.. ...-t-o n _i.t’+fl n =0 
are diminished by h, the new equation in \j becomes 


...( 1 ) 




m+yf’W+ . +^ Wl 


(*)+",/"(*)= 0 
M • 


or. 


a 0 y n + (naji+a l )y n l ^a Q h z +{n—l)a l h-\-aAij n 2 


+... ~\~j (/*)—o...(2) 

Now if the second term is to be removed, naji+a t should vanish, 
or h should be chosen equal to — ajna 0 . 

If any other term is to be removed, the corresponding 
coefficient, which is always a function of h. should be equated 
to zero. When the equation so obtained is solved, the 
required value or values of h are found. It is clear that there 
will be found two values of h which can remove the third term, 


and so on. 

It will be profitable to use the notation 

Thus if/(*) = u„, it will be easily seen that f{x)=nV n ^, 
f"(,i:) = n(n — l)U n _ 2 , etc. . 

J Now if/(*)=A../'(*)»"A.-i. etc., 50 that A ’ s are the V S 

of U’s when h is substituted for .r. 

Equation (1) of Art..8-4 will give the transformed equation 
whose roots arc diminished by h, as 

A„+nA.- 1 »+ ! *£f i) A.-, </ 2 +...+»A a! /"- 1 +A„i/ n =0, 

where A„=«„• K= a M a v A.,=« 0 /< 2 +2e 1 A+« 2 , 

' Al=a < y+3a 1 h>+3a,h+ a * etc. 
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3 51. The Cubic.—Let the given cubic be 

ffo a ' 3 +3tf 1 a.’ 2 +3a 2 ;r-f a 3 =0. •••(!) 

When the roots are diminished by //, the new equation in y is 

«o(^+*) 3 +3fl 1 (2/+/0 2 +3^(2/+/0+a 3 =O, 

or, arranging the terms, 

a 0 i/+H'J 0 h^-a 1 )y 2 -\-3{a (i h 2 +2a 1 h^a 2 )n 

*b fl 3 == 0. . ..(2) 

Now the second term can be removed by putting h= — a l ja 0 i.c ., 
if in ( 1 ) we put x=y—(a l !a 0 ), the resulting equation in y will be 
wanting in the second term. 

Thus the transformed equation ( 2 ) becomes 

„ . 3H G _ 


</ 3 +-T-/ + -3=0, 


a n - 


...(3) 


U ' u 

where H=tf 0 rt 2 —flj 2 , G=fl 0 2 fl 3 — 3a 0 a l a 2 -f- 2 <z 1 3 . 

If the roots be multiplied by a 0 , so that the new root is 

z=<*o l J= a o ( ‘V+ a ^)=(i Q x+a v 

a o 

the equation (3) is further transformed into 

z 3 +3Hz + G = 0 . ...( 4 ) 

This result can be obtained by the direct substitution 
2 =^+^. 

Note that if x x be a root of ( 1 ), and z 4 the corresponding root 
of (4), then, 2 i=o ( /.r 1 -|-^- ■ = — ( 2 ,r,—a 2 —r 3 ). Thus the roots 

of (4) are^ (2^-^-^), ^ (2x i -x 9 -x l ) i ^ (2x 3 ^x 1 -x 2 ). 

3'52. The Quartic.—The ,general quartic with binomial 
coefficients may be written as 

/(^)=flo^ + ^ 3 + 6a^ 2 + 4fl 3 a:+fl 4 = o. .. (l) 

Putting y+h for x in ( 1 ), we get/ (y+h)=. 0 , ' 

i-e- m+y f(h)+^rw+^ f" W+f ! /<.(A)=o, 

or «o2/ 4 + 4(a 0 /i+fl 1 )^+6(a 0 /iH2a 1 /i + a 2 )?/2 

+4 (V * 3 4- ^a x h 2 +3a 2 h + a 2 ) y 

xt iU +(fo / «H4a 1 /i 3 +6a 2 /tH4a 3 /i + G 4 )=o. ( 9 ) 

Now the second term will be absent from equation (2), if h is 

chosen so that «»'*+«,=(>, or h =-°-->• The equation then 
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becomes 


where 


4 , 6H 4G fl 0 *I-3H* 

y*+ fl«r+rT y+—zri —= 0 ’ 

a 0 «o «o 


H =a 0 a 2 -a 1 2 , G==a o 2 tf3-30 o tf 1 «2+ 2a i 3 > 

Multiplying the roots bv u 0 , we reduce (.'3) further to the 

form 2H6H2 2 +4G2+(V I - 3H2 )=°» -( 4 ) 

where z=aQi'+a v as in the case of the cubic. 

Note that if x v a’ 3 , x 4 be the roots of (1), the roots of 

(4) are 

a “-(3:c 1 -i' a -.i' 3 -.f 4 ). r(8®»-»3-* 4 -*i)» 

4 * 

^(3,r 3 — x x —x y — x 2 ), ° (3.r 4 —a’i—.i’ 2 —a’ 3 )- 

It may be pointed out here that there is another function of 
the coefficients which plays an important part in the solution ot 

the quartic. The function is 

a 0 a 2 a i- flo«3 2 + 2fl i a 2 a 37«i a *~ n 2 ». . 

an( l ; s denoted by J. While the sum of the numerical coefficients 

vanishes in the case of J also, J is very much like I m the respect 

that the degree of each term is 3 and the sum of the sufhxes 

is 6, i.e., double the degree of the terms. 

Again, the following relation which will be found useful later, 

on, should be verified 

G 2 + 4H 3 =fl 0 ( HI “ a oJ)- 

Examples III (*) N 

1 Diminish the roots of a 0 a ,3 +3a r r 2 -f 3a a ,F + tf 3 =0 by 
(ind the condition in order that the second and third terms may 

he removed simultaneously. 

The transformed equation will be found to bt 

i ri tViirrl terms are removed simultaneously 
lf ^^loand atso which give the condi- 

dition, l ’ e ’ H==0, ° F a i =a a w 

taSo.“1 *"• ““ , .., 

H re «o = _ 1 = a ‘ and, therefore, both second and third 
terms can be removed by the same substitution, h being=4. 


EXAMPLES 


85 


The equation whose roots are less by 4 is found to be y 3 ~ 8 = 0, 

which gives y= 2 , 2 W , 2 W *. _. 

Thus the roots of the given equation are 6 , 3±V— 3. So, 

whenever, in a cubic, — = —, it can be solved in this manner. 

• ^1 ^2 

3. Solve completely the cubic < r 3 -{-3.r 2 -l-3 l r-|-28=0. 

4. What substitutions can remove the third term of the quartic 
# 4 —18£ 3 +54 a’ 2 —89.r-f48 = 0 ? Find the reduced equations. 

5. Find the condition in order that the second and fourth 

terms of the quartic 4fl r E 3 +Cfl 2 * 2 +4fl 8 .r-f a 4 =0 may be 

removed by the same transformation. 

Proceeding as in Ex. 1, the condition will be found to be 
o 0 2 a 3 —3a 0 a 1 a 2 -\-2a 1 3 =0, i.e.G—0. 

6 . Can the same transformation remove both the second and 
the fourth terms of the quartic 

a : 4 4-16«r 3 +83a: 2 -j-152a: 4-84=0 ? 

If so, solve the equation completely. 

The condition of Ex. 5 is satisfied here. The transformed 
equation will be found to be //* — 13f/ 2 4-36=0, whose roots are 
± 2 , ±3. Hence the roots of the given equation are found. 

7. Solve the biquadratic x*— 8,r 3 -fl9.r 2 —12a: 4-2=0. 

8 . Reduce the cubic 2 a: 3 —&r 2 4 - 6 a:— 1=0 to the form 

2 3 +3H=+G=0. 

9 . Reduce the quartic 2a: 4 -4a’ 3 -f 12 a: 2 — 8 a: 4 - 1=0 to the form 

in which the second term may be wanting. 


10. Find the relation connecting the co-eflicients of the 
equation o 0 i’ 5 +5ai^+10fl 2 i' 3 +l()^r 2 -f 5ff 4 .r-f-fl 5 =0, if the trans¬ 
formation which removes the second term removes the fourth 
term also. ( Dublin) 

3*6 The sum of powers of the roots of an 
equation. 

Let /(ajspo^+jPi®"- 1 *-hp„= 0 , 

t A h , en f'( x )=np Q .x"-' +(n - i ) Pl ^ - 2 +. + p 

Also f{x)=p(x—a)(x—p) . (x—p). 

if P, ..P are the roots of/(a:)=0, 

Taking Logarithmic differentiation. 

•/»_1_ . _L + , 1 

* . 1 ' 


or n x) =£@ + m+.... + m 

v x—a^x—8~ ^x-P 
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By synthetic division 

m 


=PqX" ~ 1 4 <* 1 #" ~ 2 4 V" ~ 3 4- \-a r x tl ~ r ~ 1 -\ - +a n - v 

where a x =.p Q a+p v a z =p 0 a 2 -\-p x a-\-p^ 


X — a 


a r =Po a '+P i « r 


• • 


4 'prt 


a n-l=P<fi n 1 +/>ia"' 2 + • • • * 4 Pn~ 2 a 4 Pn-\' 

Writing similar expressions for 

f(x) f(x) , 

-—x’.., and adding we get 

X — p X—y 

J"(x)=np 0 x"- 1 + ( PoSi+npJx"- 2 
4-(^ S 2+/> 1 S 1 4w/; 2 ).t "- 3 
4-( P 0 S 3 4-/? 1 S 2 -\-p 2 $i 4 np 9 )x n ~*4 • •• 

+ (/^S r 4-PiS r -i4/>2 S r-2-| - \-Pr-l^l + np r )x n - r 1 

4 iPofin-l t]'i^n-2+/^n-3f. 

Equating the coefficients on both sides, we get 
(,i-I) p 1 =p 0 ^> 1 -\-np l , {n —2) p t —p 0 ^ 2 +PiSi+np a . 

(n -3) ^ 3 =PoS 3 +Fi S 2 +/ ? 2 S i 4^3. 

(«—4) />4=^oS 4 +^ 1 S 3 4-^*S*4-y? 3 Si4-w/ , 4» 

(n — r) Pr=Po$r+PiSr-y\ -*4- Pr-fii + npr, 

/''«-l = / ; 0^n-i+/h'dn-2'4 1 • * F^n^l + ^n-l' 

iV>i4-Pi=°. 

/; 0 S 2 -hPiSi-l- 2 /> 2=0 . 

/V S 34/4 S 24/> 2 Sif3p3 = 0.. 

p 0 S 4 +Pi$2 +P7^2+P^ 1 + *P* — 0 • • 

_/><)Sr4/>lSr —14 .4Pr-iS 1 + r/>r = 0 • 


• • • 


(i) 

(») 

(///) 

(iv) 

(V) 


p 0 Sn-I 4i^iSn -24/?2S n -34 • • • 4;^n-2^14(«“ I )Fn -1 — °* 

Thus Si=— 3 l » S a =J 2 (P 1 --P 0 P 1 )' 


P 0 


yv 


S 3 =-V (—y ^ 3 4 3/W>. - 3/>„ 2 J»s).- 

Thus by successive steps the value of any S r can be determined, 

when r<n. . * , „ 

If r5>n, multiply the equation by then 

D •p r ~l-j-.4y^n -l * 4/V* r • 

Writing a, y,.for * successively, and adding, we get the 

relation . c _ n 

y^ 0 Sr4y ? lS r -id- . + Pn-v'r-n-}-i+Pn*r-n • 

Putting now r=n, n+1, n + 2.we have the relations 

ft S„+ftS,- 1 +.+/>.-,S.+"/'. = 0 . 

ftS„+l+ftS„ +.-fP.-'Sn+ft^-O, 

/V S »f2+2 ; l S n + 1 4.4y^n-1^34^n S 2“ 
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Thus by successive steps, the value of any S r can be determin¬ 
ed from these relations. 

The sum of the negative powers of the roots of/ (a.) will equal 
the sum of the corresponding positive powers of the roots of 

Cor. If all the roots are real, a 2 , £ 2 .are all positive, so 

that S a =— 2 (/? 1 2 -2p 0 p 2 )>0, i.e. /V>2p 0 iV Thus if p^^PoP* 

p o 

there must be some complex roots. Thus the equation has at 
least one pair of complex roots, whenever 

Pi“<2 PoP «; Pi 2 =Zp 0 p 2 ; Pi=0, p 2 > 0 ; Pl =p 2 =0. 

% 

Examples III (/) 


1 . Find the sum of the fifth powers of the roots of the equa¬ 
tion a 4 — 7a? 2 +4a?—3=0. ( London University) 

Here F' (a?)=4a? 3 —14.r-f4, and S 1 = ^a = 0. 

Po S 2 +Pi S i+ 2 / , 2 =°» ft) S 3 -hPi S 2 +p 2 S i+-V 3 = ( h etc. 

• S 2 —14 = 0. S 2 =14 ; 

S 3 +12=0, /. S 3 = —12 ; 

S 4 -7S 2 +4S 1 -12=0, S 4 =110 ; 

S 6 -7S 3 -1-4S 2 -3S 1 =0, S 5 = —140. 

Hence S 5 = —140. 

2. Find the sum of the fifth powers of the roots of the equa¬ 
tion a? 4 —a 3 —19.r 2 +49.r—30=0. ( Davison ) 

3. Find the sum of the sixth powers of the roots of the equa¬ 
tion a ,4 ~ a? 3 —7a 2 -fa? +6 = 0 . 


4. If a, /3, y, be the roots of the equation a? 3 —7a?-f7=0, find 
a ~ 4 +^'" 4 + y ~ 4 . 

Sol. a -1 , /3“ l , y~ l , are the roots of 7 a? 8 —7a? 2 +1=0, so we may 
find S 4 for this equation. 

Now Sj=l, 7S.,-7S 1 =0, So=l ; 

75 3 - 7S t +3=0. S 3 =$ ; 

75 4 - 7S 3 +S 1 =0, /. S 4 =f; 

Thus v<r 4 =$. 

5. Find £a~ 6 , where a, y are the roots of the equation 
a? 3 + 2 a? 2 —3a —1 = 0 . 


6 . Find the sum of the ninth powers of the roots of 
a? 3 +3a?+9=0. (Bernard and Child) 

[Solution. a?3=—3 (a’+3), 

a? 9 = —27 (a? 3 +9a? a +27a?+27). 

Writing a, /3, y for x and adding, we have 

S 9 =-27 (S 3 +9S 2 +27S x +81). 
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Now S 1= 0, S 2 = —6 and S 3 +3S 1 + 27=0. 

.\ S 3 = —27. 

Hence etc.] 

7. Calculate S 8 for the equation 

x b — 5ax — 1 = 0. 

[a*=(5a+ar 1 )* f /. S 8 =125fl 2 +10«S. 1 +S_ 2 ] 

8. If a + ^ + y=h, 

a 2 +/3 2 +y 2 =14, 
a 3 +^ 3 +y 3 =3C, 

prove that 

« 4 +/3 4 +y 4 =98. 

9. If a, y are the roots of the equation ,r 3 +p.r-f r/ = 0, 
prove that 

« 5 +j8 5 +y 6 « 3 +j3 3 +y 3 . uH^+T. 

5 “ 3 2 

Symmetric Functions 

3 7- Let .*n) 

be a polynomial in n independent variables .r x , The 

polynomial is called symmetric in or with respect to these vari¬ 
ables, if the interchange of any tzvo variables does not change the 
polynomial. For instance, 

a?* r 2 +. i \ 2 >' 3 + x^x x +.r 2 2 .r 3 ++^' 3 2r 2 +V 2 +Vs + ,l V T i 

+ 5 C r 1 +‘ r 2+‘ r 3 ) . . 

is a symmetric function of * lf A symmetric function is 

briefly denoted by placing the symbol 1' before a typical term 
The first six terms of the above symmetric function are denoted 
by v a? 1 2 tC 2 , the next three by ^x x x 2 and next three by a ji v I hus 
briefly, the symmetric function is denoted by 

and conversely, when the symmetric function is written symbol.- 

03 When'th^degree symmetric function is the 

sa r; the symmetric ^ 

symmetric functions. The symmetric functions of Art. 61 
EjSSCi, E 2 sl'.r r i' 2 ,.. E„-i=i‘V 2 ..•••.• -tn-v 

E n =X ?i«T 2 . il n 

are called elementary symmetric functions. 
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The number of factors in each term of a homogenous sym¬ 
metric function is called its weight, and the highest power in 
which each root enters the function is called its order. Thus 
every elementary symmetric function is of order one, and 
Ej, E 2 ,...are respectively of weights 1, 2, 3,.. .The order of ^*x 2 is 
two and weight three. 

Let x v x t ,......x n , be the roots of the equation 

x n +p v v"- 1 +p 2 .r" “ 12 +• •.... +P n -r *- 0. (1) 

We proceed to verify the following important theorem. 

The degree in terms of the coefficients p v p 2 ....p n nj the value oj 
any integral symmetric function is equal to the order, of the symmet¬ 
ric function. 

Consider a function <f> of the coefficients, c.g. 

^=2/? 1 a p 3 -7; 1 ^ 2 +p 2 F3“ 5 Pi/ , 4+^ 5 . 

Express in terms of the elementary symmetric functions by 
the relations of Art. 1*C 

Suppose <f>=y{r (x v x 2 ,...x n ). 

Now each of p v p 2 ,... contains x 1 in the first degree ; therefore 
the highest power of Xj will be obtained from terms of the highest 
degree, i.e., 2p 1 2 p 3 —p 1 p 2 2 , and from these alone. Thus the order 
of the symmetric function \j/ in the roots is three. It will be 
found that \j/ is the symmetric function I'.rj 3 ^ 2 . 

If is an integral symmetric function of order r of the roots of 
the equation 

o 0 ,i’ n +a 1 x n - 1 + ...-\-a n „ 1 x+a n =Q, ( 2 ) 

then af ^ is a homogeneous function of a 0> a v ... of degree r. 

This follows from what has been said above by writing 


P i= 






*In the value in terms of the coefficients p v p 9t ...of the sym¬ 
metric function ^ of the roots of the equation (I), the sum of 
the suffixes of p v p 2 ,...in each term is equal to the weight of the 
function. 


Let \j/ (x v x 2 ,...x n ) be a homogeneous symmetric function of 
weight „j and <f> (p v p 2 , ,.p n ) its value in terms of p v p if ... 
We may note that the sum of the suffixes of p v p 2 ....in each 
term of <f> is the same. This follows from the fact that ^ is 
homogeneous. 


Multiply the roots of ( 1 ) by A, by writing - for .r. This will 

A 

change the equation ( 1 ) to 

.T n -fAp 1 ^ n - 1 + A 2 p 2 ^ n “ 2 +.+ A n - 1 p„- 1 .r+A n p„=0. 

♦The proof of this article may be omitted^ “ 1 
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The effect of such a transformation will be to change 

(I) 'H r i> *2 to A K \j, (.r 1? «r 2 ,...*r n ), 

(*-) 7 ^i> P-2>..-Pn to A/^i, A 2 />2» A 3 y> 3 ,.respectively, 

(3) a term pfpfPz* ...o{ <f> to A«-t 2r + 3s “p^p^})^ . 

•V w = (/-f2r-f-3s+_ 

Note. From the above discussion it follows the values of 
a symmetric function of weight w < n, for an equation ( 1 ) of 
degree n will be the same as that of an equation of degree u\ 
viz. 

x i0 +p 1 x w - 1 + . 

Examples III (g) 

1. Find the sum of the reciprocals of the roots of 

ox 5 - T.r 4 -f 9 t 3 +11 ,r 2 - 8x+7 =0. 


2 . If v and q are the roots of —--(- 1 , +^=0 and 

x+a x + b x 

a 2 -\-b 2 = 4ab, then p 2 -\-q 2 =Gpq. 

3. If a, ft. 7, 8, be the roots of the biquadratic equation 
V 4 -f 4r7 i‘ r3 d'^^.‘ r2 d'U^ 3 T + r/ 4 = (), find the value of tf 0 2 l'a 2 . Also 
find fl 0 2 l‘a 2 /3 2 '/ 2 . 

4. Find ~^a 2 ft for the cubic equation x 3 +ax 2 -\-bx+c= 0. 

Here ^a= a-\-ft-\-y =—a, 

^aft=aft-\- fty-\-ya = b. 

By multiplication, la.Aa/3=A'a 2 ^+3 a fty=—(ib. 

.'. ^_a 2 ft= — ub — 3afty=3c — nb. 

5. Find l'a 2 /j 2 for the same cubic. 

Squaring ^aft=aft -f fty 4* ya=b. 

we have 2a 2 /J 2 +2«/?y (a+ J 6+y)=^ 2 . 

.*. 1 a 2 ft 2 =b 2 — 2 ca. 

6. For the same cubic, find 

7 . If «, ft, y he the roots of the cubic 

r? 0 T 3 4- Sr/j * 2 4- 3 ( 12 ® 4-^ 3 —0- 

find the values of 

(i) a 2 l(2„-ft-y)(2ft-y-n). 

(ii) « o 3 i'(2, l -/3-y)(2/3-y-«)(2r-'*-0)’ 

8 If .Ui, x 2 . x 3 . x 4 arc the roots ol the biquadratic 

a Q x 4 -f ia A x 2 4- 6a a z 2 4- 4« 3 r 4- « 4 =°- 

find thi values of the symmetric functions, 

a 2 2(3x 1 -x,-x z -x A ){3x 2 -x 3 -x i --x 1 ), 

a* v(3iPi- x 2 -.r 3 - ,t 4 ) (3.r 2 - x 3 -.r 4 -x 42 • 
«n 4 -(3-c 1 — X 2 — x 3 —x 4 )(Sx 2 —X 3 —x 4 — x x ) @x 3 — x 4 — —x 2 

X(3.r 4 -.r 1 - l r 2 -T 3 ). 

9. Find for the quartic of Ex. 8, the value ol la 3 ft. 

Hint. Multiply l' (1 2 and £ aft. 
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10. Deduce for the same quartic the values of a o 2 2«0 a y 2 

11 . If a, 0, y, 5, are the roots of 

a# r 4 + 4fl 1 ii’ 3 4- 6fl 2 3 ' 2 +4« 3 .r+ a 4 =0, 

find the value of 

(a 0 +y 8 )(ya+ 08 )+(u 0 +y 8 )( 0 y 4 -u 8 )+( 0 y+« 8 )(ya+ 0 $) 


Sol. The symmetric function is the same as l\ x 2 0y 


{1\ U. 1928) 


«+0+y+8= 


4« 


a 


0 


4 a 


and u0y+u0S+0y8+y8, x = — 

“o 


(0 

(«*) 


Multiplying together, we have 
la.lady, or 


16 “ l r 3 


a. 


(m) 


• • a * 


The student should learn how to express a product like 
2«.2a0y as the sum of 2-functions without writing out their actual 
expansions, since the latter method is laborious, in general. To 
obtain the type of ^-function in the product, it suffices to use a 
single term (called leader) of one factor say «. Then if we use 
any term of 2«0y which contains «, we get a term of 2« 2 0y, while 
if we use any term not containing rt , say 0y$, we get a term 
a0y8. It remains to find the coefficients of the 2-function 2u 2 0y, 
and „0y8. To get , x 2 0y we must take the term u from 2u and «0y 
from 2«0y, so that the coefficient of a 2 0y is unity. To get 
u/?y8, we should take «, or 0, or y, or 8, from 2« and the 
complementary factor 0yS, etc. from 2<t0S. Hence 

-a.-a0y=2u 2 0y+«0y8, 

4x4 = 12+4. 

As a check, we have marked under each 2 the number of its 
terms obtained from the theory of combinations in Algebra, 
(not by writing out in full the 2-functions). To get 2a 2 0y we 
have to form combination of three out of (l , 0, y, 8. This gives 
rise to terms of the form a 0y- Now any one of the constituents 
of u 0y can be squared. So each term rt 0y gives rise to three 
terms of 2a 2 0y. Thus there are 12 terms in >\ x 2 0y. 

12. For the same quartic find the value of 

(«0+yS)(y a +08)( a 8+0y). 

The symmetric simplifies to a0y8l' fx a + a 2 0 2 y 2 S 2 ^-^-- 

a 
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13. Find the cubic whose roots, x, y, z satisfy the relations 

x+y+z =a, 
x 2 +y 2 +z 2 =a 2 + 2, 

<r 3 -f- y 3 -]- z 3 =a 3 . 

14. If x, y, z are not zero and ' 

x 2 =y-z, ij 2 —z—x, z 2 =x—y, 

show that x, y, z are the roots of a certain cubic. ( P. U. 1919) 

Find the cubic whose roots are x 2 , y 2 , z 2 . 

15. Find the sum of the squares of the differences of the roots 
of the cubic a (f r z -}-Sa 1 x 2 -}-3a 2 x+a 3 =0. 

[Here we have to find ^{(i—y)~, which is equal to 2^a 2 —2^«/j.] 

16. Find l{fl—y) 2 for the biquadratic 

a 0 x* -f 4 a r i’ 3 + G a 2 -f 4 n z x + a t =0. 

17 Find, for the same biquadratic, the value of 

a 0 2 [(-—/i) 2 (y—S) 2 +(/»—y) 2 (.“—S) 2 +(y—«) 2 C/3 - s ) 2 ]. 

The given symmetric function is equivalent to 

a 2 [ 2v a 2 £ 2 - 2 2 /3y + 1 2„/Jy 8 J. 

The result is found to be 24(a 0 ff 4 — \a x a^-\-^a 2 ). 

It should be noted that in the results of Exs. 15 , 16 and 17 , 
where the symmetric functions involve differences of the roots 
only, and the equations arc with binomial coefficients, the 
algebraic sum of the numerical coefficients is always zero. 

Also whenever the equation is written in the form 

a Q x n +a- l x n - l -ra 2 x n -*+ . +fl»-i*+ fl n=°» 

with or without binomial coefficients, the sum of the suffixes o 
each term in the result is equal to the degree of the symmetric 

^These considerations are helpful in the verification of results 

18 If a. 8, y. 8. are the roots of the equation <y 
+6o „r ! +4n 3 . T '+o 4 =0, find the equation whose roots are 

/3y+*tS, ya+P$> u/5+yS- f 

19. If a, y> 8, he the roots the a b° ve ( l uar ,c * 

value of the symmetric function 

This is £ 

biquadratic. To put down the symmetric runcta°n._tahe^h 

thmfdi ITerences 

;_f; T- S. “-S? Combine these in pairs ; so we have 

Taking ( fh7 r diff7reneiro? ) these’’ in“ cyclic order wc get the 
factors of the symmetric function. 
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' To evaluate the symmetric function, we call the roofcs of the 

( y^«)0J-8)-X-r, (a-0)(y-8)=/*-A. Thus the symmetric 

function takes the form 

(2 \ — a —r)( 2 /* v A)(2i< A h) .. 

= {(3A — (A+/i+i')i { (3/z— (A+/i + i')l |3i—(A*f//+»•)} 

2 a 2 \/ 2a, w 2a a 

=27l 

= -432(a 0 a 2 «4+ 2fl i tZ 2 a 3- a o a 3 2 - a i 2fl 4- a 2 3 )K 3 * 

This follows from Ex. 18, which gives («c-A)(.X’-,/)(•«- 1 «) 

4 ^/» 

=0 when we write — for x in the left-hand member of the 
. fl o 

equation. 

20. If a , 6, c, are the roots of the equation x 3 +px 2 -\-qx+r=Q, 
find the values of 

(i) (6+c-3a)(c+a— 3b){a+b-3c), 


-i i+ i)G + Wf + ^ 


Since b+c—3a==b-{-c+a—ia=—p—la i etc. 

(i) becomes—(P+4a)(p+4&)( p-f-4c), which is easily calcu¬ 
lated. 

Again, (ii) may be written as 

a ^ C {abc a*)\abc 6 } )(abc c J ) 

or ’ " V + i» Ar ■ + 6»Xf + ? )' /o 

which can be calculated, after we have found ^a 3 , Sa 3 6*/» O v • 

21. If a, /?, y, 8 are the roots of the equation / C/) • 

a^+^ 3 +^ 2 +» , <r+5=0, ( —* J ’ 

find the value of i *5 or 2 

(l+a 2 )(l + /3 2 )(l+y 2 )(l + 8 3 ). \o 

Since a , (3, y, 8 are the roots of the given equation, \ * ■ 

(a?—a)(a?—j8)(a?—y)(«— h)=x i +pf+qx 2 +rx+s. ^ < 

Writing i and — i for x and observing i a == — 1, \ G £• 

(»-«)(»—j 8 )(*-y)(t- 8 )=(l-g+*)-*( P-r), ' ' 

(ri-a)(^-/3)(-<-y)(-<-8)«(l-5+,)+t(p-r). 
Multiplying the two 

(l+a 2 )(H-^)(l+y 2 )(l + 8 2 )=(l- ? +^) 2 +( P-r) 2 . 

22. If a , / 3 , y be the roots of the cubic ax*-\-3bx 2 +3cx-\-d=0 f 
show that a 2 (l+a 2 )(l+/3 2 )(l+y 2 )=(a-3c) 2 + {3b~d)\ 
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23. Obtain a cubic equation whose roots are the values of 
x, y, z, given by 

x+y+z=3, 

. **+0*+2*=5 9 
x'+y'+z*=7. 

Hence prove that j:‘ + ?/ 4 +2 4 =9. [A7«k’$ College, etc., 1927] 

24. Express bc + ca + ab and abc in terms of s, p and q. 
where 

2 s=c-f-&-f c, 

2p=a 2 -\-b 2 -{-c 2 , 

3 q=a 3 +b 2 -rc 3 . [Peterhousc, etc., 1930] 

25. If a 4 b 4 c=0, show that 

(i) G 5 4& 3 +c 5 =5(ta+cfl+n/;)aZ/c, 

(//) fl 7 + 6 7 4-c 7 = 7flftc(6c + etf -\-ab) 2 . 

26. Use the last example to show that 

(x a a) 5 —x 5 —a 6 =5ax(x + a)(.r 2 + flJ -f a 2 ) 

(a- + rt) 7 —a 7 — a 7 =7ax(.v 4 a)(x 2 4 ax 4 a 2 ) 2 . 

27. If «+ 04 y +$=0, show that 

« 5 4 0 5 4 y 5 + 8 5 = - 5v a 0-«0y- 

Hence solve the equation 

(x 4 a 4 b ) 5 — a- 5 —a 5 — b'° =0. 

[Note. (.r + fl + 6) + (- ®) 4 (—a) + ( —8)=0.] 

28. 11 0» y are tiie roots of •r 3 4 p 1 x’—p 3 =0 and 

==.,*+fl p ’+y p - prove that 

s s c S3 S 

‘'ll__3 . 5 8 ._ 3_ . 

11 3 2 9 2 


29. If tt, 0, y are the roots of the equation x 3 -\-qx+r—0, 

pr °3( a ”+ a sHy 2 )('-H/jHy 5 )=5('< 3 +/3 3 +y“K“^+^ 1 ( +^ e Camb] 

Solution : Here 82 = 0 , and S 2 = -7- 

Multiply x*+qx+r=0 by x n ~ 9 . 

l T n + 7^ n " 2 +^ n ’ 3 = ( >, 

Since «, 0. y are the roots of the equation. 

a n + ga "" 2 + r« M - 3 = 0 , 

0 n +9'0 n- 2 + ; ’0 H-3==o » 

y” 4 _ ^y M "'2+ry™ — 3=0. • 

Adding up S n +7S n _ 2 + r ^n 3 =®* 

Put n= 3, 4, 5 respectively, then 

Ss+tfSj+rSo^O, 

S 4 +5 , S 2 4rSi=0, 

S 6 + 7 S 3 + rS a = 0 . 


... (i) 
... (iO 
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.*. S 3 = —3r, • (*.' S 0 =3), S 4 = 2</ 2 , S 5 =oqr. 

Hence 3Sa 2 ^t 5 =3(-2 9 )(5 g r)=5(-3r)(2 9 2 ) = 5Va 3 v rt ». 

30. If u+(3-\-y=Q> show that 

« n + 3 +^ n+3 +y^ 3 =a^y(a”+^ n +y") 

4-i(a 2 +6* 2 +y 2 )(a'" tl i-^" +1 +y"+ 1 ). 

[Coius College] 

[Hint. Suppose that «, fi, y, are the roots of a cubic of' the 
form .r 3 +2.F+r=0.] 

31. Prove that the sum of the twentieth powers of the 

roots of the equation x i +ax+b=0 is 50 a i b 2 —ob b . [Radford | 

[If a be a root, — a 20 = («a+5) 5 , . .-. — S 2o =a 5 S 5 +5a 4 5S 4 

-f 10a 3 5 2 S 3 4-10a 2 5 3 S 2 +5a5 4 S 1 +45 5 . Calculate S x , S 2 , S 3 , S 4 , S 6 , 
and substitute.] 


32. 

Show that S r 

J 

II 

# 

> 1 

o 

II 

.. n] for the equation 



it ’"* -1 x n ~ 2 

, 1 

% 

x n -\ 

1! + 2! +• 

.+ — r-0. 

n ! 

33. 

If a, fit y 

be tHe roots 

of x 3 +‘3qx+ r= 0 , evaluate 


-a 3 , 2<T 3 . Hence show that 

(a 2 /3+/3 2 yfy 2 a)(a^ 2 +/yy 2 +ya 2 )=9(3g 3 +r 2 ). * 

3 8. Equations whose roots are the symmetric 
functions of the roots of a given equation. 

In the present section we discuss a simple case for the cubic 
only, though the method is general. 

Equation of squared differences of the cubic. 

Let at (3* y be the roots of the cubic 

f(lj)=y^3Hy + G=0. 

Let 2 a =w+u, 2(3=u—v, (A) 

. then a +f3 = u, a-(3=v. 


Hence 

or 


°-'w-/g + 5 ). 

u 3 +3tt 2 u+3u(uH4H)+u 3 +12Hu+8G=0. 


# 


Also O=/03)=/(“-“). 

or u 3 —3w 2 i;+3M(u 2 -f4i7)-u 3 —12l/u+8(2=0. 

By addition and subtraction, we get 

u* +3u(u 2 A 4H) -f 8 G =0, 

8 u 2 »-f o 3 + 12 tfu= 0 . 

Now v being the difference of any two roots, cannot 
Hence 3u 2 +12ff+u 2 =0. 



vanish. 
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From 3 times (1) we subtract u times (ii), and get 

-3 G 

U ~v 2 +3H 

Substituting this value of u in (i), • 

—27G 3 —9G'(i> 2 +477)(u 2 -f 37/) 2 -f-8G(i; 2 -f 3//) 3 =0, 
or u 6 +18//y‘ + 81//V+108/i 3 +27G 2 =0. 

Put 2=w 2 =(a—)S) 2 ; the required equation is 

2 3 + 18//^d-81// 2 2 + 27(G 2 +4// 3 )=0. (iii) 

Note 1. Suppose x v x 2 , x s are the roots of the cubic 

a 0 x 3 +3a 1 x 2 -\-3a 2 x-\-a 2 =0. (B) 

The substitution z=a Q x+a l transforms the cubic to (A), 
and wc have 

a 0 .Ti+«i=u, «o ir 2+ fl i=/3» afo+Vi^V- 
a o 2 ( x i~x 2 ) 2 =(a—p) 2 , a 2 (x 2 —x 2 ) 2 =((S—y) 2 , 

"o 2 (‘*’3-*1 ) 2 =(a-y) 2 . 

Thus the equation of the squared differences of (B) can be 
deduced from (iii) by the transformation a 2 y=z. 

The equation in y will be the required equation. 

Note 2. Put z=(u—/i) 2 =(n+/> > ) 2- 4io.fi 

= (V„_ y)2 -^ + 

Hence the required transformation is 

±(; 

z=y 2 -\ -, or y 2 -zy-\-4iG=0. 

u 

To obtain the equation of squared differences, now we 

eliminate y between 

// 3 -f-37///+G'=0 and y 3 — 2//-f-4G=0. 

3G 

Subtracting, (3H+z)y— 3G=0, or //— 2 q_ 3 // 

Substituting this value of y in (A), we get the equation (m). 
Note 3. If we eliminate v 2 from (i) and (n), wc get a 
m u = a +p. Hence this equation will give the sum ol the roo s 

of the equation (A) in pairs. 

3 81. The equation (iii) enables us to determine the nature 
of the roots of the equation (A), and therefore of (B) also. 

If,., R, y are the roots of (A), then 

(« /?) 2 > (#-y) 2 > (y-*) 2 

nro the roots ot (hi). 
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(1) If tt , fS, y are all real, each expression on the left is 
positive, therefore 

G 2 +4tf 3 <0 . 

(2) If two of the roots are imaginary, say 

0=a+i6, y—o—ib, then (1 =—2a, 

a and b being real, 

and (a—#) 2 (/3 — y) 2 (y — '*) 2= ( —i&) 2 (2/6) 2 (3a — ib) 2 

= — 4i> 2 (9a 2 -f 6 2 ) 2 = —27(G 2 4-4/P). 

Hence G 2 4-4H 3 >0. 

(3) If two of the roots ate equal, one of the factors on the 
left is zero, 

G 2 -M// 3 =0. 

(3i) If the equation (A) has alt the three roots equal, the 
equation (iii) has all zero roots, 

.*. // = 0, G 2 -M// 3 =0; 

or 11 =0 and C=0. 

Conversely, 

The equation has real, equal or complex roots according as 

0 . 


This follows from the fact, that the three cases enumerated 
above are mutually exclusive. 

Examples III ( h) 

1. Find the equation of squared differences of the cubic 
2a: 3 —3a: 2 —«r-f 1=0, showing all the necessary steps. 

2. Find the equation of squared differences of the cubic 

x*+qx+r= 0. 

3. Find the equation of squared differences of the cubic 
2a: —3a: 2 +3a:—2=0. Verify by actually solving the cubic and 
then framing the equation of squared-differences. 

4. Find the equation of squared differences of the cubic 

0 3 a: 3 —11a: 2 -f-8.r 4-4=0. 

What conclusion can you draw about the nature of the roots 
from the transformed equation ? 

Examples III (i) 

1. Show that the condition that the cubic equation 

x 2 -p^+q lV ~r= 0 , 

should have a pair of roots of the form tt ±ia is 

i *.u (P 2 -?q)(q 2 -2pr)-r 2 =0. 

Solve the equation a: 3 —7a: 2 4-20a:—24=0. 
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If we call the three roots a, b. c ; 

a 2 +b 2 +c 2 =( a + ia) 2 +( a -ia) 2 -\-c 2 =c 2 . 

Also ^.a 2 =('±a) 2 — 2^.ab=p 2 —2q. 

c 2 =p 2 — 2q, 

and since c is a root of the given equation, we get the required 
condition after substitution and simplification. 

2 . If a+*/? be a root of the equation 

x 2 -\-px-\-r=0, 

prove that 2 , t is a root of 

x 2 -\-px—r= 0 . 

3 . If a. y be the roots of the equation ax 2 -{-bx 2 -\-cx-\-d=0, 
show that the equation whose roots are « 2 , /i 2 , y 2 , is 

a 2 !) 2 + y 2 (* 2 ac—flj) + */(c 2 — 2bd)d 2 = 0 . 

4 . If a, y be the roots of the equation ax 2 +bx 2 -\-cx-\-d= 0 , 

form the equation whose roots are « 2 + 6 ’ 2 , B 2 -\-y 2 , y 2 +« 2 * 

(P. 17. 1021) 

}j~ — 

[/itn/. ^ + y2 = v a 2 - a 2 = ---a 2 


a 2 


Hence the transformation is 2 = 


b 2 — 2ac 


a 2 


—x 2 . 


Or. T he transformation between 2 and y of Ex. 3 is 

b 2 —2ac , 

—y]- 


"f 


a 


5 . If a, fit y arc the roots of the cubic x 3 —ax 2 +bx—c=0, 
find the equation whose roots are the three values of afi+ay.^ 

6 . If a, fi, y, 8 are the roots of the equation a 0 x l -\--ia v v t 
C fl 2 a’ 2 + \a z x +« 4 = 0, show that a 2 a 3 i-2a 1 :i -^a 0 a l a 2 =0, it . 

" 7 ^ If a ,'(i, y, 6 are the roots of the quartic of Ex. 6 . and 
atf(y + 8 ) = ya{a+fi), then a 1 a A 2 + 2 a z 3 -‘ 6 a A a 3 a 2 = 0 . • ' 

8 . Find the equation,, whose roots arc a+f3y> P + V' 1 ’ ^ ’ 

where a ft, y are the roots of .r 3 —tf,r 2 +kr—c= 0 . 

9 If t1 y, & be the roots of find 

the equation whose roots are 

a/3y + a/38 + ay 8 , afly+a/tf-f/SyS, etc. • ,__ Q , 

10. If a, V, V, 6: « the roots of *•+« +te ( +«+^ - 

t“ -* -» 

0l Hereby=x 2 .' 1 ^Substitution for * in the given equation gives 


y-\-r=—py s —qy 




( 1 ) 
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Cubing both the sides of (1) we get 

A .1 ; 

(//-J-r) 3 = — p 3 y 2 —q 3 !J—Spqyipu 3 Substitution from (1) 
2 [ 

for ptfi + qy*, gives {u+rY=-p*y 2 -qhj+%pqy{y+r). 
Transposing and re-arranging the terms, we get 

y z +{p 3 -3pq+3r) y*+(q*-Spq+3r 2 )y+r 3 =0. 

13. Find the equation whose roots arc the cubes of the roots 
of 2a 3 -a 2 +2a-3=0. 

14. Find the equation whose roots are the cubes of the roots 
of a 4 - 2 a 3 —a 2 -f 2a+1 = 0. 

15. Show that the cubes of the roots of a 3 -}-aa 2 -f-&a-|-fl&=() arc 
given by the equation 

a 3 -f a 3 a 2 -f b*x -f a 3 6 3 =0. 

16. Show that the roots of x 2 —^p 2 x—£p*—q 2 =0 differ by 
a constant quantity from the squares of the corresponding roots 
of x 3 -\-px+q=0. 

17. If a, j8, y are the roots of the equation afl+px+q=0, find 

the equation whose roots are - + *. *+1,. 

.a p p y y a 

18. Solve the equation a 5 —5a 1 —,5a 3 -f-25a 8 +4a—20=0, whose 
roots are of the form 

a* fiy a> — (i, y. 

19. Solve the equation 

a 5 —4a 4 — 10a 3 '-f 40a 2 -}- 9a—36=0, 
given that the roots are of the form 

±«, ±b, c. 

20. a, /J, y be the roots of the equation 

. fl 0 'a 3 4-3a 1 a 2 +3a 2 .r-f-fl 3 =O, 

rind the equation whose roots are 

O, TC 0-y)(j8-a), (y~a)(y—/3). 

21. It a, p, y , 8 be the roots of the equation 

. „ . /(• r )= fl o^+4a 1 .t 3 +6a 2 i 2 +4v+a 4 =0 > 

show that if a/3=y8, then Deduce the equation 


whpse roots are 


fiy — a 8 


ya —88 


a /? —y8 


, - P + y —a —s y + a —^ — S’ — y — 8* 

Solution. Diminish the root of /(*) by *, the required 
i equation is /(a-f-z)=o 4 

/( 2 )+4a/ 1 (z)-f6a 2 / 2 (z)+4a 3 / 3 (z)-l-fl oll ’ 4 =0 . ( 1 ) 

Denote roots of this equation by a', /S', y‘, S', and suppose 

a ' P'—y'&i 

l ‘ e ‘> (a-z)(P— 2 )=(y-z)(S-z), 

then 2== ^|» which is a desired root. 
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Now the product of two roots of the equation (1) is equal to 
the product of the other two, if o 0 f 1 2 (z)=f a 2 {z)f(z). 

This is the desired equation. 

22. If the equation whose roots are the squares of the roots 
of the cubic x 3 —ax 2 +bx— 1 =0 is identical with the cubic, 
prove that either a =6 = 0 or a = b= 3, or a, b are the roots of 

z 2 4 2 + 2 = 0 . 

23. If /(.r), /i(cr), f 2 (x) stand for the expressions 

a (y v 3 +-a l x 2 -\-Sa 2 x-\-a v a ff v 2 +‘2a l x-{-a 2 , 
respectively, and a, 0, y are the roots of f(x) = 0, show that 

if (a — h)(p — h) = (y—h) 2 . Deduce that the equation whose roots 


are 

/?y—a 2 ya — ft 2 afi—y 2 

$~\~y — - a * y-\-a — 2p’ a + /J—2 y 

is fl/M-AW/iW* , , 

[Hint. Diminish the roots ol /(.r) = 0 by /*. The new 

equation has its roots in G. P.] 

24. If a, /3, y are the roots of the equation .r 3 

show that the equation whose roots are the six values ot -v is 


q 2 ( x 2 + x + 1 ) 3 + p 3 r (*-+1 )= 0 . 

[Let “ = Since a is a root of the given equation, a 3 +pa+q=0, 

or /3 *z*+pPz + q=0...{i). Also 0 3 +/>0+?=O...(ti) 

Subtraction gives ^ 2 (2 2 -f=~l)+/?=0. 

Again, subtract (i) from c 3 times (it) ; then eliminate p.J 

25. Denoting the roots of the equation x*--x+l-0 by 2 , 
x z , x v show that if *,=»**.+*„ (r= 1, 2, 3, 4), then y r satisfies 

the equation y‘-2>/+ly>-7y +5 =^ ^ ^ m] 


CHAPTER IV 


NATURE OF THE ROOTS AND THEIR LOCATION : 
SOLUTION OF NUMERICAL EQUATIONS 


41. The chapter will be concerned with the following points : 

1. The number of real and complex roots. 

2. The number of positive, negative, and equal roots. 

3. The region in which a particular root lies. 

4. The region in which all the roots lie. 

The information on these points will be useful in the solution 
of numerical equations to which the last portion of the chapter 
is devoted. 

4*2. Definitions— When in any polynomial (the terms, of 
course, being written in order) a -f sign follows -f, or a — sign 
follows —, a continuation, or permanence, of signs is said to 
occur; but if, on the other hand, a -f sign follows —, or a 
— sign follows -f, a variation, or a change of signs, is said to 
occur. Thus in the equation Sct 5 —^ 4 —2a: 3 +3.t 2 4-5 l r—7=0, the 
first continuation of signs occurs at the term — 2x\ the second 
at the term 5x, while the first variation or change occurs at 
-x\ the second at 3a: 2 , and the third at —7, giving in all two 
continuations and three variations. The sum of the continu¬ 
ations and the variations is 5, which is the degree of the 
equation. In general, in a complete equation of the nth degree 
there are n-fl terms and, Consequently, the sum of continuations 
and changes is always n. The coefficients and their signs bear 
important relations to the nature of the roots. In the following 

articles some general theorems will be proved about these 
relations. 


4 3. The Harnot-Descartes’ Rule of Signs. 

Refore we prove this theorem, we take up the following lemma : 

If a real polynomial f(x), complete or incomplete, he multiplied 

by x-h, h>0, the product will contain at least one more chansc of 
sign than the original. 6 J 

Illustration. Let/(.r)=^-l-a:«+3^- l r 4 -4a’ 3 -f 

We group together consecutive terms with the same signs 
and write ® 

/W=(® 7 +« 8 +3a: 6 )-(a^+4a: 3 )+6a: 2 --(5a:-f6) 
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The number of variations is 3. i.e., one less than the number of 
groups. 

To multiply/(a) by x—h, h> 0, we shall add 

x f(x)=(x s -\-x 7 +Sx 6 ) — (a 5 +4a 4 )-f Ga 3 —(5a 2 +6a), 
and —hf(x) = — li (a 7 -fa.* 8 +3 a 5 )+A (a 4 -f 4a 3 )—6/*a 2 -f h (5a-f6). 

The sign of a 8 in (x—h)f(x) is -fve. The coefft. of a 5 being 
— 1—3/i, the sign of the first term in the next group is —ve. 
Similarly, the signs of first terms in subsequent groups are 
alternately -fve and — ve. There being an addition of one term 
in the product at the end, the number of variations is at least 
one more than the number in f{x). 

That the increase in the number of variations may be more 
will be seen by giving different values to h. Thus when h= 1 , 
the variations are increased only by one; but when h= 2, 

— h f (a) = — 2(a 7 +a 6 -f3a 5 )-f2 (a 4 -f 4a 3 ) — 1 2a 2 -f 2(5a -f 6), 
and (x—h) f(x) stands as, 

(a 8 —a 7 -fa 6 ) — (7a 5 -f 2a 4 ) -f 14 a 3 —(17 a 2 —4a) + 12. 

There is an increase of two variations inside the brackets in 
the first group of terms, and one in the last but one group. 
Since 4a-f 12 is a continuation, the net increase is 3, i.e., 2 more 
than in the first case when h — l. 


Proof. 

Let the function /(a) be • 

(a 0 a n +...)—(aia ni -f-...) + (M 2 f.f( — l) (OmX ”' + •••) 
in which the terms are arranged according to descending powers 
of a and the terms inside each bracket are positive. The 
number of variations of signs in /(a) is evidently m. 

To multiply / (a) by x—h , /<>(), we have to add the polynomials 

xf(x)=(a 0 x n1 + .••) — + •••) + [ Cl i x 

(-l) m (a„,a; n " +1 + ...)• 

and -hf(x)= - h{a v r n +...)+k(a v r ni +...)-h(a l x n ‘+...) 

Each of these polvnomials has m variations, and in the 
polynomial a/(a), the signs of/(a) arc repeated, with degrees ol 

the first terms in brackets being changed ton + \, rq-f-1, . 

We proceed now to determine the changes of signs in 

(x—h) fix). We note that 

1 the signs of terms of degrees n+ 1, «j + l, n 2 +l,...»m+l 
in f( x ) and a f (a) are the same. This is obvious for the 

term of degree n + 1. The term ol degree «j-f 1 in (x-h)f(x) 
will be the sum of two terms, viz., -a.x 11 ^ 1 and a term of 
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the same degree (if it is not zero) from —hf(x) which will arise 
from the first bracket after it has been multiplied by h, and 
is also therefore negative. Thus the term of degree in 

(x—h)f(x) has the negative sign a^in x f{x). Similar argument 
applies to terms of degrees, n 2 +1, w 3 +l,...w»,+l. Thus the 
variations of signs of xf(x), which are m in number, are 
repeated in (x — h) f(x). In addition to this, the last term in 

—hf(x) has the sign opposite to that of .t 72 ” 1 "^ in xf(x) and, 
therefore, in (x—h) f (.r). Thus in the product (x—h) f (*), the 
terms of degrees n+1, Tq+l, 7i 2 +l,...7i m +l, anc ^ the last term 
have alternately the signs + and —, and these variations are 
771+1 in number. 

The number of variations in {x-h)f(x) may be more than 
7/1+1. For, it will be noticed that in passing from a +ve. to 

a —ve., or from a — ve. to a +ve. sign ( e.g ., H-1-1— or 

—H-1-b), an odd number of variations are obtained, 

and so the gain, if any, is by an even number. Thus if (x-h)f(x) 
has more than 7/1+1 variations, it will have 2&+771+1, 
k being a positive integer. These additional variations, of course, 
will arise from the addition of terms of the same degree in 
polynomials x f(x) and — hf(x ), which are put in brackets. 

Descartes Theorem. In an equation f(x)=0, the number 
of positive roots, cannot exceed the number of changes of signs of the 
coefficients, and the number of negative roots cannot exceed the 
changes of signs of coefficients in f(—x). 

Proof Let <f)(x) be the product of the factors corresponding 

to the complex and negative roots, and suppose that a v a 2 . ap , 

( n>p ) are the positive roots of/(.i’)=0. 

If </>(x) be multiplied by (x- ui ){x-a)...{x- up ) in succession, 
each multiplication introduces at least one change of sign. 
This proves the first part. 

To prove the second part we notice that the negative roots 
oif(x) are the positive roots of f{—x), hence follows the second 
part from the first. 

We may note in passing that in a complete equation the changes 
in signs of/(— x) are continuations of f(x). Hence in a complete 

equation the number of negative roots cannot exceed the continua¬ 
tions in f (a;). 

4 31. Complex roots. Descartes’Rule furnishes useful 
information about the complex roots of an equation. 

Illustration. I*t/(aj)s* 7 -8& 5 +2* < +a 8 --8=0. There being 
three changes of sign, the equation cannot have more than three 
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positive roots Also -~/(-.r)=a.' 7 -3.j 5 -2^+.r 3 +8 = 0, has only 
two changes of sign ; the given equation cannot have, therefore 
more than two negative roots. The maximum number of 
positive and negative roots bejng 5, and the equation being of 
the seventh degree, the number of complex roots is at least two. 

ihe above information with regard to complex roots is possible 
only because the equation is incomplete. In a complete equation, 
the sum oj the number of variations and continuations is exactly 
equal to the degree oj the equation, and no conclusion can, there- 
fore, be drawn with regard fo the existence of complex roots. 

4 32. If an equation has onh/ one change of signs, the ecrttation 
must have one positive root. 

Examples IV (a) 

1. Show that the equation x 3 -f-5.r-f-~=0 must have one 
negative and two complex roots. 

Obviously, there is no positive root. Also changing +x into 

x, we sec that there is one change of signs. Thus there is one 
positive root of the new equation, i.c., one negative root of the 
original equation. The remaining two roots are complex. 

2. Find the nature ol the roots of the equation 

•r 3 -f-2.r —3 = 0. 

3. Prove that the equation 3.r 5 -f 2.r 3 —7,r 2 +8.r+9=0 has at 
least two complex roots. 

4. Show that the equation 2a’ 5 + 3x 3 +dx— 7=0 has no 
negative root. Hence determine the number of complex and 
positive roots. 

5. If an equation involves no odd power of the variable and 
all its terms are positive, prove that all the roots are complex. 

6. Show that the equation .r 2 " — 1 =() has only two real roots 
and the rest are complex. Find the real roots by inspection. 

7. Determine the number of complex and positive roots of 
,t 2,, +i — 1 = 0. Also find the real root or roots by inspection. 

8. How many complex roots has the equation .r 2 "+ 1 + l = 0 ? 
Find the real root or roots. 

9. Apply Descartes’ Rule of Signs to the equation 

3x* - 23x 3 +35x 2 +3 lx - 30=0, 
given that all the roots are real. 

10 Prove that the equation x' } +3.1’-}-2=0 has two imaginary 
roots. (P. U. 1928) 

11. Show that 4 is the maximum number of complex roots of 
the equation x b —3x 3 -\-ox 2 —1 =0. 
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12. Show that the equation .r 12 —.r 4 -F.r 3 —,r 2 -f-l=0 must have 
at least six imaginary roots. (P. U. 1031) 

4*33. In order to make further investigations about the 
rules that govern the nature of the roots and the regions in 
which they lie, it' will be necessary to enquire into the 
varying values assumed by -the polynomial f(x), correspond¬ 
ing lo the values taken up by the variable x. Those particular 
values of x which make f(x) vanish, will constitute obviously 
the roots of the equation f(x)= 0, and when the region, in which 
a particular root lies, is narrowed sufficiently, it will be of great 
practical help in the actual discovery of the root. 

The following theorem points out the direction in which to 
proceed :— 


4-4. Theorem. If for x=a and x—b, the jwlynomial f{x) has 
values off (a) and f(b), of opposite signs, then the equation f(x)=0 
has at least one real root in the interval (a, b). 

Let a <b,f(a) >0 and f (b) <0. 

Now f(x)=Q has n roots. Assume that ;• roots are real and 

n — r complex. Let „ v „ 2 , « r , be the real roots in order of 
algebraic magnitude. 

Then / (*)=(*-„,) (x- a2 )......(,T-a r U(x), 

where </> (.r)=0 gives the complex roots off (x)=0 

areof thYform **’ * P0SitiW ’ f ° r 

x If possible, let no root of/(.r)=0 lie between a and b • then 
lor x=( 3 , where a^@^.b, ’ • 

t . 7 . / — — (/? — a r )(ji {(1). 

Let k roots be < a and r—k roots >5. 

and (/ V nd are b0 ‘'> positive ; 

ana (fj .(/?— ar ) is of the same sign as (_i)r-fc 

odd’ f (ti) 15 P ° Sit ' Ve 0r negative ’ according as r-k is' even or 

• f ( x ) remains of the same si<*n, nositivp m* , 1orr 
throughout the interval, which contradicts the hypothesis 8 ** ^ 

between a andt ° ne ° f ** equatio " /(*)-» lies 

4 41. Since / («) is everywhere continuous, it can therefore 
out C hrT P i ete 7 represe ^^ d b y a continuous curve, a curve with- 

*• S*" ar. - sas; tssxz i 
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4'42. If/(a)=A and / (&)=B, and C is any number between 
A and B, there must be a value of x between a and b such that 

/ (ff)=C. 

To prove this, put F (*)=/ (x)— C, and notice that 
F(a)=A — C and F (b)= B—C, of which one is positive and the 
other negative. Hence there must be a value of x between 
a and b for which F (*)=0 and, consequently, f(x)=C. 

Ex. 1. Consider the equation * 3 — 2x— 5=0. 

Since f (x) has only one change of signs, there cannot be more 
than one positive root; and v/(2) and /(3) give results with 
opposite signs, the positive root lies between 2 and 3. 

Ex 2. Let us take another example. 

Suppose . /(*)s25* 3 +50* 2 -*-2=0. 

Here /(1)=72, and/(-3) =-224 ; . 

hence we conclude that there lies at least one real root ot the 
equation between 1 and -3. But/ (x) in passing from -224 to 
72 may pass through zero more than once'. Let us examine 
it by giving to * some more values between - 3 and 1.' We see 
that f{ — 1)=24 and /(0) = — 2 . Thus we conclude 

n\ •••/(-3)= —224, there lies a root between 

and /( —1)=24, -3 and -1. 

t»\ . # * ft — i) =24. | there lies a root between 

“ and ’ /(0)=-2, [ — 1 and 0. 

/o\ •/ f (o) = — 2, | there lies a root between 

• f = 72. f Oandl. 


uv/, ha vuv. ’ '-i j \ / i- 

in the follow-ing three stages 

Firstly : It passes from -224 to+24 and thus passes through 
0 for a value of x lying between -3 and -L That va 

is —2. • ■ 

Secondly It passes again from the positive value 24 to \e 

negative value -2 and thus passes through O 
some value of * intermediate between — 1 and 0. Tha 


IS — r7. 


Thirdly : From the negative value -2 it must pass third 
a/through zero to the positive value 72 for some value of, 

between 0 and 1. That ^lue is + 5 -. r rea ] 

The above example also shows that when a number f 

roots of any equation exist, they may be separated by the help 
of this Article. 
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4*43. The equation f(x)=0 has an odd or even (including zero) 
number of real roots between a and b (a<b), according as f (a) and 
f (b) are of unlike or like signs. 

Let nv « 2 , ..ufc, be the real roots of / (,r)=0 between a and b , 
and f(x)=(x— a 1 ) (x— a 2 )...(x-u k )<l> {x). 

Now, f(a)=(a- ai ) (a-« 2 )...(a-« fc )</» [a], 

f {b) = \b—ui) \b— 112 )"'{b — ui()<f> (b). 


Now </> (a) and 4 (b) are of like signs, for otherwise a root of 

^(a?)=0 and, therefore, of / (.i')=0 other than ILV , i2 . ufc , will 

lie between a and b, wnich is contrary to hypothesis. 




Case I. I if (a) and/ (b) are of contrary signs, the expressions 

(fl—ai) {a— a 2 ) . (a— a k ) 9 ... (?) 

and (b—a 2 ) . {b—ajt) ... (ii) 

are of contrary signs. Also each factor in (?) is negative and 

each factor in (ii) is positive, hence the number of factors must 
be odd, i.e. t the number of the roots, a l5 a 2 ,.a*, must be odd. 

Case II. If / (a) and / (b) have the same sign, the expres¬ 
sions, (?) and (ii), have the same sign, and so the number of 
factors must be even including zero. 

In the next Article are given two special eases which are of 
important application. 

4*44. Every equation of an odd degree must have at least one 

real root of the sign opposite to that of its last term 

Let /; . +a n _ v v+a n =0. where 

a°, as said before, is always supposed to be positive. 

,7^ Scones infinitely great, (whether positively or nega¬ 
tively)/ (.r) and a 0 x" are of like signs (1*32). . * 8 

/(0) r; n e/( + OCH+00 ’ since, n is odd. Also 

Thu sif fl n isp ositivc j W and/(— 00 ) are of opposite signs 

f? k t ° ne T 1 r ° 0t 'y in S betw « en 0 and -co, 
t.c., there is at least one real negative root. 

or V the other hai jd, a n is negative, there exists at least one 
real positive root. Thus we establish the proposition. 

netatt ° f ™ whose last 

nefaZe. ™ ^ ^ 0ne p0sitive and ihe other 

Here / (^-°o)->-p 00 , 

*and/(0) is negative, since a n is negative. 

Also/(— 00 )-> 4 -oo, since n is even. 

negative root “ ^ ^ ° ne ^ positive root and one real 


/ 
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Examples IV (6) 


1. Show that the equation 5x 2 -\-7x— 9=0 must have 

at least one positive root, and find the interval in which it lies. 

2. Show that the equation x* — 2.c 3 —1 Sx 2 +38^ — 24=0 has 
one and only one negative root and three positive roots. 

3. Given that the real roots of the equation 

24* 4 -IOO. 1 3 - 182.r 2 + 25.r+44=0, 
lie between —2 and 7 ; find also the separate regions in which 
they lie. 

4. Show that the quintic .t 5 +£ 3 —8.r — 5 = 0 cannot have more 

than three real roots, and prove that it must have three real 
roots. • (P. U. 1933) 

5. Find the equation whose roots are the squares of the roots 
of . r 3 +4.r 2 +9j?-f-10-0. 

Hence find the nature of the roots of the given equation. 

[The student will find the new equation to be 

y*+2if+y— 100 = 0 , 

which has only one positive root, lienee the given equation 
has only one real root, which is obviously negative, and the other 
two roots are complex.] 

6. Find, by the above method, the nature of the roots of the 

quintic 3.t 5 -5.r 4 +tf 3 -7a’ 2 + 2.r-l =0. 

7. If a and b be positive, prove that the equation 
tx—a) 2 (x+b)—x 2 =0 has one negative and two positive roots. 

8. If an equation involves no odd power of the variable and 
all its terms are positive, prove that it can have no real root. 

9 . Discuss the nature of the roots of the equation x +3H.T 
_j_G = 0, by the help of the equation of squared dillcrences. 


4*5. Rolle’s Theorem. , i , 

Between two consecutive roots of f (x)=0, lies at least one, and 

always an odd number of roots of f'{x)=0. 

Let the consecutive roots a and b, be the multiple roots of 
order p and q, and let the product v of the factors correspond ing 

to the remaining roots be «/> \x), then 
f (x) = (x-a)P (x—b)^ (x). 

and fV)=P (*-«)'-’ (•>'- fc ) < ' .^)-rq(x-anx-b)^m 

-Hr -a)P {x-b)« <// {x) 

b)*- 1 [p{x—b ) ,l,(x) + q{x-a)rf>(t) 

+ (x-a){x-b ) ( >/ (ar)] 

=(x-a)P- l {x-b)*~ 1 ^{x), ••• W 

where \j/ (x) =p(x—b) </, {x)+q(x—a)4> (x) . 

r -\-(x-a)(x-b) 6(x). ••• 
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Suppose b > a. then since a and b are consecutive roots, t},{a) 
and <f>(b) are of the same sign, for otherwise a root of </>{x) = 0, 
and so of/(a)=0, will lie between a and b, which contradicts 
the supposition that a and b are consecutive roots. 

Now ^ ( a)=p {a—b) (f> (a), 

^ ( 6)=<7 (b-a) <f> ( b ), 

which are of contrary signs, and hence an odd number of roots 
of \j/ (a)=0, and so of f (a)=0, lies between a and b. 

10. Interpretations of Rollers Theorem :— 

(1) The reader knows that /'(a) vanishes for those values of 
a for which the function/ (a) has maximum or minimum (turn¬ 
ing) values. So the theorem merely asserts, that between two 
consecutive values of x for which / (a) vanishes, there is an odd 
number of turning values of the function / (a). 

(2) Geometrically, the theorem means that between two 
consecutive intersections of the curv.e y=f (a) and the a-axis, 
*/=0, there are odd number of points at which the tangents are 
parallel to the .r-axis. 

451. Conditions for multiple roots. 

Equations (1) and ( 2 ) show that the root a which occurs p 
times in / (x)—0, occurs (p— 1) times in /' (a*)=0. Similarly, 
since/" (a’) is the derivative of/' (a), it is evident that f" (x) 
will contain (a— a)P“ 2 as a factor ; f" (a) will contain (a— a)P~ 3 ; 
and so on. 

And, conversely, if /(a) and its first p-1 derivatives all 
vanish for x=a, then (x-o)p is a factor of /(a). 

For f (x) = f(a-j-x-a) 

-/M+ ( -7f/»+. 

and as / (a)=/' (a) =.= /'- 1 («)=0; 

we get («)+- + -^r~/” ( « ) . 

which proves the theorem. 

Since multiple roots of orders p, q , r, etc., of /(a )=0 are 

multiple roots of orders p- 1, q- 1 , r-1, etc., of f (a)=0 ; 
it, therefore, follows that in order to find such roots we must 
nnd the Highest Common Factor of /(a) and /' (a). Let this 
be 0 (#)» then 6 (a)=0 will give the multiple roots of / (a)=0. 

It follows, conversely, that iff (a) and f'{x) have no common 
iactor, the equation/(a)=0 has no multiple root. 
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Also the equation/(a?)=0 will have a double root, if f(x) and ' 
J {x) vanish simultaneously. Thus the condition of a double root 
will be the .r-eliminant of/ (x) and /'(*). Similarly the condi- 

root ke the .r-eliminant of/ (x)= 0 , f'(x)=tO, 

Ex. Solve the equation x 6 - 6 x 4 —Fr 3 +9 a- 2 +12a; -f- 4=0, given 
that it has equal roots. b 

The derivative of the left-hand side is 

Gx 5 — 24x 3 —12x 2 + 18.r+12, i.e., (removing the factor 6), I 

x 5 — 4 .r 3 — 2 x 2 -f 3x -f- 2. J 

We now find the II. C. F. to be x*+x*—3x 2 —5x—2, which 
equated to zero will give the repeated roots. 

Now x 1 +x 3 — :Sx 2 —5 x — 2 = ( x -f-1) 3 ( x —2). 

Hence the given equation has two roots equal to 2 and four 
roots equal to — 1. 

4 511- It would be interesting to apply this method to find 
the condition for equal roots of a cubic or a quartic. The 
application to a cubic only is shown here. A quartic can be 
dealt with similarly, though the method is laborious. 


Ex. 1. The general cubic a Q x 3 -f-f Sa 2 x -J-c 3 =0, ...(1) 
being reduced to the standard form/(z)=2 3 -f-3Hz-fG=0, ...(2) 
we need consider only this reduced equation, for *vhen the roots 
of (2) are equal, the roots of (1) must be equal. 

V /'(z)=3(z 2 4-!I), we find the II. C. F. ofz 2 -fH and the left- 
hand side of (2) : 

z 2 +II |z 3 +3lIz-fG 
! z 3 +Hz 

(Suppose) j\ (z) =2Hz+G 2lIz 2 -f2H 2 

2 Hz 2 +Gz _ 

-Gz+2H 2 
-2GHz+4H 3 
—2GHz—G 2 


(Suppose) f 2 (-) = G 2 -f4li 3 

In order that the cubic may have equal roots, it is necessary’ 

that G 2 +4H 3 =0. . ... 

Also the repeated root is given by the equation 

a ( p-\-a l =z=— G/2H. ' 

If among the remainders/ (:),/, (z), the last alone vanishes, 

there exist only two equal roots. 

The condition for three equal roots will obviously be that eacn 

of H and G be zero, separately. 
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Ex. 2. Find the condition to be fulfilled in order that two 
roots of the equation 0 ff r 3 + 3 fl r r 2 + 3 fl 2 '* ; +tf 3 = : O be equal. 

Find also the value of the repeated root. 

A double root is a common root of the equations 

f(x)=a 0 x 2 -\-3a l x 2 -\-3a 2 x-\-a 3 =.() ...(/) 

and lf'(x)=a 0 x 2 +2a 1 x-\- a 2 =0. ...(ii) 

Thus to find the condition for equality of two roots, it is neces¬ 
sary to eliminate x between (i) and (ii). This will be done by 
Bezout’s Method which can be given a slightly different presenta¬ 
tion from that given in the Note to Art. 2 - 8. 

Equation (ii) can be written in the form 

a a £ 2 +2a l x 2 +azV=0, ...(iii) 

a 1 x 2 +2a 2 x-\-a 3 =0. ...(iv) 

Amin a^ +Sai X* 3a y r+a 3 

' a (J x 2 -\-2a l x 2 a 2 x 

2a 0 a 2 x 2 + (a 0 a 3 -f 3a x a 2 )x +2 a x a 3 =0. 


from (ii), (iv) and (i>), the required condition is 

2 a. 


from (i) and (Hi) 

...(v) 


a, 


a 


2 a, 


a 


a. 


=0. 


2a 0 a 2 o 0 a 3 +3a 1 a 2 20^ 

To find the value of the repeated root, we note that it satisfies 
the three equations 

iW H-Sa^-f302.1’+« 3 = 0 , 
a o& 2 -f 2a 1 a; =0, 

aj;r 2 -f 2a 2 #-f a 3 =0. 


• ' 


0 ^ + 3 ^ 


a 


0 


3a* a. 


2 a, a, 


or 


a 
2 a Q x 


1 2 a 2 a 3 


= 0 , 


a x . a, 


c. 


a. 


+ 


3 a x 


3a, 


a, 


a, 


a. 


2a 1 • a , 


= 0 . 


■. x= — 


3a x 3a 2 a 3 

a o 2a i a 2 

a i 2 a 2 a 3 


+ 2a, 


2 a. 


a x a, 


a 2 . a 3 


a 
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4 52. Between two successive roots of f'(x)= 0 
lies at most one real root of /(.v)=0. 

Let u, ft, y, be three consecutive roots of f(x)= 0, and let the 
intervals (, t , ft), (ft, y) contain the single roots x v ,r,, respectively. 
of /'(-r) = 0. If a, ft, y, are in ascending order of magnitude, we 
have the inequality 

a<x 1 <ft<x 2 <y, 

which shows that ft lies in the interval (,r lf x 2 ). 

Moreover, there cannot lie more than one root of/(.r)=0 
between the two successive roots x v x 2 , of /'(«r)=0. For. if there 
be two, ft. ft', say, between x x and x 2 , so that x x < ft<ft' < x 2 , then 
by Rojle’s Theorem, the interval (ft. ft') contains a root of 
f’(jc)= 0, which contradicts the supposition that x v x 2 , are 
consecutive roots of /'(.r)=0. 

A root of/(.r)=0 will lie between the two consecutive roots 
.r l5 x 2 , of/'(.i’)=0, only in case f(x x ) and f(x 2 ) are of different 
signs. If f(x x ) and f(x 2 ) are of the same sign, then no root of 
f (x )—0 lie between x 1 and x., 

4 53. Determination of the number of real roots. 

If all the real roots of the equation/'(.r)=0 could be found, it 
would be possible to determine the number of real roots of the 

equation f(x) = 0. . ...... 

Let x v x 2 ,......x k , be the real roots of the equation^ W-°» ol 

degree n — 1, arranged in order, i.e. t x x <x 2 . <x k , and let the 

series of values 


be substituted for a- in /(*).• When any two of the consecutive 
values give results'of different signs, there is one and onh one 
root of /(*)=0 between those values ; when they give results 
of the same si"n. there is no root between them. Hence a 

. _ f s ian° due to the above two successive substitutions 

^n/W, proves^he existence of a real root of /W =0 between 

th l7'd\\ the roots of f(x) = 0 are real, the roots, of i'(®)=° w, jJ 
also be all real, by Rolle’s Theorem. Similar will be the case 

for f"{x)=0, etc. It follows therefore f(x)—0 has at h ast as 

m Tn°^Z °n"o = o r) f(" )=^ etc-., which are of one degree 
less ^than^he one above it [/(.)=0, not havmg all its roots con, 
pi ex], and the roots of which lie severally between consecutnc 
roots of the higher equation, are called limiting equations. 
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Examples IV (c) 


1. Examine the cubic 4 a: 3 - 4 a: 2 —15a:+18=0 for equal roots. 
[Here/ (a:)=4a: 3 —4 a: 2 —15a: +18 and f'{x) = \2x 2 -Hx-l5. The 

H. C. F. of f(x) and f\x) is found to be 2a:—3. Hence £ is a 
root, which occurs twice in the given cubic. The remaining root 
is easily found to be —2.] 

2. Find if the biquadratic 2a 4 —5a: 3 —21a: 2 + 45a?-}-27 = 0 has 
equal roots. If so, solve it completely. 

3. Test the equation 2a: 8 +a: 4 — lG.r 3 —8o; 2 +39.r+16=0 for 
multiple roots. Solve completely, if multiple roots exist. 

4. Show by finding the H.C.F. that the quartio 

a: 4 —4a: 3 +10a: 2 —12.r-f 9 = 0 has two distinct pairs of equal roots. 

Also compute G. H, and I, and show that the general condi¬ 
tions are fulfilled. 

5. Show that the quartic x*— 3a: 3 —6a: 2 -f-28a:—24=0 has three 
equal roots. Also show that I=J=0. 

6. Examine by finding the H. C. F., the nature of the roots 
of the quartic a: 4 —12a: 3 +54a: 2 —]08.r+81=0. 

Also compute the values of H, G and 1, and show that the 
general conditions are fulfilled. 

7. Solve the equation a: 6 —6a: 4 —4a: 3 +9a: 2 -f 12a:+4=0, given 
that it has equal roots. 


8. Determine the multiple roots of the following equations : 

(i) a: 5 —3a: 4 —6a: 3 +10a: 2 +21a:+9=0, [Math. Trip. 1919] 

(u) a: 6 —a: 4 —4a: 2 +7a:—3=0. [Math. Trip. 1920 

9. Show that the equation x n — 1=0 cannot have equal roots. 

10. Show that the equation 1+cr+ 4 -—=o .cannot 

“ • Th • 


have equal roots. 

11. (i) Find the range of values of k for which all the roots of 
the equation a: 4 +4a: 3 —8a: 2 +A:=0 are real. [ Downing , 1929] 

[Hint. Uf(x)=x i +ix 3 ~Sx 3 +k,f(x)=4 l {x 3 +Sx--ix) which 
vanishes for a:=0, —4, 1. 

Now f(x) is -\-ve. (when a:-*-— co), 

f(x)=k —128 (when a:=—4),/ (x)=k (when a:=0), 

/ {x)—k —3 (when a:=l ),f(x) is +ve. (when a:->« ). 

Hence in order that all the roots may be real, A: —128 should 

be — ve., k+ve., k —3 —ve. ; and these conditions are satisfied if 
0</c<3.] 

Here a: 3 +3.r 2 —4a:=o is the limiting equation of the proposed 
equation. r 


[ii) Find the value of k for which a: 3 +4a: 2 ~ 
equal roots. Also find those roots. 


5a:+2+A:=0 has 
[P. U. 1921] 
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I ind the range of values of k for which the above equation lias 
real roots. 

12. Discuss the nature of the roots of the equation 
j 3 -f3Ho , 4-G=0, by the methods of the present Chapter. 

13. Show that the equation x 5 —5px z + 2 q =0 will have three 

real.roots, provided 27 p'°>q 2 . [Math. Tripos I, 1918 ] 

14. Discuss the nature of the roots of the equation 

,r 3 —3,r 2 —72,r-J-9 = 0. 

bv finding the maxima-minima of the given equation. (Queen's) 

15. Determine for what range of numerical values of k, the 

roots of 2.r 3 —9a ,2 4-12,r ~k=() are all real. [Math. Trip.] 

16. Find the values of a for which the equation 

a.r 3 —9.r 2 -rl2,r—5 = 0 has equal roots, and solve the equation in 
one case. [Math. Trip. 1913] 

[Hint : Using G 2 -f 4H 3 =0, a is found to be 2, or 5 Or, 

First change the equation into its reciprocal.] 

17. Determine the value of a such that the equation 

x*— 12.r-rf7=0 has only one real root. [Math. 'Trip. 1923 ] 

18. Show that ^ 4 — 3'2x-\-7=0 has two positive roots, one 
greater than 2. and the other less than 2 ; and the remaining two 
roots are complex. 

19. Find the range of values of k for which the equation 

x x —Ux z +24x-k=0, 

has all its roots real. [Math. Trip. 1915 ; Downing , 1932] 

20. Find the limits between which a lies so that the 

equation 3.r 4 —4.r 3 —12a. ,2 -f-« = 0 has all its roots real. 

(Ecolc Poly technique) 

21. The equation x n -qx"~ m +r=0 has two equal roots, if 


tq . , l" I r i m 

• = j — (n-ro) • 
in i i m l 

[Solution : The double root is also a root of 

/' (x)=nx n ~ 1 —(n— m)qx n ~ m _1 =0, or nx m =(n-m)q..M) 

nr / • • v 

and also of xf(x)-nf (x)=mqx»-"'-n'= 0 , ora"=-* --0U 

Eliminating x between (i) and (ii), we get the desired result ] 

22. Show that the equation (.r-p) 3 +(‘r-r/) 3 -r(^-r) — has 

one real and two complex roots. 

23. If the equations z 3 +2.r 2 +3.r-t-G=0 and x 2 +ax -6=0 have 

a common root, find the possible values of a, and the correspond¬ 
ing common roots. ... , • 

4 *6. Limits of the roots. As already hinted, it is neces¬ 
sary to know the region, in which the real roots of an equation 
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lie, before we can proceed to find their actual or approximate 
values. As regards the roots whose approximate values only 
can be found, we shall further require the region in which each 
root lies separately. As a first step, we shall find the region in 
whicli all the real roots lie and shall try to narrow it as much as 
may conveniently be done. 

Definitions. A positive number, below which all the posi¬ 
tive roots lie, is called an Upper Positive Limit, or shortly, an 
Upper Limit (of the positive roots), or a Superior Limit. 

A number, above which all the positive roots lie, is called a 
Lower Positive Limit, or shortly, a Lower or an Inferior Limit 
(of the positive roots). 

Similarly, a negative number, below which (numerically) all 

the negative roots lie, is called a Superior Limit of the negative 

roots, and a negative number, above which (numerically) all 

the negative roots lie, is called an Inferior Limit of the negative 
roots. ’ 6 

We shall first establish propositions for finding Superior 
Limits of positive roots, and shall show afterwards, that other 
limits can easily be found, when we know these superior limits 

A superior limit of the positive roots and a superior limit of 

the negative roots will obviously give the region in which all the 

roots lie# 


4*61/ Upper Limit. Here is a method, for finding the 

upper limit, which consists simply in grouping the terms together 
n such a way hat the smallest value of *, or any value greateJ 
than that smallest value, will make each group of terms positive 

propositi °" - sha " 

Ex. 1. Let/(^)=a: 5 +3^_ 8;r 3_ 20r 2 +A ,_ 2 = 0 • 

The terms m /(^) can be grouped as 

-H*-2), winch shows that if * has the value 3 1 « 

value > 3, each of the groups, and hence /(x will ’ be 
Hence 3 is a superior limit. J V 1 be + Ve - 

Ex. 2. 3* 5 —2a: 4 —8a: 3 —26a: 2 4-£—2 = 0. 

Here the highest term, 3a* can be split up so that w » . 

take a part of it with each of the negative teSns which Jin ? 
Thus we have « 4 (*-2)+.r*(a!*-8H-^( i i ! »- 26 ) +( ;_o ) ° W !t 
Hence 3 is a superior limit. • 

Ex. 3. a: 6 —13a: 5 —14a,’ 4 -fa: 2 —3a’—80=0 

The polynomial may be written as 

a:V—13*—14)H-*2—3o:-80. 
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Now the first group, a’ 2 -13 < z-14 = (.r+l)( ( r-14)^0 for 
every value of x ^ 14. Also 14, or any value > 14, makes the 
second group, x 2 —3x— 80, +ve. Hence 14 is a superior limit. 

Ex. 4. f{x)=x i — ( Jx z +25x 2 —x+5=0. 

Here/ (x) may be put as a? 2 (® 2 —9.c+22)+3a;(;c—J)-|-5. 

The group, a: 2 —9*+22, or (ar— |) 2 +J is positive for all real 
values of x, and the remaining terms give a positive result for 
every value ol x >^ or equal to £. Hence £ is a superior limit of 
the positive roots. 

It is a useful artifice, in certain cases, to make a quadratic 
group ol terms like x 2 — 9a;-}-22, which, when equated to zero, 
will give either complex or coincident roots. The ease when 
the quadratic group has real roots has been illustrated in Ex. 
3 above. 

The principle, underlying the above illustrations, is establish¬ 
ed in the following proposition. 

4 62. Method of Grouping 

We put the equation in the form 

J'{x)^<t>{x)-<f> 1 {x) + <l> 2 {x) = 0, 

where </>(.r) denotes the sum of all the terms preceding the first 
negative term ; —<f>i(x), the sum of all negative terms ; and <^* 2 ( tr )» 
the sum of all other positive terms. Then the least number k, 
which renders the difference, — <£ 1 (‘ r ), positive', is the 
superior limit of the positive roots. For, if x m be the lowest 
term in </>{x), we can write the difference in the form 

xm ! <H*) __ Mi. 

v I X m X m i 

where ^ ^ consists of terms, with positive (including zero) 

Ms 

powers of x ; and - 1 -—» with negative powers of a: only. It is 

clear that any value of x greater than A*, will render the 
difference positive, and so f(x) also positive, and no value ol 
x greater than k can make f{x) vanish ; hence k is the superior 

limit. _ . 

The method can be generalized so as to include cases, when 

f(x) is decomposed in several groups of the form — 

where the coefficients of <f>(x) and of ^(x ) are positive, and each 

term of ^ 1 (a > ) is of a degree less than those of the terms ol <f>{x). 

Then the least value of x, which renders each group positive, is 

the superior limit of positive roots. 
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4-63. Inferior Limits of positive roots.-Transform 
f(x) =0 into a reciprocal equation, by putting x=- Now if p is 

u 

found to be a superior limit of the new equation in y. ^ will be 
the inferior limit of the positive roots of f{x)=0 . 


464. Limits of Negative Roots.— Transform /(*)=<> 

into another equation by putting x=—y. The negative roots 
of f(x) =0, will become the positive roots of the new equation 
in y , and if p and q are found to be the superior and inferior 
limits of the positive roots of this equation, — p and—7 will be 
the superior and inferior limits of the negative roots of f{x)=0 . 

4’65- Newton’s Method for finding the upper 
limit. 

Iff (x) and all its derivatives arc positive for x=h, then h is an 
upper limit of the positive roots. 

Proof : Diminish the roots of/(.r) by h, by the transformation 

x—h=y, or x=y-\-h. 

••• o=f{x)=f(h+y) 

=/w+j//w+fi/'( fc )+-+!i/"w. 

■ • t 

Since/(/i), /'(/*),.../ n_1 /i are all positive, therefore, for all 
values of y^ 0 , i.e ., x>K f{h+y) remains positive, and therefore 
cannot vanish. Thus for any value of x>h,f(x) cannot vanish, 
and therefore no root of/(,r)=0 exceeds h. 


Examples IV {d) 

1. Find the superior and inferior limits of the positive and 
negative roots of the equation x*— Sx z — 12j; 2 +C0.r+63 = 0. 
Writing it as .i’ 2 [(a;-4) 2 -28]+60.5+63, it is seen that the 

superior limit of positive roots is 10. Putting «=-, we get 

®3y 4 -f-60t/ 3 —12y 2 —8?/+l=0, which gives £ as the superior 
limit of its positive roots. Hence 2 is the inferior limit of the 
positive roots of the given equation. 

Again, putting x=-y, we get i/ 4 +8?/ 3 -12?/ 2 -60f/-fG3 = 0, 
which gives, by grouping the terms, 4 as a superior limit. 

The inferior limit is found to be i. Hence the limits of 
negative roots are —4 and — J. Th?se limits may be compared 
with the roots of this equation, which have been found in Ex. 3 
Examples 1(c) to be 8-5, 3, -1, -2*5. 

[It will be noticed that the inferior limits found are generally 
very near zero and often useless. On this account, positive 
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superior and negative superior limits are considered quite suffi¬ 
cient for all practical purposes.] 

2* . Find the superior and inferior limits of the positive and 
negative roots of the equation .r 4 -F 2 a : 3 —25a: 2 —26a:+ 120 = 0 . 

3. Find the limits between which the real roots of the 
equation a,’ 4 -fa: 3 —2a: 2 F 4a:—24=0 may lie. 

The superior limit of positive roots is found bv grouping the 
terms as (a 4 -24)-Fa 2 (a:—2)+4a:, to be 3 . 

Again, here/(— x)=x*— a: 3 —2a: 2 —4a:—24=0. 

Since the first positive term in/ (—a:) is followed by 4 negative 
terms, it will be useful here to multiply throughout by 4 , and then 
group the terms as (a: 4 —4.r 3 )-F(.r 4 — 8x 2 )+(x*-16x)+(x i -96), 
or, as .T 3 (a'-4)4-.r 2 (.r 2 -8)4-.r(.r 3 -lG)+.r 4 -96, which shows that 
4 is a superior limit of the positive roots of / (— a?)= 0 . Thus 
the required limits are 3 and —4. 

4. Show that the real roots of a ' 4 —4 4a: 2 + 112a:—384 = 0 , lie 
between 7 and —12. 

5. Show that —5 is a negative superior limit and 0 is 
positive limit of the roots of 

a : 4 + 10a: 3 +35a’ 2 +50a:+24=0. 

[Take a quadratic group of terms.] 

6 . Find limits for the roots of 

1 6 a : 5 + 80a: 4 - 96a 3 +4a : 2 + 23a:—6=0. 

7. Find the superior limit of the positive roots of 

2a : 7 - 3a 6 + 5a : 5 -} • 7a: 4 -18.r 3 +1 Or 2 + 8 a:—20=0. 

8 . Find the superior limit of the positive roots of 

X s -f 3.r 4 -f .r 3 - 8 a 2 - 5 la: + 18 = 0. 


9 . Find the superior limit of the roots of 

3 a: 5 - 2a; 4 —8a: 3 —26a: 2 +a 1 —2 = 0. 

10. Find the superior limit of the positive roots of 

a s _ a .7 5x a _ ] 5,5 _ 4.7 a -4 + a 3 —711 x 2 -313.r +1 = 0. 

{Peterson) 


f (x)= .r 8 - x 7 + 5a 6 -15a: 5 - 47a: 4 +a 3 - 711 a: 2 -3 \3x+\=0, 
f• ( X ) = 8 a ,? - 7a 6 +30a 5 - 7 ox* -188a 3 +3a: 2 -1422a: - 313, 
f" (x) = 56a 6 -42a’ 5 -f 150 a 4 -300a 3 -5G4a 2 + 6a -1422, 
f" (,?•) = 336a 5 — 210a; 4 + GOOa 3 — OOOa* 8 —1128 a:-F 6 
= G(5Ga; 3 ■-35a: 1 -F100, 3 -150.r 2 - 188a:+1), 
f iv (,x’) = 24(70a: 4 —35a 3 +75a 2 — 75.r — 47). 

‘ fv (x) = 120(56.r 3 —21a 2 +30a—15). 

/<•*■ (a)=3G0a(56a 2 -l 4a+10), 
f vi *(a) = 5040(8a—1). 

Now/ , ’ ii (l)>0. Also for ar=l, f vi (x)> 0, f r (x)>0, but 
f iv (l)<0. So we try a=2. For this value of x> f v "{x) t f vt {x). 
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f v (x) will necessarily be positive. It is seen that for .r=2, 
/ i %r)>0,/"'(2) is zero, but/'(*)«> and/"(3)>0,/'(3)>0, but 
/(3)<0 and/(4)>0. Thus 4 is the superior limit of the positive 

roots. 

4'63. Location of the Roots. When we have found 
limits between which the positive and the negative roots lie, we 
shall find it necessary, in mosteases, to know the region in which 
each real rcot lies separately. That object may be achieved in 
simpler eases with ' the help of the methods already explained ; 
while for certain other equations, it will be necessary to use one 
of the theorems enunciated by Budan, Fourier, or Sturm. 
Without going into the exposition of any of these theorems, 
we shall simply assume the statement of Budans Theorem 
and apply it in a few eases, where it is deemed necessary. 

To start with, we shall show by a few examples how roots may 
generally be separated unless they lie very close to each other. 

Ex. 1. Let us consider the equation 

/ (x) = 4a: 4 —24a: 3 -f-31 .r 2 -r 6.r—8 = 0. 

The real roots lie between 0 and — 1. 

Since /(— a:)=4a: 4 -f 24a: 3 +3 la: 2 — 6a:—8 = 0, 

there exists only one negative root, and that lies obviously 
between 0 and —I. So either there are three real roots between 
0 and C, or only one. 

Again, /(()) = -8. /(1) = +9. f (3) = -35, / (5) =297. 

Hence, one positive root lies between 0 and 1, another 
beween 1 and 3, and the third between 3 and 5. In order to 
find closer limits we shall find / (2) and / (4). Here it happens 
that/(2)=0 and/(4) = 0, giving 2 and 4 as two of the roots. 

Ex. 2. Separate the roots of the equation 

• a: 5 —4a:—2 = 0. [P. U. 1917} 

The real roots lie between-2 and #1-2. Obviouslv, there is 
one and only one positive root. Since here 

/ (—a:)so: 5 —4a:-}-2=0, 
there cannot be more than two negative roots. 

Again,/(—2)=— 26,/(—1)=1, f(o)=—2,/(l)=-5,/(2)=22. 

Hence one root lies berween -1 and -2, another between 0 
and —1, and the third between 1 and 2. 

4 631. Budam’s Theorem. When two roots are very 
close to each other, the best way to separate them will lie in the 
course of the actual process, and will be explained later, when we 
shall actually find such roots. The theorem of Budan, which 
will be used there, is enunciated below :— 
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f(r\~n andb 4 be nf numbers, a <b, neither being a root of 

e f iatwn °f de Zj €e n with real coefficients. Let V a denote 
the number of variations of the signs of 

jor x=a % after the vamshing terms have been deleted. Then 
V a -l b is either the number of real roots off lx)=0 between a and 
b or exceeds the number of those roots by an even integer A root 
of multiplicity m is counted as m roots. 

Illustration. Letf(x)=x 6 -4x-2. Take o=l, 6=2 

/(*) /'(*) /"(*) /'"(*) f‘”(x) fix)' 

x*—ix—2 o.t 4 —4 20 .r 3 60,r 2 120 .t 120 

Signs when .r=l are — + -f q_ q_ . • y =\ 

Signs when x=2 are -f- -f + + + _j_ Vj7=0. 

Hence there is exactly one real root between 1 and 2 . ' * 

Signs when £= 0 are— — o o 0 + • V =1 

Hence there is no root between 0 and 1 . 0 

We may note that f (a), f'(a), . /»( 2 ) are precisely the 

coelncients which appear in the reduced equation when its roots 
are diminished by a. Consequently, the rule in the following form 
is often convenient:— 

If the roots of any equation be diminished first by a and then by 
b, of which a is the lesser , then the number of real roots between a 
andb cannot be greater than the excess of the number of changes 
of signs in the first transformed equation over the number in the 
second. 

Since the superior limit of the positive roots is 2 ; when the 
roots are diminished by 2 , there will not remain any positive 
root in the transformed equation and, consequently/there will 
be no change of sign (Descartes’ Rule) ; so we could have 
anticipated that all the signs would be positive. 

It will be interesting to note that Descartes’ Rule of Signs is 
included in Budan’s Theorem as a special case. For, if we 
substitute a ’=0 in f (x) and its derivatives, we get precisely the 
coefficients of/ (#) in order, so that V 0 =the variations in f(x). 
For x -*■ + oo, those functions have the same sign as a Q , i.e., 
-j-ve. Hence V 0 — V x =V 0 , i.e., variations in f (x). 

Examples IV {e) 

1 . Locate the roots of the equation x?—3x 2 —2x+5=0. 

2. Investigate the nature and position of thd roots of 

/ (,r)=.r 4 —a’ 3 —.r 2 —8,r+9=-0. [P. U. 1928) 

Here/ (—a:)=a; 4 +.r 3 —d: 2 +8.r+9 = 0 . Since f(—x) may be 

written as .r 4 -f x(x 2 — .r-r8)-r9=0, and x 2 — #+ 8=0 has complex 


1 
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roots, f(—x) is positive for all positive values of x. Hence 
y(_ t T )=0 has no positive root and, consequently,/(.r)=0 has 

no negative root. 

3. Locate the roots of the equation 

/ (,r)=8Lr 5 —207a: 4 —9.r 3 -f-89.r 2 4-2;r—8=0. 

Roots lie between 4 and —1. 

Maximum number of positive roots is 3 and of negative roots 
is 2 • 

Now,/(-l) is -vc.; f{0)=-vc.; / (1) is -ve. ; f (2) is 

-ve. ; f (3) is +ve .; /(4) is +ve. 

By Descartes’ Rule, we only get that one root, or three 
roots, lie between 2 and 3. So we apply Budan’s Theorem, and 
when roots are diminished by —1, 0, 1, 2, 3, respectively, we 
shall get the following scheme of signs :— 

(- 1 ) ■+- + " + - 
( 0 ) + — — + 

( + 1 ) + + ---- 

( 2 ) + + + + + - 

(3) + + + + + + . 

From the above, we conclude that (i) all the roots lie between 
—1 and 3 ; since all the signs are positive when roots are 
diminished by 3, there is no root above 3, ( ii) there is no root 
between 1 and 2, (Hi) there is one between 2 and 3, (iv) not 
more than two between 0 and 1, and (u) not more than two 
between 0 and —1. 

Thus there is one root between 2 and 3; and if negative roots 
exist, they are two in number and lie between 0 and — 1; 
similarly, if there are three positive roots, the other tw r o lie 
between 0 and 1. To ascertain the existence of real roots for 
the intervals between —1 and 0, and 0 and 1, a closer examina¬ 
tion will be necessary, and w-hen w T e further use this method 
we shall have actually to separate the nearly equal roots, if they 
exist. But if they do not, this method will fail to give us any 
positive result. 

4. Investigate the nature and position of the roots of the 
equation 4a: 3 —10.r 2 -b3ir+4=0. 

There is only one negative root. For the other roots, we see 
§ is . a superior limit of the positive roots, if they exist. 

Diminishing the roots by 0, 1, and 2, we have the following 
sequence of signs:— 

( 0 ) + - + + 

(!) + + — + 

( 2 ) + + + + 
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^ Hence the two positive roots, if they exist, lie between 1 and 2. 
The positive roots exist if all the roots are real, i.e., If 

G 2 +4H 3 is negative. Here G=— 8 and H= —— ; 

27 9 

hence G*+4H*=®^, (101 2 —128^), which is -ve. 

— / 


5. Locate the roots of the equation «r 3 — -kr 2 —3^-}-18=0. 

6. Show that a’ 3 -j-3,r 2 -j- x -f-2=0 has only one real root, and 
locate it between two consecutive integers. (St. Catherine, 1031) 

4 7. Solution of Numerical Equations. We are 

now in a position to take up the actual problem of finding the 
real roots of Numerical Equations. 

The*real roots may be divided into two classes; Commensur¬ 
able or rational, and Incommensurable or irrational. Roots 
whose values are given by integers, rational fractions, or 
recurring or non-recurring decimal fractions, which arc always 
reducible to rational fractions, are called commensurable; while 
other real roots whose values cannot be so expressed are called 
incommensurable. 

Thus an incommensurable root may be expressed by an 
irrational number, or by a decimal fraction which docs not 
terminate, and is at the same time non-recurring. It will be as 
a decimal fraction of this form that wc shall find our incommen¬ 
surable roots and though the value of a root in this case cannot 
be exactly found, yet our methods will enable us to find the root, 
correct to as many decimal places as we like. 

Methods of approximating to real roots of Numerical 
Equations have been given by Newton, Lagrange, Graffe, 
Horner, and others, but the method given by Horner approxi¬ 
mating to both rational and irrational roots, is the best and 
wc shall confine ourselves to this method of approximation. 

For rational roots, however, there is the obvious method of 
ordinary division, but Newton’s Method of Divisors is generally 
more suitable and will be explained here. 

4'71- If on equation with integral coefficients and the coefficient 
of its highest term unity, has a commensurable root, it must be a 
whole number. 

For. if possible, let p\q, reduced to its lowest terms, he a root 

of the equation x n +a 1 x n ~ 1 +a 2 x n 2 .-f. +a n . l x+a n -0, where 

a 's are all integers. Substituting p/q lor x in the equation 

we have 
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Multiplying throughout by q n ~ l , and transposing the fractional 
term, we find 

— =a l p n ~ l +a i p n ~ 2 q-{- . +a n - 1 pq n ~ 2 +a n q"- i . 

9 

Now the right-hand side is integral: and p/q is fractional, 
since, by hypothesis, p and q have no common factor. But it 
is impossible for a fraction to be equal to an integer. Hence the 
equation cannot have a fractional root, and all the commensur¬ 
able roots must be integers. 

25. For on equation, all of whose co-efficients arc integers, the 
coefficient of the highest power of the variable being unity, an 
integral root is a divisor of the constant term. 

Let h be a root of the equation 

x n +p 1 x*- l + p 2 x "- 2 -{-. +Pn-v r +7 ) n =0. 

where all the p's are integers, then 

h n +p l h n ~M .-rPn-i/i+Pn=0* 

Since h divides every term up to the last but one, it must 
divide the last term also, i.c., p n . 

Hence, in order to determine the integral roots, each divisor of 
p n may be tested. The most obvious method is by the synthetic 
division. But this method has been superseded by Newton's 
Method of Divisors explained in the next Article. 

It is evident that any divisor that does not lie between the 
superior and the inferior limits need not be tested. 

Note .—If the coefficient of the highest term is not unity in 
a given equation, the equation can easily be transformed into 
another with that coefficient unity and all other coefficients 
integral—[see § 3*22]. Thus all commensurable roots are 
reduced to integral roots, and in this way the commensurable 
roots of any equation can all be found. 

4'8. Newton’s Method of Divisors. Let us take the 

general equation 

/(r)= V n +flrC n - 1 +fl 2 -? n - 2 +...+rt„- 1 a’+a n =0, 
where a s are all integers. 

Suppose that h is an integral root of this equation and that 
when /(.r) is divided by ,v-h t the quotient, without any 

remainder, is b Q v n - l +b l x n ~*+b i x n -*+ . +b n ^z+b n _ v 

so that V : "+ a H n “ 1 +a 2 r B - 2 +. +a n _ l x+a n 

s(V n ” 1 +V n ’ 2 +V M " 3 +.+*W , +&n- l ) 
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Equating the coefficients of the corresponding powers of x in 
the identity, we get the relations. 

a o = K' a i — b l -hb Q> a 2 =b 2 —hb v . a n-2=b n - 2 —hb n _ v ) . 

^n-l~—l hb n _ 2< O n = ^ ^ n — i • I ' ' 

Since h and all the a's are integers, all the 6 ? s also must be 
integers. 

Now from relations (1), taking them in the reverse order, 
we get 

a n ^ ~ ^n-i + ^n-i u 

h~~ n ~ v h " n ' 2 ’ 

~^n-2+ fl n-2_ l — ^2 + 0 2 _ 

a “ h ~ v 




^O + ^O— 


Relations (2) suggest the following method for testing any 
divisor h of a n for a root:— 

First divide a n by h, and add the quotient—6 n _ 1 toa„_ 1 ; 
divide the sum again by h, and add the quotient —b n _ 2 to a n _ 2 ; 
continue this process of division n times, until we get — b. d as 
the result of division of —b l +a l by h : lastly, — b 0 +a 0 =Q. If 
at any stage of division, we get a fractional quotient, that 
would show that h is not a root, and the process must. stop. If, 
on the other hand, all quotients are integers, and the last 
quotient added to a 0 , gives zero, h is shown to be a root. 

When h is a root, the coefficients of the quotient 

fc 0 ?:’ , - 1 + V n " 2 +V n ' 3 -f’. +b n . 2 x+b n - 1 _ 

are found in the reverse order by changing the signs ol the 
successive quotients, — b n - v —b n - v . —b 0 , in the above 


process. , . 

When one divisor of a„ has been tested to be a root, the next 

divisor may more conveniently be tested on the depressed 

equation, obtained by equating (3) to zero, and so on. . 

The process may be exhibited as below to attain facility m 


working : 


a 


n 


a n-i a n -2 a 

bn-l b n ~2 __ 

— hb n -2 — ~hb n - 3 .... hb 1 hb 0 


<h °o 


—b 2 —by —b 0 

0 


— nu n -2 — rtO„_3 nu x — nu 0 - 

Explanation .—The first line shows the coefficients of the 
-iven equation written from the end in order, tne second line 
hows the successive coefficients in the reverse order (with signs 
handed) of the quotient and the third gives the results of 
S?the coefficients of the quotient to the correspondmg 
oeffieients of the given equation; these successive results ot 
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summation serve, in turn, as numbers to be divided by the 
divisor h. If h is a root, the numbers in the second line must 
successively be obtained to be integers; the process must, 
therefore, cease as soon as we get a fractional quotient, showing 
that h cannot be a root; also the last number in the third line 

must be zero, when h is a root. 

The method has been explained for the general case when the 
coefficient of x n is any integral number fl 0 , but it is obvious that 
from such an equation only integral roots will be obtained ; so 
in order to obtain all the commensurable roots including the 
fractional roots, the given equation must be reduced to ione with 
coefficient of x n unity, before using the Method of Divisors. 

We shall illustrate* the method by taking the equation 

jA+x*- 2 .i!*+4a?—24=0. (P. U. 1029) 

The divisors to be tested are ±3, ±2. since the limits are 
3, —4. 

We test 3 : 

—24 4 -2 1 1 

-8 _ 

-4 

So we reject 3 at the very first step. 

Now we test 2 : 

-24 4 -2 1 1 

-12 -4 -3 -1 

—8 —6 ' ’ —2 ’ 0 

Thus 2 is a root and the reduced equation is 

.r 3 +3.r 2 -j- 4.1’ +12=0. 

The student may easily test the remaining divisors, —2 and 
—3, on this reduced equation, and he will find —3 to be another 
root. 

It is obvious that the work will generally be much less in this 
method than in that of Synthetic Division. 

Examples IV (/) 

1. Find the commensurable roots of 

.r 4 —8.r 3 —12a’ 2 +60.r+63=0. 

As seen in Ex. 1, Examples IV (d), the roots lie .between —4 
and 10. 

Hence the divisors to be tested are 9, 7, 3, 1, —1, —3. 

2. Solve completely the equation 2,r 3 —31a’ 2 -j-112a-f-64=0, 

In order to obtain all the commensurable roots we transform 

the given equation to «/ s -3D/ 2 +224t/-f 256=0, so that y=2x. 
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t Tj o [l 31 * 65] , 

L. ii. o .—y \^y ^ J — — +256. ±\ow 20 or any number 

greater than 20 makes the expression within brackets positive, 
and so the whole expression is '+ve. for ij= 20; hence 20 is the 
superior limit of the positive roots. 

Hence the roots of the new equation lie between 20 and —2 
Hence the divisors to be tested are 16. £, 4, 2, 1, —1. 

We commence with 16 : — 

256 224 -31 1 

16 15 -1 

240 -16 0 

16 is a root, and the depressed equation is 

whose roots are found, in the ordinary way, (being a quadratic) 
to be 16 and —1. 

So the roots of the given equation are S. 8. — h 
3. Solve the equation 

32,r 5 —360 r 3 +540.?: 2 —243 = 0, \P. U. 1923) 

The transformed equation with the coefficient of .r 5 unity, is 
a: 5 —45cC 3 +135.r 2 —243=0. The limits of roots for the new 
equation are 7 and —10. Hence the divisors to be tested are 

3. 1, -1, —3, —9. 

We start with 3 : 

! -243 0 135 —45 0 1 

I -81 -27 36 -3 -1 

-81 108 —9 -3 0 

3 is a root, and the depressed equation is 

x A +32 3 —36,r 2 -f- 27.c+81 = 0. 

1 and —1 arc obviously not the roots. 

So we next test —3. 

81 27 -36 3 1 

-27 

— —- 

i 0 

—3 is not a root, and we next test —9 : 

81 27 -36 3 1 

- 9-2 

18 -38 

_• _9 i s also not a root. So we must see if the commensur¬ 

able root 3 is repeated : 

81 27 -36 3 1 

27 18 -6 -1 

I 54 -18 -3 0 
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So 3 is repeated, and we try if it occurs once again 

—27 —18 6 1 

- 9 -9 -1 

-27 —3 0 

It should be noted that if an integer root h occurs thrice, as 

here, h z must be a factor of the last coefficient, h 2 of last but 

one, ^ of last but two : and similarly for other cases. 

The finally depressed equation is the quadratic .r 2 4-92’+9=0, 

, " -9+3V5 

whose roots are -— 

. 3 3 3 -9 + 3v/5 

Hence the required roots are -» - * - »-• 

4. Find the commensurable roots of l r 4 +3.i 3 +2.r 2 -3 l r—3=0. 

' 5. Obtain the integer roots of 

,r 4 +22 3 —13r 2 —38a—24=0. [P. U. 1932] 

6. The roots of the equation a 4 —a 3 —30a 2 — 76a—56=0 lie 
between —0 and 12, find them. (P. U. 1939) 

4 81. When the absolute term a n of /(a) is a number 
possessing many divisors within the limits of real roots, Newton’s 
Method also becomes laborious if every such divisor is to be 
tested. But by using the method to be explained here, the 
number of such divisors can be reduced appreciably. 

When h is an integer root, /(a) being divisible by a— h, the 
coeflicients in the quotient are all integers: so that if a be 
given any integral value m, f(m) will be divisible by ?n— h, 
giving an integral quotient. 

For the sake of convenience, we may puta=l and —1, and 
say that/(l) and /( — 1) are exactly divisible by 1— h and 
— 1 —h, or changing the signs, by h—l and /i+l, respectively. 
So we get the following working rule :— 

Calculate/(1) and/( — 1); such of the divisors as decreased 
by 1 fail to divide /(1), are to be rejected; and similarly the 
divisors, which increased by 1 fail to divide/( —1), are to be 
rejected. If, however,/(l) vanishes, I is seen to be a root; or 
if/( —!) vanishes, —1 is seen to be a root. When 1, or —1 is a 
root, the polynomial can be reduced by division by the corres¬ 
ponding factor .r—1, or x+l. Suppose/ (x) =(.r-l) <f> (a); in 
this case calculate (1), and proceed as before with the process 
°n '/» (!)• But if </,{]) is also zero, let /W=(a;-1) 2 ^); now 
proceed with the process on 9 (.r), and so on. Similar is to be 
the procedure when/(—1) vanishes. 
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Examples IV (g) 

1. Solve the equation .z 4 —44.r 2 +112.1—384 = 0, given that it 
has got two commensurable roots. 

The real roots lie between 7 and —12, and the possible divisors 
are 6. 4. 8, 2, l, —1. —2, —8, —4, —6, —8. 

Here /(1) = —315 and/(-l) = -53!>. 

First of all. 1 and —1 are not the roots and are to be struck 
off. Again, 8, —3 decreased by 1, fail to divide /(l), i.e., 
—315, and are to be rejected. 

Next 4,-6 increased by 1, fail to divide/( — 1), i.e., —539, 
and thus out of 6, 4, 2. —2, —4, —G, —8; 4 and —G being 
further struck off, we have now to test only 

G, 2, -2, -4, -8. 

6 and —8 will be found to be the commensurable roots, and 
x 2 — 2.r+8=0 the reduced quadratic, which has complex roots. 

2. Find all the commensurable roots of 

2.i’ 5 - 3 l.c 4 +11 0.i 3 + 95 J 2 —11 2x - 64=0. 

3. Find all the commensurable roots of 

/(,r)=.r 5 — 12/ ,4 + 25a’ 3 —48.r 2 — 26a.’+60=0. 

Real roots lie between 12 and —2, and hence the divisors arc 
10, G, 5, 4, 3,2, 1,-1. 

First we find/(1) by the method of Synthetic Division: 


1 

-12 

25 

-48 

-26 

GO 


1 

-11 

14 

-34 

—GO 

1 

-11 

+ 14 

-34 

-GO 

0 


Hence /(1) =0, and f{x)=(x— l)(.r* — 11+*+14.?: 2 —34i—60). 

Having got 1 as one of the roots, we proceed further with 

(x)=x 4 -1U 3 +14.r 2 -34.?— 60=0. 

Now when we find </, ( — 1) bv the above method, we get 
4 (—IJssO and * (*)=(•<• + '12.1' 2 +->0. C — CO). Thus having 
a 0 t —1 as another root, we do the next process on the equation 
d(x)=x l -V2x 2 +'26x-(j0=0. 

We get 0 (1)=—45 and 6 ( — 1 )= —99. Divisors 5 and 3 are 
rejected on account of 0 (1): and 6, 4 are rejected on account ot 
9 (-1); thus we have only to test 10 and 2. 

It is found that one root is 10, and the other two roots are 


complex. „ ^ _ 

4. Solve the equation 3.r‘-23.r 3 +35.r 2 +3L?— 30 = 0. ^ 

5. Solve completely, the equation 2.r 4 +.i 3 —2.r 2 — 4.r-3 = 0, 
given that two of its roots arc commensurable. 

6. The roots of the equation 

?' b —23o: 4 +160.i 3 —218j 2 —257.?—440=0 

lie between —1 and 24. Obtain them. (”• L ‘ ' 


HORNER’S METHOD 


129 


7. Find the roots of 16.c 5 +80.r 4 —96.r 3 +4.r 2 +23.r—0=0. 
given that the roots are all rational. 

This is a case of multiple roots ; the remark made at the end 
of Ex. 3, Examples IV (/) gives some indication of it, even 
though the repeated root is not an integer. 

Here x s + 5x* - O.i 3 + * 2 ,t 2 + l - -23.r -~ = 0, 

and there is an indication that 4 may occur 3 times as a root. 

8. Solve the equation 81.r 5 — 207x A — 9.i ,3 +S9.r 2 +2.i —8=0, 

given that three of the roots arc of the form ^ , where k is an 

int 5 cr * . 4 (P. U. 1020) 

9. Solve 864.1' 4 +720 j 3 +21 Or 2 -f2.5.1’ +1=0, given that the 

roots are rational . (/>. U. 1021) 

it we proceed by making the coefficient of ,r 4 unity, we shall 

2 et ~-» ~ 3 > as the roots of the transformed equation 

and thus the roots of the given equation will be — _ i 

4 » &• " 

Another method is of transformation to the reciprocal equation 

2/ 4 +25 ?/ 3 +21 Of/ 2 +720#+S 64 = 0, 1 

by putting #=-). The required roots will be the reciprocals 
of the values of y. 

10. Determine the integral roots of the equation 

n _ t «r 6 + 3.r 5 —36.f, 4 —45.T 3 -f- 93,r 2 + 132.r+140=0. 

11. Determine the commensurable roots of the equation 

G.r 4 -7.r 3 +8.r 2 -7.i’+2=0. 

12. Factorize the expression 

„ 32*—32. [Math. Trip 192S\ 

13. Solve completely the equation 1 ' 1 

Fin + 2 , lt6 +, 7S6t ‘ ~777.r»+20.r 2 +7SG,r- 7 20=0 

Find the integral roots of 

a; 5 —47,r 4 +423.) 3 —140.r 2 +1213,r+ 420=0. (Peterson) 

Jtr»». 

known numbers and possesses the immoncp c ^ uat, on by certain 

both commensurable and incomm ns™ atft™* 
root is comLnsurZ 8 wf obtein e L? U ?b Clen r tly - the 

contains In the integral part, and then ‘aH ttwWctmay 


14. 
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occur in the decimal part, and thus the root is found exactly 

but when it is incommensurable, the figures in the decimal 
traction will not terminate, and we shall have to content our¬ 
selves with a number of figures only. Such is the case when we 
find the value of an irrational number like -y/2; we cannot 
exactly find its value in decimal fraction, although we may find 
as many figures, as we like, in the decimal part. This bein" 
equivalent to the solution of the equation a- 2 -2 = 0, will be seen 
to be a particular case of Horner’s Method. 

When the commensurable root contains several figures, 
New ton s Method of Divisors will be found to be inconvenient, 
while Horner’s Method will lead to the result by easy steps. 

Since diminution ot the roots ol an equation can best he 
\ suece * e application of the method of Synthetic 
Division, as explained in Art. 3*4. Horner’s method will 
be found to be the successive application of that method. In 
Ex. 9, Examples III (r/), we diminish the roots of the equation 
•r 3 — 60,r-+281 r — 330=0, first by 50 and then by 5, and are led 
to the conclusion that 55 is a root of the equation. This is a 
very simple case of Horner’s method. We give below' some, 
examples, showing how this method can be used to evolve roots, 
by slow stages, in more difficult cases. As we proceed further, 
we shall explain a few more working rules which will be found 
very useful in the practical application of this important method. 
Ex. 1. Find the positive root of the equation 

j 3 - 20<S.r 2 -1059a -1278 = 0. ... (1) 

Descartes' Rule shows that the equation has one positive root, 
and since/(200) is negative and /(300) is positive, it follows 
that the only positive root lies between 200 and 300. It is not 
necessary to actually find the values of./(200) and/(300), since 
/( 200 ) is obviously negative, and/(300) is seen to be positive 
after a little work. In this way the first figure of the root is 
found ; sometimes a few trials will be necessary to locate the root 
so that the first figure may be got at. Diminishing the roots by 
200, we get the transformed equation 

.r 3 -I-392a 2 +35,741 a—533,078=0. .. (2) 

Now since the roots of (2) are less than the roots of (1) by 200, 
the positive* root of (2) lies between 0 and 100. It is easily 
found to lie between 10 and 20: since the coefficients of the last 
and last but one term are sufficiently large in comparison with 
coefficients of a 2 and a 3 , the former coefficients suggest the loca¬ 
tion of tlie root. 

Diminishing the roots of (2) by 10. we get the next trans¬ 
formed equation a 3 -}-422a 2 -f 43,881a-135,468 = 0. ...(3) 
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Again, since the roots of (3) are less than the roots ol (2) by 
10. and the positive root of (2) lies between 10 and 20, the 
positive root of (3) will lie between 0 and 10. The last two 
coefficients should here give a very good indication of the loca¬ 
tion of the root, since the figures to be tried now being small, the 
contributions of the terms containing x 2 and ,r 3 to the final 
positive or negative result will also be comparatively small. So, 
if we ignore the two leading terms of the equation, 3 gives a 
negative and 4 a positive result. In this way, the figure 3 is 
suggested. When we proceed to diminish the roots by 3, 
the absolute term of the next transformed equation, which is 
obtained at the very first operation of division, is found to be 
zero, showing that 3 is a root of equation (3). The roots of (1) 
having successively been diminished by 200, 10 and 3, the 
required positive root of (1) is 213. 

The whole process may very well be shown in a compact form 
as below :— 

1 -208 

200 

—8 
200 

102 
200 
392 
10 

l02 
10 

412 
10 
422 
3 
425 
3 

428 
3 

431 

In the above, a broken line separates the stage of each 

fl ? " 0n ’ ?' nd the numbers below it give the coefficients of 
the transformed equation. Thus the finally transformed equation is 
, . , , * 2 +43Lr 2 +46,440.r+0=0, 

which means the quadratic z 2 -f43U’+46,440 = 0, and its roots 


-1,059 

- 1,000 

—2.059 

38,400 


35.741 

4.020 

39,761 

4,120 


43.881 

1.275 

45,156 

1,284 


46.440 


— 1,278/213 
-531,800 V 


-533,078 

397,610 


— 135.4G8 
135,468 

■■■■MM* I 

0 
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arc found to be —215 and — 21G. The other roots of the given 
equation, therefore, being greater than each of these by 213, are 
therefore, —2 and —3, respectively. 

Ex. 2. Find the only positive root of the equation 

/(•*’) —bi 3 —2 l.r 2 4-41,r—102 = 0 . ...( 1 ) 

6 is an upper limit. And here /(5) is 
positive and /(4) is negative, hence the root lies between 
4 and 5. Diminishing the roots of (1) by 4, we get 

4,t 3 4-27.i 2 4-G5.r—18=0. ...(2) 

Since the positive root of (2) lies between 0 and 1 and is, 
therefore, < 1, 4,t' 3 and 27.r 2 will be sufficiently small and we 
might get an approximate value of the root from the equation 
G5.r —18 = 0, obtained by neglecting 4,r*and 27,r 2 in (2). 

18 

Thus x — „ m = 0*2- -and we can take 0*2 to be the number 

Go 

by which we further diminish the roots of (2). We get the next 
equation 4,r 3 +21)-4.r 8 -!-76*28j?-3-888 = 0. ...(3) 

As above, an approximate value of the root of (3) is given by 
7 G' 28 j, —3 - 888 = 0, which gives .i^O’Oj •• 

Diminishing the roots of (3) by 0*05, we find 0-05 to be a root 
of (3). Thus 4'25 is the required root of (1). 

It should be noted that if 0*2 were too large a number by 
which we diminished the roots of (2), the next transformed equa¬ 
tion (3) would have all the signs positive, showing that (3) had 
no positive root and that we had diminished the roots ot (2) by 
taking too large a number. 

We show the work below :— 

4 -21 41 -102 / 4-25 

1G —20 ** \ 



0-2 
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When the decimal part of the root appears, we have to diminish 
the roots successively by decimal fractions, which make the work 
increasingly inconvenient. This inconvenience can easily be 
avoided if we transform the equation, after the integral part 
has been evolved at each successive stage by multiplying the 
roots by 10. Thus in the above, multiplying the roots of (2) by 

10, we get the equation 

4* 3 +270.r 2 -f6,500.1—18,000=0, 

and the root of this equation will approximately be 2. as above, 
and the “diminution”, therefore, shall have to be done by the 
integral number 2. The next transformed equation will be 
obtained in the form 

4.c 3 4-294.r 2 +7,628.i’—3,888=0. 

This has a root between 0 and 1, and the roots should again 
be multiplied bv 10, giving 

4.r 3 +2,940.r 2 +762,800^—3,888,000=0, 
which will have a root between 0 and 10, whose approximate • 
value found as above, is 5 and the “diminution” is, therefore, to 
be done by 5. Thus the decimal fractions are done away with in 
the work which may now be exhibited as below :— 

4 -21 41 . -102 / 4*25 

. 16 -20 84 \ 


-5 

21 jT" 

-18000 

16 

44 j 

14122 

’ll' 

6500 

-3888000 

16 

556 

3888000 

270 

7056 

0 

8 

572 


278 

762800 


8 

• 14800 


286 

777600 



8 

2,940 


20 


2,960 

Since multiplying the roots by 10 is equivalent to annexing 
one cipher to the second coefficient, two ciphers to the third, and 
hree ciphers to the fourth, and so on, (if the degree of the equa 
‘.on is higher than the tlurd), we arrive at the simple rule 
When the integral part of the root has been obtained, before 

subsequent “diminution”, annex one cipher 

to the right of the coefficient in the first working column, two 
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ciphers to the right of the coefficient in the second working 
column, and so on. e 

Since the successive figures in the decimal part can still be 
obtained as before from an equation of the kind ax+b = 0. whose 
terms containing .r 2 and .r 3 have been neglected, we have an 
easy rule for finding these figures. After ciphers have been 
annexed, the last coefficient divided by the last but one, will 
suggest the next figure. The last but one coefficient, for this 
reason, is known as “ trial-divisor .” It will be seen that at everv 
stage at which the trial-divisor suggests the right figure, the 
sign of the trial-divisor is opposite to that of the last coefficient. 
The reason for this lies in the fact that the figure being given 
by a,r+6=0, a and b must be of opposite signs, for, otherwise 
the figure will be negative, which is possible only if the previous 
figure has been taken, by mistake, too large. In that case, the 
previous process of “diminution” must be set right. 

We might, after two or three figures of the decimal part of 
an incommensurable root have been evolved, obtain the remain¬ 
ing figures with an approximation, simply by dividing the 
last coefficient by the last but one ; since .r becomes at such a 
stage very small, the equation ax-{-b—() will give a sufficiently 
good approximation. 

4*91. Principle of the Trial Divisor. It will be 

clear from the worked out examples in the last Article that one 
of the most practical advantages of Horner’s method is that 
after the second, or third figure (or even after the first, in some 
cases) of the root has been evolved, the transformed equation 
itself suggests by mere inspection the next figure of the root. 
Thus in Ex. 2, Art. 4‘9, after the first diminution, the figure 2 
is suggested by 18000/6500 correctly ; and after the second 
diminution the figure 5 is suggested by 38,88,000/7,62.800. The 
reason for this has been explained in the last Article. On 
account of the importance of the underlying principle, the 
following theorem may be given for the general case 

Theorem. If one of the roots of the equation 

Po* n +Pi* n ~ 1 + ---+Pn-rr+p n = 0 , 
be small , say, between 0 and 1. then an approximate value oj turn 

root is —Pn/Pn- 1 * . . , 

For if denote a root of the equation m question we na\e 

ci’j= — — —— (y^n-2+Fn-3‘ 2 l“T---...+7Vl” “)* 

Pn — 1 Pn-1 

Pn 

Hence, if.r, be small. >ve have approximately x \ = ~ 7 r 
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It is clear that the last two coefficients are of opposite signs. 
Ex. 3. Find the positive root of the equation a' 3 —2a 2 —5 = 0 
correct to seven places of decimals. 


_*> 


60700 

6 

60706 

6 

60712 

6 


607180 

4 

607184 

4 


607188 

4 


6071920 

7 

6071927 

7 


6071934 

7 


2 | 

•> 

” 

6 

400 

276 

676 

312 

46 

98800 

6 

5301 

52” 

104101 

6 

5382 

580 

1094830000 

9 

364236 

589 

1095194236 

9 

364272 


-5 /26906474 

_J>_ [ 

-5000 

4056 

-944000 

936909 _ 

r —7091000000 
6571165416 
-519834584000 

438233118144_ 

-81601465856000 
76692793326023 
I —4908672529977 000 


109555850S00 
2428736 

109558279536 

2428752 

10956070828800 

42503489 

10956113332289 

42503538 

1095015583582700 



6 
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Explanation .--By trial the root is seen to lie between 2 and 

3 Alter diminishing the root by 2 and multiplying the roots 
ot the resulting equation by 10 , we get the 1 equation with 
eocllH lent? 1 40, 400,-5000 ; since the second co-efficient is 

not sufficiently small in comparison with the third the trial 
divisor does not suggest the right figure. If we take’even 7 as 
the next figure, the effect of the second co-efficient is so great 
as to change the sign oi the last term, showing that we have 
gone beyond the root and 7 is, therefore, too large. We must 
take care that the absolute term retains its sign throughout, 
alter the first translormation. If we were to take a number 
too small (5 in this case), the error will show itself just as in 
ordinary division by the next suggested figure being greater 
tfian 0. In the present case the right figure is C. Alter 
operating with 6 and annexing zeroes, we sec that the trial 
divisor becomes effective, and suggests the figure 9. After the 
operation with 9 and the usual annexation of zeroes to the 
co-efficients, we see that the trial divisor is greater than the 
absolute term. Zero is, therefore, the next figure. So we place 
zero after 9 and annex zeroes again to the right of the working 
columns before proceeding to the next operation. 


Now the third co-efficient is quite large in comparison with 
the second, so that if we neglect the first and the second 
co-efficients altogether and obtain the remaining figures simplv 
from the value of ,r given by aj'+b=0, as pointed out in the 
last example, we can very well depend upon it for the next two 
or three figures for correctness. As we have now to perform 
simple division, an equal number of zeroes may be struck off 
from the divisor and the dividend, and after dividing by the 
next figure 6, we may employ the method of “contracted 
division”. Thus instead of annexing a zero to the right of 
—52202, we strike off 3 from the right of 109483, but when 
dividing by 4, we mentally take into account the effect of 3. 
When dividing by the next figure 7, we have to mentally take 
yinto account the effect of 8, which gives 4 as the first figure in 
the product, since from 56 we should carry 6 not 5. The result 
correct to five places of decimals is 2’69065. 
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We perform below the work in full to compare with the result 
obtained above :— 


1 


-2 

2 

0 


0 

0 


—o 

0 


2-6906476 


0 

4 



400 

276 

676 

312 


-5000 

4056 

-944000 
936909 


98800 

5301 

104101 

5382 


1O948/J0000 

109483 

1094# 

1094 


-7091000000 

656898 

—52202 

43793 

—8409 

7664 


- 745 
656 


obtained'correclJy. 1 ^ ^ fl8UreS after zero have b “" 

Examples IV (A) 

1. Find the only positive root of the equation 
o j a . 21,r 2 —46a—50=0. 

of 1,953,125. y application Horner’s method the cube root 

3. Find the positive root of the equation 
4 F;„,l f u 20a 3 —81 a 2 +141a—244=0. 

correctVdtLT5 c r t0fthe “ 1Uation * , -***-»-*- 0 , 

decimaTphaces process ’ - ™t of *«- 2=0 

places of n de’ci > ma^ 0rner S process ’ the cube root of 3, correct to 5 
If I [P. U. 1919 and 1924] 

only real"positive root' ‘° S °‘ Ve equation ' r - 3 =° <*0 
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8 . Find by Horner’s Method the real root of the equation 

.r 3 —.r*—j —2000 = 0 up to 3 places of decimals. (P. U. 1941) 

9. Apply Horner’s method to find to 3 places of decimals 
the root situated between 9 and 10 of the equation. 

«r 4 —3.r 2 + 75r — 10,000 — 0 (P. U. 1940 Burnside and Panton) 

4 92. Contraction applied to Horner’s Method. 

When the root is incommensurable and the result is to be 
Obtained correct to several places of decimals, Horner’s method, 
as used above, becomes very laborious. Though we may 
obtain two or three more correct figures, as in worked out Ex. 3 
in the last Article, by division only, this simplification by itself 
does not go very far. 

The leading coefficients may materially affect the trial divisor 
and the last coefficient even at the stage where we commence 
the process of division, and it is for this reason that out of all 
the figures of the quotient, we can rely only upon the first two 
or three. So if, instead of neglecting the leading coefficients 
altogether, we retain their important figures in their proper 
places, the result obtained will give all the figures correctly, with 
the exception of the last two or three. It is upon this principle 
that the contraction of Horner's method is effected, which is 
simply an extension of the contracted method of division. Thus 
at the stage at which the contraction begins, instead of annexing 
ciphers, we strike off one figure from the right of the trial- 
divisor, two figures from the right of the coefficient in the next 
preceding column, three figures from that in the next column, 
and so on. As in division, we shall, of course, mentally take 
into account the effect of the figures struck off After al the 
figures in the column preceding that of the trial-divisor have 
been struck off. the process will reduce to that ol ordinary 
division and can be continued until all the figures lrorn the trial- 

divisor have been exhausted. 

We illustrate the method of contraction by its application to 
the worked out example of §4*91, the full process for which 
will enable us to institute a comparison. 

The principle underlying the contraction may also be explain¬ 
ed as below :— 

After diminishing the roots by 6 , we get the equation 

(jo718 a." -f- 1095558508.r 519834584 = 0, 
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Now to multiply the roots of the equation by 10, we write 

% 

X 

— for v. Thus we get the equation 

0‘001.r 3 +607-18.r 2 -f 109555850-8.1-519834584 = 0. 

Now if we retain the integral parts of the coefficients, we have 
the equation 

0..i 3 +607.1 2 -f 109555850.1’ - 51983458 4 = 0. 

It is to be noticed that the result of this is the same, as when 
instead of adding zeroes we eut olT one figure from the second 
last, two from the third last, and so on. So we cut olf all those 
which are not effective in contributing to the result. We shall 
work out the last example after the fifth approximation. 


1 


'rt 


6 


109555850,S 
24-29 
109558280 
2429 


imum 


Ans. 2-6906474480289. 


-519834584 

438233120 

-81601464 

76692791 


607 

109560709 

— 4908673 


42 

4382462 


10956113 

-526211 


42 

438246 


87649 

-316 

219 


-97 

88 

—9 

9 


( 


2-6906,474480 

289 


We strike off 8 from the right of the trial-divisor, 18 from the 
right of the coefficient in the next working column, and the next 
coefficient 1 goes altogether; the result is that only three 
^-efficients are left to be dealt with, as if our equation were a 
quadratic with coefficients 607, 109555850,-519834584. In 
niulhphcation and addition we do take into account the struck 

t^nK Ur ?’ JUSt . aS . We ^° in contracted division. After diminu- 
tjon by 4, we strike off 9 from the trial-divisor, 07 from the next 
coefficient and proceed to diminish the rooti by 7 in thesame 

frM t ie next stage ^e working column next to that of 
tnal-dmsor goes away altogether and the rest of the work 

proceeds as m contracted division. Thus we get easily 13 figures 
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in the decimal part out of which we may rely upon the 
first 10. Hence the result correct to 10 places of decimals is 
2-6906474480. 

The step from which the contracted process should commence 
depends upon the number of decimal places to which the root is 
required. The number of figures obtained, after the contracted 
method begins, will be seen to be one less than the number of 
figures in the trial divisor. 

Examples IV (0 

1. Find the positive root of the equation ,?: 5 —4,i —2=0 

correct to seven places of decimals. [P. U. 1017] 

2. An equation has its absolute term negative and possesses 
only one positive root. Explain why throughout the transforma¬ 
tions, by Horner's process, the absolute term must retain its 
sign. Point out all those examples, illustrating this fact, which 
have already been done. 

3. Obtain by Horner’s method the largest of the roots of the 
equation x 3 — 3.r 2 —2.r-f 5=0, to three places of decimals, and 
find the integral parts of the other roots. 

[: Todhunicr , P. U. 1027} 

The roots arc easily seen to lie (/) between —2 and —1, (ii) 
between 1 and 2, (Hi) between 3 and 4. 

When for the largest root the diminution is done by 3, the 
absolute term will be found to change from positive to negative. 
The reason is that the transformed equation will have only one 
root between 0 and 1 and hence the value 0 should make the 
polynomial negative which is possible only when the absolute 
term is negative. Subsequently, the negative sign must be 
retained throughout. 

4. Find the second positive and the negative root ol the 
above equation x*- 3a.’ 2 - 2x -f 5=0, each correct to 10 decimal 

^ For the positive root, between 1 and 2, as successive diminu¬ 
tions are done, the absolute term will be found to retain the 
positive sign throughout. The reason is that both the roots keep 
above zero in all the transformed equations, and hence J (x ) 
being positive,/(0) must also be positive for all the equation^ 

To find the negative root, the best way is to change the signs 
of the roots, so that the negative root here becomes the positnc 

root of the equation a 3 -f 3.t’ 2 —2.r—5=0. 

5 Find the sum of the three roots ol the equation 

x*+3x 2 -2x- 5=0, 
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from the results obtained in Exs. 3 and 4 above. Explain why 
it differs from —3, which is the exact sum found otherwise. 

6. Find the root of the equation x l — .r 3 — x 2 —8.r4-9 = 0, which 

lies between 2 and 3. [P. U. 1928] 

On diminishing the roots by 2, the absolute term will be found 
to change its sign, showing that we have passed over a root, i.c., 
another positive root lies between 0 and 2 ; which is, in fact, 1. 

7. Find the root of the equation a ,5 +6j 8 +5.i ,2 -|-10.c—18=0, 
to six places of decimals. 

8. Obtain to 7 places of decimals the root of the equation 

.r 4 —12.r-}-7=0, which lies between 2 and 3. (7\ U. 1925] 

9. Find the cube root of 25 to 10 places of ( ccimals by 

Horner’s method. [P. U. 1921] 

10. Find the real roots of the equation 

. 1 ' 4 + 9 a’ 3 + 1 G.r 2 + 23 x -80=0. 

11. Find the positive root of .r 5 —4.r—2000=0. 

12. Find the positive root of Newton’s cubic .t 3 —2r—5=0. 

13. Find the positive root of .i 3 -f 2.r 2 —5.r—7=0, 

14. Find the positive root of 2.r 3 +.r 2 — 15.r—59=0. (Fine) 

15. Find the positive roots of the equation 

x i -{- -t 3 —3.r 2 —.r—4=0. ( Nclto) 


4 93. Applications of Horner’s Method to equa¬ 
tions having nearly equal roots. 

When two or more roots are nearly equal, the trial divisor 
cannot give any indication of the next hgure of the roots until 
the roots have been separated. For, suppose two (or more) 
roots of the equation are nearly equal to h but greater than h. 
If we diminish the roots of the equation/(.*•)=0 by It. we get 
the transformed equation f(x 4- h)=0 y ° 


or /« + r/W+:4/"«+.-r4/”W=0. 

By the rule of the trial divisor the next figure of the root is 

/(/*), 

-pjfiy but since two (or more) roots arc nearly equal to h , 


/ ( h) and {' (h) are both small and the ratio 

•i. • , .. . J ( / 


almost 


indeterminate. So we shall have to find by trial, the location 
of the roots until we have succeeded in separating them. 

Again, in diminishing the roots of the transformed equation, 
we choose the greatest number which, in the process of trans¬ 
formation, will keep the sign of the absolute term intact, for 
otherwise we pass over a root. When an even number of roots 
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arc nearly equal, lying between h and h + 1, the above test fails, 
for in passing over an even number of roots, the absolute term 
will retain its sign, but will change its sign if we pass over an 
odd number of roots. The observations made in the following 
examples will show the methods which may be helpful. 

Examples IV O') 

1 . Given that two roots of the equation 4r 3 — 10,r 2 -j-3.r+4 = 0 
are positive, show that they lie between 1 and 2. Also separate 
them. 


Hcre/(1) = 1 and/(2) = 2. which are both positive, so that we 
have not the same test to guide us in our search for the proper 
figures of the roots as in the previous cases, viz., the change of 
sign. We can, however, discover this fact by an indirect method. 
If we diminish the roots by 2, we get the equation 4.r 3 +14.r 2 + 
ll.r-j-2 = 0. showing that this equation lias no positive root, i.c., 
the original equation has its roots between 0 and 2. If, how¬ 
ever. we diminish bv 1. we get the equation 4,r 3 4-2.r 2 —5.r4-l =0. 
which has two variations of signs as the original equation; hence 


the two positive roots lie between 1 and 2. After diminishing 
the roots bv 1. we multiply the roots of the transformed equa¬ 
tion by 10, so we get the equation 

4.r 3 4-20.r 2 — 500r4-1000=0, or .r 3 + a.r 2 —125.r 4-250=0. 
the roots of which lie between 0 and 10. They are seen to lie 
between 2 and 3 ; 7 and 8. The roots are now separated and 


we can proceed on as in the previous cases. 

An indication of the approximate equality of the roots of the 
equation /'(.r) = 0 is also afforded by the fact, that the values ol 
f(,i ) are nearly equal for the values of the consecutive integers 
between which the roots lie. Taking the case in hand, the 
superior limit of the positive roots is 3. Now/(0)=4,/(1)-U 

I ^(2)=2, /(3)=31. So there is a probability (not certainty) of 

equal roots lying between 1 and 2 , 

2. The equation a’ 3 -7.r4-7=0 has two roots between 1 and 
•> • find each of them to eight decimal places. 

” 3 Find the nearly equal roots of the equation 

4-9=0. W ine > 

4 Find the two nearly equal roots of the equation 

3 in 2 five r _ 1379 = 0, which lie between 23 and *-4. 

, r 3_ 49,24 ( Burnside andPanton) 

It may be pointed out, that so long as the the t " o roots 
m-iin together a miide to the proper figure of the root ma be 
obTained by dividing twice the last coefficient by the second ast 
or the seeond last by twice the third last. The reason is that 
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, "“ 1 - -f^n-2» 2 TPn-l.r- i p„ = 0, 


the proposed equation approximates now to the quadratic formed 
by the last three terms in each transformed equation. 

(Burnside and Panton ) 

For, if the transformed equation be 

/V’" ~lh l . ....... . 

then P„- 2 .r 2 +/>n-i^+Pn=--> 3 (^n-3rPn-4‘ l ’+---+7V’ H ~ 3 )- 
If .r be small, we can neglect its cube and higher powers, so 
that the equation approximates to Pn-V 2- *7 ; n-i<£-f/b»=0* 

If the equation has two nearly equal roots a , then 

_~Pn-\ or ~2p n 

-Pn -2 Pn-i 

approximately. We shall also have an indication of the separa¬ 
tion of the roots when the numbers suggested in this way by the 

last three coefficients are different, i.c., when — n ~* and — 

~Pn-2 Pn-i 

are different. An indication of the approximate equality of 
roots can also be inferred from the fact that the equation of the 
squared differences will have its absolute term very small. 

5. The equation ,r 4 -U.r 2 +16.1+9=0 has two roots between 
2 and 3. Find them to two places of decimals. [P. U. 1937] 

6. Calculate to three decimal places each of the two roots 
lying between 4 and 5 of the equation * 

.r 4 -f8.i ,3 —70.r 2 —144.r-}-936=0. (Burnside and Panton) 

7. Solve the equation 20.?: 3 -30.r 2 -f-12,r-l=0 all of whose 

roots lie between zero and unity. (Gauss) 

If an equation has three nearly equal roots in the interval (a R) 
the value of one of them being we diminish by a . If the 

transformed equation be 


tl I ’ P * rn +r- + Pn -3 1? ’ 2 d P»-2’ r2 -\-Pn -l< r + =0, 

then .r being small, the equation approximates to 

, . , . , Pn-3 a ’ 3 d-;>n-2J’ 2 +P«-rl’4-p n = 0, 

wnicn is nearly the same as p n _ 3 (.r—/*) 3 =o. 

Hence h —— Pix t3 — ___ Pn-i __ 3p w . 

Q mi 3pn -3 Pn -2 Pn -1 

8- The equation 70.r 4 -140.r 3 -f90 l r 2 -20 l r4-1=0 has all it. 

SIT 1,1 t!m » IS 

(Gauss) 
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SOLUTION or CUBIC AND BIQUADRATIC EQUATIONS 


51- The algebraic (or general) solution of an equation con¬ 
sists in finding accurate algebraic expressions, depending on the 
coefficients of the equation, which when substituted for the un¬ 
known quantity render both sides identical; these expressions 

arc the general values of the roots, c.g., ( — b±^/b 2 — lac)/2a is the 
algebraic solution of the quadratic aj 2 -\-hv-\-c=0. The algebraic 
solutions of the simple and the quadratic equations being already 
known to the student, the algebraic and graphical solutions of 
the cubic and the biquadratic equations will be given in this 
Chapter. It may be noted that the impossibility of the 
existence of the algebraic solutions for general equations of 
degree higher than the fourth was conclusively established first 
by Abel, and afterwards by Wantzel. For the fifth degree 
equation, a general solution involves elliptic integrals and is, 
therefore, not algebraic but transcendental. 


5 2. Graphical representation of a polynomial. 

Let /(.rlsv’Hfli-r"’ 1 -P. +a n . l x+a n =0 be the given 

polynomial. 

Put y='(*)• m , 

For each value of x, the corresponding value oly(.r), t*c. f //can 

be found by the method of Art. 1*31. If we now take two 

perpendicular directed lines with a common zero point as the 

axes of co-ordinates, each set of values of (.r, y) will respresent a 

point referred to the co-ordinate axes already chosen, the 

points so plotted form a discontinuous graphical representation 

•of the function/(j). These points do not lie at random but 

suggest a curve which runs through them smoothly lrom lett to 

* f^h t 

°The greater the number of points plotted, the more accurate 
will be the graphical representation, but in every case it will )c 
an approximate graph ot the accurate c urve. . .. x r 

Useful information is also afforded by the dematne/ fi) 

/ (r). The vanishing of/'(.i)'at any point ot the curve sigm . 
that the tangent to the curve at the point is parallel 
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x-axis. Such values of x for which f'{x) = 0 are in general, the 

. bend points on the curve. If in passing 
V J through such a value,/'(r) changes sign from 
Fig. (i) Fig. (ii) +vc. to — ve., the bend is like that as shown in 
Fig. (0* If the change is from — ve. to H-re., the bend is like 
that of Fig. (ii). For the sake of simplicity, suppose that f (x), 
f'(x)...f [m ~'\x) all vanish at the origin. The equation of the 
curve will then become 

y=ax m +bx m + l +. +kx n = 0. 

The tangent at the origin is the x-axis. For sufficiently small 
numerical vahies of.r, y has the same sign as ax m . If in is even, 
the points of the curve in the vicinity of the origin lie on the 
same side of the .r-axis. If m is odd, the points with small 
negative abscissae lie on one side of the .r-axis and those with 
small positive abscissae lie on the opposite side. Thus if m is 
even, the curve in the vicinity of the origin is a U-shapcd curve 
and there is a bend at the origin. If in is odd, the curve crosses 
the tangent at the point and is called the point of inllexion. 

EXAMPLES V (o) 

Draw the graphs of the following curves in the same figure: 

y=x, r/=.r 3 , 7/=.r 5 , y=x 7 . 

Draw the graphs of the follow- 


1. 


2 . 


ing curves in the same figure : 


y=x 2 


y=x 4 




y=x*. 


3. Draw the graph of 
x 3 —6x 2 -f 9x 4- 1=0 
Solution : /(x)=x 3 -6x 2 + 9x+l. 

i/'(*)=* 2 -4c+3, 
and this vanishes for x=l, x=3 , and 
for these values of x,f(x) does not 
vanish. The curve y=x 3 — 6x 2 -f-9x-f I 

has two bend points whose abscissae 
are x~l, x=3. 

The following table gives some of 
the important points on the curve : 
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The equation has, therelore, only one real root and it is 
negative, for the curve cuts the .r-axis only once, and on the left 
of y- axis. 

4. Draw the graphs of the following functions 
(?) 2.r 3 —3.r 2 —12tf+13, 

(??) 4z— $a 3 , 

(???) .? 3 —9.r 2 15«r +13, 

(iv) 15 4- 9.?’ — 3.r 2 — .r 3 , 

( v) J.r 3 — x 2 — 3,r+l. 

521. Graphical Solution of Equations. Let 

?/=^(.? ). y=4> (.i) he the equations of two rational integral curves. 
The abscissae of the points of intersection of the curves are the 
roots of the equation 

f (■*') = <t> i x )- 

This suggests the graphical solution of equations by going 
through the steps indicated above. The method then' consists 
in constructing two convenient curves the abscissae (or ordinates) 
of whose points of intersection are the roots of the given equa¬ 
tion. The ingenuity lies in constructing such curves as can be 
traced easily. 

5’22. Graphical Solution of the Cubic Equation. 

It has been proved that the general cubic equation tf 0 ? 3 + 3 «j 0; 2 -+- 
:k/ 2 .i’-f-«3=0,can be reduced to the form .r 3 -|- 3 H.r-f G = 0. It is 
therefore, sufficient to consider the equation 

j,' 3 -f3H.r+G = 0. 

The equation gives the abscissae of the points ol intersection 
of the line ?/= — 3H.c—-G, and the cubic curve, ?/=.r 3 , which has 
a point of inflexion at the origin. 

5 23. Solution of a Cubic (Continued). Another con- 

venient method is the construction of two conics which ha\e a 
known common point. Two conics intersect in lour points, 
one of these points be known, the abscissae ol the remaining 
three points will be the roots of the given equation. 

Let the equation be x*+3Ux+G=0 which can be written as 

x* -}- 3Hir 2 -f Ga;=0, 

so that one zero-root has been introduced. Writing the equation 

as ~ 

.r 4 4 - a 2 +(3 II — 1 ).? 2 -f G r=0, 

it is seen that the roots of this equation are the abscissae of the 

points of intersection ol the parabola. 

?/=.? 2 , 

•? -2 + ?/ 2 +(3H — l)?/-fG l i’=0, 


and the circle 
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so that the roots of the given equation are the abscissae of the 
points of intersection, other than the origin, of the above circle 
and the parabola. 

EXAMLES V {b) 

1. Solve the equation .r 3 —6.r—9 = 0. 

Writing the equation as =2.r-f-3> we see that the roots of 

O 

the equation are the abscissae of 
the points of intersection of the 
curves 

and /y=2./'-f-3. 

We accordingly trace the curves 
as in the adjoining figure. The 
unit of length chosen is twice the 
side of the square. It is then seen 
that the curves intersect at the 
point whose abscissa is 3. The 
other two roots are imaginary, as 
the cubic curve does not intersect 
the line in any other real point. 

2. Solve the equation 

•r 3 —7.r—6 = 0, 

The equation can be written as 
,r 4 -f ,v 2 — 8x 2 —6.r=0. 
which differs from the original 
equation in having an additional 
root zero. The roots of this equa¬ 
tion are the abscissae of the points 
ol intersection of 
TI ?=f and 

(«,+) and t adius P 5 ara n 0la ' SCC ° nd isa circle with cento 

of two squares) .T tW °. curves < scale = 1 unit=length 

pointswEableiss^t- 1 ° V™* ta 

These are, therefore, the roots of'the °" P ' ^ 

3. Solve graphically the equations 

(i) tf 3 ~ 7x +6=0, 

• ( it) .r 3 —3.r— 2 = 0 , 

(m) .i’ 3 —6.? —9=0. 

^+12,+ O e =0 m has only oneTeal ° f r ’ SU ° h that tlle *l»ation 
Soiutlon. The equation of th^ngent to 

y y* (z-x’), 0T ?/=3 l i , ' 2 a;— 2x' a , 
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If this line be parallel to y= 12*, then 3*' 2 =12, otx'=±2. 
Thus the equations of the tangents to y=x 3 , parallel to 
y=\2x, are y = 12*±16. 



Hence if a lies between + 16. there are three real roots and 
all distinct; if a= + 16 there are three roots, of which two are 
equal; and if a does not lie between ± 16, there is only one 
real root. 

5. Discuss the nature of the root of the cubic 

*»+8H*+G=0. 

5 3. Cardan’s Solution of the Cubic Equation. 

Let the equation, « 0 i 3 -f- 3 ff 1 ^ 2 + 3 « 3 r+fl 3 = 0, be reduced to 
the form 2 3 +3Hz + G = 0, where z=a<yC+a v H=o 0 o a —fli 2 , and 
G=a 0 2 a 3 —Za 0 u 1 a i +2a l 3 . 

Assume z = u+v, 

then 2 3 — 3uvz— (?* 3 -b^ 3 ) = 0. 

Now comparing the coefficients,' we get 

uv = —II. u 3 -\-v 3 =- — G. 

Ilencc u 3 , v 3 are the roots of the /-quadratic equation 

/ 2 +G/-H 3 =0, 

whence we obtain _ 

u 3 =(-G + v /G 2 Tiir i )/2 > c?=(—G— VG 2 +4H 3 ),2. 
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JJ || 

Substituting for v its value,-, we have z—u-\ -as the 

u u 

algebraic solution of the equation 2 3 43Hz-f G=0. 

As the cube root of u 3 has the three values, u. „>u . w 2 u, 
(c o being a cube root of unity) we obtain three values of z, viz. 

-H , , -II 0 , -H 


U U U 

Having known 2 . the corresponding values of x can be found 
from the relationZ5fl o r+0i< 

5 31. Discriminant of the Cubic a: 3 +3lLr-}-G=o. 

Let a, ft, y be the roots, then 


1 


P 


= (a P)[P y){y a). 


• • 


(«-« 

C4 

CJ 

1 

C*J 

N 

l 

CJ 




3 

a 

+£ +y 

a 2 + j3 2 + y 2 


a +P +V 

a 2 

+P 2 +y 2 

a 3 +)8 3 +y 3 


a 2 +j8 2 + y 2 

a 3 

■f/3 3 +y 3 

% 

a4 +P 4 +y 4 

3 

0 —GII 

= -27 

-1 0 2H 

0 

-6H -3G 


0 2H G 

-6H 

-3G 18H 2 


2H G 

—GH 2 


are 

or 


= —27(G 2 -f-4H 3 ). 

5 32. Nature of the Roots of the Cubic. 

By art. 5‘3, the roots of the equation 

•t 3 +3Rr-f-G=0, 

*i ~u-\-xy t x 2 —wu±w 2 v, x 2 —ic 2 u-\-zvv, 
u + v > 


where 


v= 


-H 
u 


G *+*H»=0, u and o are equal, and x,=x 3 . The cubic 

eiual Gh'Ih’-O Tor T"' C ° nversel y- if two roots ar, 

^re^S Pa ‘ rmgS ° f the W 
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and, in each ease, w 3 =r 8 . Thus the / quadratic of art. 5’3 has 
equal roots, which gives G 2 +4H 3 =0. 

Otherwise, from the last art., if 

a = fi, or 1 8 = y, or y = a. G 2 +4H 3 =0. 

2. If G = 0. H = <), the cubic has three equal roots, and 
conversely. For, r 2 =r 3 and .r 1 =.r 2 respectively give u=v, 
u=wv, i.e., v=wv. Consequently, u=0 and therefore, u= 0. 
The /-quadratic has, therefore, two zero roots. Hence 

G=0, H=0. 

3. If G 2 -t- 4ll 3 >0. u and v are real and .i\ is real, but .r 2 , x z 
are conjugate imaginaries. Conversely, if .r 2 , ,r 3 are complex, u 
and v are real and the /-quadratic gives 

G 2 -f 4H 3 >0. 

4. If G 2 +4H 3 <0, u 3 and v 3 are conjugate imaginaries. and 
so will be u and v. 

Let u=a-\-ib, v=a—ib. 

Then t 1= =2 a, 9 .r t =-a-hy/3 t x 3 =-a+by/3. 

so that all the roots are real. Conversely, if all the roots arc 
real, u+v must be real and u-v pure imaginary. Consequently 
u and v arc conjugate complex and, therefore, w 3 and v 3 which 
are the roots of /-quadratic are conjugate imaginary. Hence 

G 2 + 4H 3 <0. 


5*33. For a-discussion of the nature of the roots of the 
cubic 2 3 + 3 Hz + G=0, the following method may also be 

noticed :— _ 

Let the roots be —2a, a ± VV 2 5 ^^ ien 
the sum of the products of the roots in pairs 

= —3a 2 —y —311, 

and the product of the roots= -2a(u 2 -y 2 )= -G. 

Eliminating a 2 , we get ~ G 2 + 4H 3 

y~ = ~ 4 ( 4 y 2 +9H ) 2 

i;\ if the roots are all real, y 2 is positive hence 
' n 24 _ 4 . 11 3 i s negative, 


• • • 


• • • 


(*) 

(H) 



and conversely. 

If two roots are complex, y is negative, so 

G*+4H 3 is positive, 


(Hi) 

{iv) 


conversely. G 2 , 4H 3 =0, and 

wo roots arc equal, y = 0, nence u 

I the roots are equal, a=0 and y=0, therefore H=0, 
‘o separately, InV+dH^O, and conversely. 
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534. Solution of the cubic by expressing it as 
the sum or difference of two cubes. 

Assume 

^ 0 .t 3 +8ff 1 a’ 2 -F3a>+fl 3 =L (.r-«) 3 —M (.r-0) 3 ,. ( 1 ) 

where L, M, «, 0, are the numbers to be determined. 

Comparing the coefficients on the two sides, we get 


fl ,i=L—M, 


• • * 


( 2 ) 

(•* 3 ) 

(4) 

(5) 
(»), 


o 1 — —L, t -fM0, 
a 2 =L L 2 — M/j 2 , 
a 3 =—La 3 +M/j 3 . 

Multiply (2), (8). (4), each by a, and add, respectively to 
(4), (5) ; then 

fl 0 a+fli=-M(a-/3), 
fl 1 a-ffl 2 =M0(a-0), 

a 2 a +« r 3= — M/j 2 (a— 0). 
[a 0 a+a l )(a 2 a+a 3 )=(a 1 a+a 2 ) 2 . 

W+ai)(fl 2 ^4v 7 3 )=(«i/?+« 3 ) 2 . 

Inus a and 0 are the roots of the equation 

(V+«i)(^.r+fl 3 )=(r7 r r+fl 2 )*. ... ( 6 ) 

Having determined a, 0. from (G). L and M can be found from 
(2) and (3). Hence the given equation is thrown in the form 

L (.r—a) 3 —M (*-0)3=0. 


.Hence 

Similarly 


Therefore 


J—a 


)= 


M 


J.e . 


x~ a 


_ M ' * * M u M \* 

~ L / ’\ L / VL / ,u ’ res P cctlve ly, 


M 


4 


(7) 


x—p 

from which «r can be found. 

5'3S. If/(*, y)=a t rC*+3a l xh,+3a 2 xy*-\-a : ,,A ' 

the equation (6) can be written as 

/ s*/ \ 2 

, «** 

where is put equal to unity after differentiation This p mio 
tion is called the Hessian quadratic of the cubic ^ 

•"<! » it follows Hot ,ho solution of , oubio 

CSiSS,;' ° r oqootions of 

Examples V (c) 

Put ' 5 a eq “ ation , 28 ^-9* ! + 1 =°. (P. U. 1924,1940) 

rut 2—28x—3 ; the reduced equation is 2 3 - 272 + 730 =0 
Let 2 =u+n, then 2 3 -3uu2-( w 3 , u3)=0 
•therefore, ui>=9, tt 8 -fo 3 =-73o, ’ • 
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and so U 3 and v 3 are the roots of < 2 -f-730 <+729=0, 
so z* 3 =— 1, z> 3 =—729. , 

• U === 1, 0), “ oj 2 . 

Hence 28a?—3=2= —10, — w —9 W 2 , 9 W , respectively, 

1 2± v /-3 

i- e -> x =~l ’ - j - 

Note 1. Having known a-= — h it is more convenient to remove 
the-factor 4a?+l from 28a 3 —9a 2 + 1 ; then the remaining roots 
are the roots of the equation 7a; 2 — 4.r+l = 0. 

Note 2. This equation can also be reduced to the standard 

form by writing a?=- ; then y 3 — 9?/+28=0. 

2/ 

2. Solve the equation 7a: 3 —21a? 2 +231a?—7 = 0. 

Removing the extraneous factor 7, we assume 
x 3 —Sx 2 + 33 a?—l==L(a?—«) 3 -M(a?—jS) 3 . 

Comparing coefficients on botlfsides, we get 

1= Lr-M, 

— 1 = —La+Mj3, 
etc. 

Also a and p are the roots of the equation 

(a?—l)(lla?—1) = (—a?+ll) 2 , 
or a?-+a?—12 = 0, 

a=—4, P=3. 

From (2) and (3), we get 

L = ? M=^- 5 - 


(P. U. 1922) 
... ( 1 ) 

... ( 2 ) 
... (3) 


Hence the cubic reduces to 


or 


v 


? (*+4)» +® [X-3Y=0. 

. (Z±*\*-dL, 

■ ■ \x-Z) " 2 

x+i 15^ (5} 75\* s 

^=-( 2 )’ -Is)*-'*'"- 

3 3/5—4 L { /2 3 ( „2/5-4 v V2 . 3^/5-4^2. 

—- 3 2W2/S 


*/2+»^5 


i! 2 + ^5 

3 . Solve the following cubic equations : 

(?) + 5 - 27 * 4 - 54 = 0 , 

(ii) a: 3 —6a:—9=0, 
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(Hi) x 3 -12x-65=0, 

(iv) 2.t 3 + 3x 2 4-3x-fl=0, 

(w) a: 3 -15x 2 -357.r-f 5491=0, 
(wi) 2T.c 3 -h 5 l-r 2 4-198^=73, 
(w/t) x 2 -f 6.r 2 -{- 9.r+4 = 0, 

(viii) x 2 — 6.r 2 —6.r—2 = 0, 

(ix) a: 3 —6x 2 —12x4-112=0, 

(x) 4t 3 -f9.t 2 + 18.r+17=0, 

(xi) a 3 + 12a 2 -6 1 r-f-10 = 0. 


(P. U. 1941 Supp.) 
(Selwyn) (P. U. 1938) 

(Corpus) 
(P. U. 1934) 


(P. U. 1932) 


4. Find the relation between q and r, in order that the cqua 
tion x 2 +qx+r =0 may be put in the form 

a 4 =(a 2 -hnx-f6) 2 . 


Hence solve the equation 8.t 3 —3G4 27=0. (Hall & Knight) 

5, Determine, for what range of numerical values of k, the 

roots of 2a 3 —9a' 2 +12a— k=0 are real. (Math. Trip.) 

6. Show that 

x 2 +u 2 -\-v 2 — 3auu=(a+u+i;)(a-l-iu«+ w 2 u)(a4-a> 2 u+oji>). 
Hence solve the equation a 3 -f3Hx-fG=0. 


Apply this method to solve a 3 —3a.r+(a 3 +l)=0. 

7. Solve completely, a 3 —3a6x-f a 3 +5 3 =0. (P. U. 1943) 

8. If z 2 + 3hz-\-g= —— [/i(z+i) 3 —v(2+/i) 3 ] for all values of 

m — v 

z, show that 


2,=f+^. where A=g 2 +ih\ 

Show that the cubic 4z 3 —27a 2 (s+a)=0 has two equal roots. 

(Math. Trip. I, 1927) 

5’36. Equal roots of the Hessian. When the roots of 

the Hessian quadratic are equal, it is possible to put the cubic as 
the difference of two cubes only if all the three roots of the 
cubic are equal. The equal roots of the cubic are equal to the 
equal roots of the Hessian. This is obvious from (1) Art. 5 34. 

When nil the roots of the cubic are not equal, the method 
fails, so far as the question of putting the cubic as the difference 
of two cubes is concerned. The Hessian quadratic will, however, 
be a factor of the cubic and thus the roots can easily be found. 
We give the proof below. 
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Let the cubic be reduced to .T 3 -f-3Hr-f G =0 
Here/ (x, y)=sx 3 +3YLxy 3 -\-Gif. 


( 1 ) 


Hence 


a/ =3(^+H ? /), U^ mxy+Gin 


dec 


dJ~ 6x ’ dxdy~ m ' J ' ap= 6 ( H ^+ G ^/). 

The Hessian quadratic is, therefore, a(Kr+Gy)=HV which 
S™es Hr 2 -j-G.r— H 2 =0 * ’ 2 

as the quadratic (6) of Art. 534. ' 


When the roots of (2) are equal, G 2 + 4H 3 =0, 
which shows that two roots of (1) are also equal. 

Also II 2 (a?*+3Hjr+G)s(Ha- 2 +Ga?—H 2 )(Ha?-G) 

when G 2 + 4H 3 =0. 



This shows that the Hessian quadratic becomes a factor of 
the cubic. 


5’37- When the roots of the cubic are all real, (7) Art. 5*34 
shows that L. M cannot be real. Thus the method of the article 
fails entirely when the roots are real and unequal. 

In this case, Cardan’s method is also said to fail, for when 
G 2 + 4H 3 is ve., u 3 and v 3 are both complex, and there is no 
algebraical method of extracting the cube root of complex 
numbers. The problem can, however, be solved either by the 
Trigonometrical method explained later,'or by the Trial Method 
of the next article. 

5*38. It has been pointed out that if a cubic has all the 
three roots real, Cardan’s Method fails to give the result in a 
neat form, for no general method exists for extracting the cube 
root of a complex number. Such equations can be solved, in 
several cases, by using the Trial Method in finding the cube 
roots of u 3 and v 3 . (See Ex. 2 below). Similar statement holds 
true, even if the cubic has one real root, but the values of u 3 and 
t; 3 are irrational. 


Ex. 1. 
Let 


Solve the cubic x 3 -\-3x— 14=0 by Cardan’s Method. 

( Davison) 

x=u-\-v, 

x 3 —3uvx— (u 3 -f i> 3 )=0 


Identifying this with x 3 -\-3x— 14 = 0, we have 

uv=—l, u 3 +v 3 = 14. 


i 
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Thus u 3 and z; 3 are the roots of the equation 

l 2 —lit —l — 0 . 

— u 3 ,v 3 =7±5y/'2. 

v m 3 ,i? 3 =7±5 v /2, u will be of the form p + qy/2, and v of the 
form p— gV 2 * •• 

7 4- 5\/2=p 3 -{-2q 3 y/2+Gq 2 p+3pq 2 y/2, 

7 — 5 </ 2= p :3 — 2 < 7 3 y/2 + Gq 2 p-3pq 2 2. 

Hence 7=p 3 - 2 r Gq 2 p=p{p 2 i Gq 2 ), 

b—q{2q 2 -\3p 2 ). 

The forms of u and v show that p and q are both positive ; 
also p]is a factor of 7 and q is a factor of 5. 

Thus p=l, or 7 ; <7=1, or 5. 

Substitution shows that p — 1. q = 1 satisfy these equations. 
Thus u = l + y/2, u=l v/2. 

Hence the roots are _ 

m + u=2, ,.,u ± M *v = — 1 + y/ — 6. 

The third root may obviously be written as *-l — y/— 6. 

Note—This example shows that even if a cubic has only one 
real root , Cardan's Method docs not always give the result in a neat 
form without trial at some stage. 

Ex. 2. Solve the cubic x 3 — 7a?+6=0 by Cardan’s Method. 

Let x=u+v, 

.-. x z —3uvx—{u 3j rV 3 ) — 0. 

Identifying with .r 3 —7a?+6=0, we have 

uv—%, u 3 ±u 3 =—6. 

Hence u 3 and v 3 are the roots of 


* 



• «3,„3=-3± 10 L_ 81±30 v /-3. 

v/27 -27 

Suppose 81 ±30 v /-^3=(p+<7\/—3) 3 

•• • , =P 3 +3p 2 q v r— 3-9pq 2 —3q 3 y/ — 3 . 

81 - 30 ^^ 3 =(p-qy/-3) z 

■=p z —3p 2 q^/—3—9pq 2 -\-3q z x/—3. 
^ p{p 2_ 9q 2 ) = 8l> q{p 2_ q 2 ) = l0 ^ 

These equations show that p is a factor of 81 and q of 10. 
q has the possible values±1, +2, ±5, +10 ; 

and p the values ± 1 , +3, ±9, +27, ± 81 . 
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q = 2,p=~3. 


and 


3 —3 —2a/—3 

u - 0 -» v— - y ,—. 

— o _3 

Consequently x=u-\-v = 2, 

„«+„*»=-}( -8(,+.i) + S ^=j =1> 


■u + 0j v=—3. 


* OTI i 1 - Ilavin s foui,( J or,e root. e.g.. 2, it will be convenient 
to divide the expression * 3 -7*+G by *-2, and then deduce the 
otlier two roots. 

7 T J* is f**mple shores that some irreducible cases can be 

dealt with by Cardan s Method by using the method of trial at some 

stage, lhat the solution without the trial method is impossible , can 
be shown as follows :— 

To find/) and q. let us solve the simultaneous equations 

P(P 2 ~0q 2 ) = Sl, ?(/>2_g2) = lO. 

Fut/> = Ag, then the elimination of q gives the cubic 

* 10a 3 -81a 2 -90,v + 81=0, 

which, by the transformation 10a — 27 = — 21z, 
becomes 2 3_7 2 _j_ 6=0> 

and this is the same as the original equation. 

lhat the result holds for the general ease, can be proved by 
following the steps indicated above. 

Examples V (d) 

Solve the following equations :— 

1. a 3 —26*+GO = 0. 3. * 3 -7* 2 + 36 = 0 . 

2. a: 3 +* + 10 = 0. 4. * 3 -3* 2 -10* + 24=0. 

5 4. Descartes’ solution of the biquadratic. 

Let the equation be 

a a r 4 +4fli* 3 +6rt 2 r 2 +4J 3 .r+/i 4 = 0. ...(1) 

If we put z—a u x+a l . the equation reduces to 

2 4 + 6H2 2 +4Gz+a 0 2 l—3II 2 =0. .. ( 2 ) 

Suppose that this biquadratic is resolved into two quadratic 
factors, z 2 +pz + q, z 2 -pz-\-q'. 

Comparing the coefficients of the left-hand side of (2) and the 
product {z 2 +pz+q)(z 2 —pz-\-q'\ ...(•'*) 

we get 611 = {q+q')-p 2 , ..,(4) 

4G=p{q'-q), ...(5) 

a 0 2 I—SH 2 —qq'. ...(6) 

From (4) and (5j, we get 

g+g' = 6H+p 2 , q’-q=~- 
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4G 4G 

Therefore 2g'=6lI-+-p 2 + — and 2^=CH+p 2 --- 

(6H-fp 2 ) 2 - ^=4^'=4(a 0 2 I - 3 H 2 ), 


...(7) 


Hence 


V 


...( 8 ) 


t.e., p 6 -f 12Hp 4 -f4p 2 (12H 2 —a 0 2 I) — 1€G 2 =0. 

This is a cubic in p 2 and is called Descartes' Resolvent. 

Having found p from ( 8 ), q and q ' can be obtained from (7). 
Thus the quadratic factors in (3) are completely determined and, 
consequently, the biquadratic can be solved by the help of two 
quadratic equations. 

If we putp 2 +4H = *, the equation reduces to 

* 3 —4<7 0 2 R+16a 0 3 J=0. ...(9) 

G 2 -H H 3 =a u *(HI—flyJ), 

If again, we put t=— 4fl„^, the equation becomes the reducing 
cubic * 4<£ 3 — \<j>— J=0. ...(10) 

5 41. Relations between the roots of the biquad¬ 
ratic and Descartes’ resolvent. 

Let z v z 2 . z 3 , 2 4 , be the roots of the equation ( 2 ), and suppose 
z lt z 2 ; z 3 , z 4 ; are, respectively, the roots of z 2 +pz-i~q=0 and 
z 2 -pz+q'= 0 , 

then Zl +z 2 =— {z y \-Zi)=-p, . 

.*. ( 2 iH- 2 2 ) a = (2 3 + 2 4 ) 2 =p 3 . 

Hence the roots of Descartes’ resolvent are 

(*l+2 2 ) 2 , (2,-f2 3 ) 2 , (2 3 t2,) 2 ; 

0r ( 2 3 + 2 4 ) 2 , ( 2 !+ 2 4 ) 2 , ( 2 2 + 2 4 ) 2 . 

The roots of Descartes’ resolvent are connected with' those of 
the reducing cubic by the relation 

p 2 +4ll= — 4a 0 <f>. 

Now if p* 2 , p 2 2 , p 3 2 be the roots of Descartes’ resolvent and <t> x , 
^3 the corresponding roots of the reducing cubic, 

~4a 0 <£ 1 =p 1 2 +4H=(2 1 +2 2 ) 2 +4H, 

-4j 0 ^ 2 =P 2 2 +4H=(2 2 + 2 3 ) 2 + 4H. 

4 a 0 (^ 2 - = ( 2 t + 2 2 ) 2 - ( 2 2 -}• 2 3 ) 2 

= ( 2 i- 2 3 )( 2 1 + 2 3 + 22 2 ) 

= (2j — 2 3 )(2 2 ~2 4 ) [V 2 1 + 2 2 +2 3 -r2 4 = 0. 
=a o 2 ( a -y)(0-5). [V a 0 a'4-a 1 =2. 
q. .. 4 (^ l —^e) = o 0 (y—cz)(/? —S) 

Similarly 4 (<f> 2 -<f>s)=a 0 {a-p){y - 8 ), 

4(^ 3 -<^i)= a Q [p - y) ( a - S). 


}...(A) 


and 
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5 42. Ferrari’s solution of the biquadratic. 


Let the quartic be - 

a 0 ^ 4 +4fl 1( r 3 +6« 2 a’ 2 +4<7 3 a;-f r/ 4 =0. ..(1) 

Suppose a 0 ( fl o‘ r4 + -Ifl 1 a: 3 +6fl 2 .r 2 +4^+fl 4 ) 

=(V 2 + 2 px + r)(a Q x -+2 qx + s) 
p+q=2a lt (i) 

a 0 {r+s) + 4p<]=6a 0 a 2 , («) 

ps+qr=2a 0 a 3t (Hi) 

rs=a 0 a 4 . (iv) 

Also assume r-fs=2(<7 2 — 2<f>), (i<) 

by (ii and v) Pq= s a 0 a 2 + a o < f > - 

Now 0= a 0 a 0 0 a 0 a 0 O' 


P 7 

o 

7 P 

0 

r s 

W 

0 

% (p+q) 

s r 

M r + S ) 

0 

| 

a o(P+<]) 

2pq 

ps+qr 


a 0 (r+s) 

ps-rqr 

2 rs 



= 8« 0 3 a 0 a x a 2 —2<f> ; 

1 d.) -{“ (b (In 

• • 4 “ ' ° 

a 2 -2<f> « 3 a 4 , 

which reduces to . 

4^3 — l(f >—J = 0 . •••(2) 

' Also from (iv) and (u), r and s are the roots of the quadratic 

t^-2(a 2 -2<f,) + a 0 a 4 = 0. ‘ ( 3 ) 

If we now take any root of (2), r and s are determined from 
(3) ; then (i) and (iii) give the corresponding values of p and q , 
The biquadratic is then broken up into two quadratic factors, 
and the roots are found easily. 

The equation ( 2 ) is called the reducing cubic. [Art. 5*4 ( 10 )] 

5 43. Relations between the roots of the biquad¬ 
ratic and its reducing cubic. Discriminant of the 
biquadratic. 

Let cf) 1 , <f 2 , (f 3 , be the roots of the reducing cubic, and r v s v p v 
'/i etc., the corresponding values of r, s, p and q. 
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- Let a, 0, y, 8 be the roots of the biquadratic, so that if a, /?, 
are the roots of the quadratic 

tf 0 fc*+ 2 Pi?+ r i s=o » 

v 8, are the roots of the quadratic 

t7 ff r 2 -i-2q v i'+s 1 =0. 

Then a o a fi— r i* a o y8= 5 i* 

' Hence a Q {aP+y8)=2{a 2 -2<i> 1 ). [from (3). above. 

*• Similarly n 0 (f}y-\-a8)=‘2( a 2 —2<f> 2 ). 

and « 0 (ya + ^S)=2(fl 2 —2<^ s ). 

Thus 4(<£ 2 -<£ 3 ) = »n(a-£)(y- 8 )’) 

4(^3-^ 1 )= fl o(^“y)( a-S )’ ( A ) 

—^ 2 ) = o 0 (y—«)(^ —8)-< 

• Also a 0 8 (a-^) 2 (y-8) 2 (/3-y) 2 {a-8) 2 (y-a)2(^-S)* 

=256(I 3 —27J 2 ), 
which is the discriminant of the biquadratic. 

544. Geometrical significance of the algebraic 
solution of the biquadratic. 

Let the biquadratic be 

<V 4 + i* 3 +6a / -Ha 3 <+a 4 =0. ...(1) 

Consider the conics 

C=tfo 3 -’ 2 ~r 2a v vy -\-a 2 y z + 2a jX +2a 3 y+a 4 =o, ...(2) 

and i/ 2 =4ir. The latter conic, which is a parabola, is in the 
parametric form , 

• x=t\ y=2t . ...( 3 ) 

... • _ . » 

■ Now the parameters of the four points of intersection of (2) and 
(3) are the roots of the equation (1). 

The equation 

F=C-r^.(i/ 2 —4.r)=0, 

or a^ 2 + 2a x xy -f (fl 2 + <£ )*/ 2 -r - 2 (3 —2 <£ ).r -{- 2fl 3 */ -f- a 4 =0, ...(4) 
gives the pencil of conics whose base points are the intersections 
of €=0 and t/ 2 =4.t\ 

The system (4) will degenerate into a pair of straight lines for 
three values of <f) which are the roots of the equation 

\ | «0 a i a 2 2 ^ ' — 0 , 

' * . 

- ’ a l a 2~\-<i> 


which reduces to 


I 2 <f> fl 3 

= 0 . 


160 BIQUADRATIC EQUATIONS 

Comparing tliis equation with the equations in arts. 5’4 and 5*42, 
we see that this is the reducing cubic. . For any such value of <f>, 
F will break into two linear expressions in x, y, and when 
cc=i-, y = 2t are .substituted in F, the term y 2 -4x disappears, 
and F becomes C which takes the form of the quartic (1) and the 
two linear expressions in x, y become the quadratic factors of (1). 

5 45. Graphical solution of biqu¬ 
adratic. 

The preceding art. suggests the method. 
Two conics, in general position, intersect in 
four points, The attempt should therefore' 
be to construct two conics, the abscissae (or 
ordinates) of whose points of intersection 
are the roots of the given equation. The 
ingenuity lies in constructing the curves 
which can be easily drawn. Among the 
second degree curves, such curves are a 
circle and a parabola (given by the standard 
equation). 

Let the equation be 
x 4 -f 4a j 2 3 -f 6a 2 x 2 -|- 4a 3 v -f a 4 = 0, 
or x 2 -\-{x 2 -\-2a l x) 2 + (6u 2 -4a 2 -\)x 2 +4'i z x-\-a 4 = 0. 

Now take y=:x 2 -\-2a l x (i) as one of the curves ; the preceding 
equation then becomes 

z 2 -r y 2 + (6tf 2 -4a x 2 — 1 ){y - 2o x x ) -f 4a 3 x -f a 4 = 0, 
i.e.y x 2 -\ r y 2 -\-[3a 2 —4a l 2 —l)y-\-2{;za z —6a l a n -{-42f-\-a 1 )x-\-a x =0. 

The solution then depends on the parabola (i) and the circie 
(»)• 

5 46. Nature of the roots of the biquadratic * 

Let a [) x li -r4a l x 2 -\-Ga 2 x 2 -r4a :i x-4-a A — 0 be the equation, whose 
roots are x v x 2 , .r 3 . .r 4 ; and let z v z 2 , z 3 , z 4 . be the roots of the 
reduced equation z 4 -t 6H2 2 -f-4Gz-f-« 0 2 I — 3H 2 =0. 

Then {z t -z 2 ) 2 {z x -z 3 ) 2 {z x -z 4 )\z 2 -z 3 ) 2 (z 2 - z 4 ) 2 (z 3 -z 4 ) 2 
= a 0 l \x x - x 2 ) 2 (. x x —. x 3 Hx t . x 4 ) 2 (, x 2 —, x 3 )\x 2 - xj 2 (x 3 —, x 4 ) :2 

= 256 a^P-27 J 2 ) = 25C a 0 6 A- ...(0 

Suppose that z L =a- f-\//? 2 , z 2 -=a — \/fi 2 , 

Z 3 =—a+J*y 2 , Z 4 = —a — y/y 2 , 

then -~ 1 2 2 = — (2a 2 +)6 2 4- y 2 ) =CH, ...(») 

♦Iliikum Cliand : Journal of the Indian Mathematical Society, 
Vol. XVIII, No. 12, page 202. 



EXAMPLES 


1C1 


v 2 2 ^ 3 = 2 a (0 z -y 2 ) = —JG, 

W 3 ^=(a 2 -^) (a 2 —y 2 ) =« 0 2 I-3H 2 , 

and the relation (i) becomes 

16 /3 2 y 2 [(4a 2 -j5 2 -y 2 ) 2 ~ 4 ^ 2 y 1 = 2 ° 6 fl o 6 A- 
From (m) subtract Jth the square of (it), 

then’ . -2u 2 (j3 2 +y 2 ) - - W« 2 . 


...(in) 
.. (*») 


...(vi) 


Case I. When all the roots are complex, 0 2 <O, y 2 <0, a 2 ^0, 
then relation (v) shows that A > °* 

Case II. When all the roots are real and distinct, £ 2 >0, 
y 2 >0, a 2 ^0; then relation (u) shows that A>0, and {it) and 
(ui) show that H<0, a 0 2 I —12H 2 <0. 

Case III. When two roots are real and two complex, a 2 >0, 
j3 2 >0, y 2 <0; then relation (») shows that A<0- 

Case IV. ( a ) Two roots equal; then y 2 =0, 0 2 =£O; hence 
relation (u) gives /\—0. 

( b ) Three roots equal; then a 2 >0, y 2 =0; s 3 = s = 2 4 =—a, 

and/S 2 =4a 2 . From (it) a 2 =-H, and so from (ii>), 1 = 0, and 
since (u) gives I 3 —27 J 2 =0, J = 0. 

Consequently the conditions are 1=0, J=0. 

(c) When all the roots are equal a=0, /J=0, y = 0, 
hence H=0, G = 0; from ( iv ), 1=0 and from (u) J = 0. 

*{d) When there are two distinct pairs of equal roots, cither all 
the roots are real or they are all complex. In the first case, 
£=0=y, and a=£0. In the latter case, a = 0 and £ = y=£0. 

In both the cases, (ii) gives G=0, and ( vi) gives 

a 0 2 I=12H 2 . 

The conditions in (6), (c) and ( d) imply the relation A=°- 


EXAMPLES V (c) 


1. Solve a: 4 —8a: 3 -f 9a: 2 +8#—10=0. 

This equation can be written as 

(a: 2 -4a:) 2 =7a: 2 - Sx -f10, 

or (.•c 2 -4^+A) 2 =(7-f2x)2 2 -8.r(l + A)-b(10 + X 2 ). 

Choose A so that the right-hand side be a perfect square. 
This requires that 

16(l+A) 2 =(AM-dO)(2A+7), 
or ; 2A 3 -9A 2 -1W54=0. 

We may multiply the roots of this equation by 2 ; putting 
2 A=z, the equation becomes 

_ z 3 — 92 2 —242-f 216=0, 

which is satisfied by z=9, \—§. 
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The biquadratic then becomes 

(,r 2 - A x + S) 2 =16.C 2 ■- 44a- + 1 f I 

= (4.r—-V-) 2 , 

or x 2 — -hr -f S = ± (4#—-V-). 

The two quadratics are 

.t 2 —8^4-10 = 0, x 2 = 1. 

The roots are therefore +1, •i + v' 6 - 

2. Solve the equation x A — Sx 2 — 24,r-f-7=0. (P. V. 1031) 

Let «r 4 — 8x 2 —24eX+7=(x 2 -\-px i q)(x 2 -px-\-q'). 

Then q' -\-q—p 2 =—X, (0 

vW (*0 

qq' = 7. (Hi) 

570 

/. 28=-iqq' = (q+q , ) 2 -{q-q') 2 ={p 2 S) z -— 2 -' 

or / 3 — 16/ 2 +36/—576 = 0, where p 2 =t. 

Evidently p 2 =/=10. Taking p= 4, 
from (?) and (??) q’ = l, q= 7. Thus the two quadratics are 

.r 2 +4.r+7=0 and a 2 -4,r+l = 0. 
x= —2 + \/—3, 2 + y/S. 

3. Solve graphically the equation l r 4 +2a 3 — 7,v 2 — 8.r+12 —0. 
The equation can be written as 

(.r 2 + x) 2 +,r 2 - 9.r 2 - 8.r +12=0. 

Put y=x 2 +x, (?) 

. x 2 -(- y 2 —9(//—«r)—8.r +12=0 

or x 2 + ?/ 2 + x —9 ?y+12=0 (??) 

The roots of the equation are the 
abscissae of the intersections of (i) 
and (ii). The circle has its centre at 
( — U ii) anf l passes through (—3, 3). 

Writing the equation oflhe parabola 
as y + l=(x+$)\ the vertex of the 
parabola is (— i, — ])• (Scale 1 unit 
= 2 side of a square). The abscissae 
of the points of intersection are +1, 

2. -2, -3. 

4. Solve / 4 + 2* 3 -14Z 2 +8=0. 

Consider the parabola ?y 2 =4.r, 

x =/ 2 , y—2t. 

Writing the biquadratic as 

/ 4 -J-2/ 3 —4< 2 —10/ 2 +8=0, . 

it is seen that the biquadratic gives the parameters of the 
points of intersection of the above parabola and the conic 

C=.i’ 2 + xy—y 2 —1O.r+8=0. 
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103 


or 


The conic S=x*+xy—y 2 —lOx + 8+<f>(y 2 — 4.r)=0, 
v,x x 2 +xy+y 2 (<f>— 1)—2-z(5+2^)+8=0 

will degenerate if 8(<£ —1) —(<£ —1)(5+2<£) 2 —84 = 0, 
i.e., 4<£ 3 +10<£ 2 -3<£-15 = 0. 

<£ = -1. 

Thus S becomes 

x*+xy—%y 2 — 6.r+8=0, or (.r+2y—4)(a--y—2) = 0. 

The two quadratics are therefore 

Z 2 +42-4 = 0, * 2 —2*—2 = 0, 
which give *=~2±2 v /2, \±y/S. 

5. Solve the following equations :— 

(i) a 4 —2,r 2 +8.r—3=0. (P. C7. JW3) 

(ii) ,r 4 — 10,i’ 2 —20,r—16=0. (P. C/. 7.7/7) 

(iii) a; 4 — 5x 2 —6.t—5=0. (Queen's Coll., Or., P. U. 1935) 


( Trinity) 

(Queen's) 
(P. V. 1939) 
(Radford) 
(P. U. 1913) 
(P:U. 1933) 


(iv) ar l + 12.r—5=0 

(v) a’ 4 — 2x 2 +4.r 2 +6.r—21 = 0. 

(vi) x A - 10.r 3 +35.i- 2 -50.r + 24 = 0. 

(viil « 4 +3a; 3 —2* 2 —7a?+3=0. 

(viii) .t* —10 4 c 3 + 26j: 2 —-10j.’+1 = 0. 

(ix) 2.r 4 + 6a; 3 —3,r 2 +2 = 0. v _, 

6. Solve the equation .r 4 +12.c+3=0 by resolving it into its 

quadratic factors, (Queen's) 

7. Show that values of A, B ; a, b ; can be found which 
make A(.r + a) 4 +B( l r+6) 4 = l c 4 —24.r 2 —80.r — 84 for all values of x ; 
hence, or otherwise, find all the roots of the equation 

£ 4 —24.r 2 —80.e—84 = 0. 

8. Il the equation a; 4 +6a.t ,2 +45^+c=0 can be written in the 
form m(x— n) 4 — n(x— m) 4 =0, show that a 3 +b 2 =ac, and that m 
and n are the roots of the equation at 2 +bt—a 2 = 0. 

Solve the equation ,r 4 +12.c 2 +8.c+6=0. 

9. Prove that J vanishes for the equation 

m(x— n) 4 — n(x— m) 4 =0. 

10. Show that the condition, that the biquadratic may be 
capable of being put under the form 

l(x 2 +2px+q) 2 -\-m(x 2 +2px+q)+n=0, is that G= 0 . 

[Hint. The same transformation removes the second and the 
fourth coefficients.] 

11. If a, fl, y, 8 be the roots of the equation 

a.i’ 4 +46 l r 3 +6cir 2 + 4da;+e=0 ( 1 ) 

form the equation whose roots are 

(i) a/3 + yS, ay+j8S, aS + /3y; 

00 (a+^)( y + S), (a+y)(j8 + S), (a+8)(/3 + y) ; 

(m) (a+p-y-S)», (a+y-l 9-S)», (a+s-ji-y)*. 
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Suppose that a, /3; y, 8 ; are the roots of the quadratics 

x 1 —px + q =0 and x 2 —p'x+ g'=0. 

The given biquadratic is, therefore, identical with 

{x 2 —px-\-q){x 2 —p'x+q')=0. 

Identifying the given biquadratic (1) with (2),‘ 

~{P+P)= — ■ ?+?+PP=—-* 


a 


-(pq’+p'q)=j> qq'= e - 


Now 0 = 

. 

1 

1 

0 


1 

i 

0 


“P 

~P' 

0 


-p' 

-p 

0 


. ? 

q' 

0 


q' 

q 

0 


2 


“(P+P') 




-(p+p‘) 2 pp' -(pq’+p’q) 


i ?+<?' -ipq'+p’q) 

(i) Let t=af} + yS = q+q', 

/ Qc 

PP = - 1 


2 qq' 


a 


Substituting in (3), we obtain the equation 


46 
a 


7 2 ("-) 


t ■ 


\d 

a 


t 

4 d_ 
a 

2c 

a 


= 0, or 


2a 26 

26 \{6c-at) 

at 2d 


(ii) Let (a+£)(y+8)=?/, so that 2/=pp'. 

6c 

Substituting in (3), we get the equation 

l 2a 


26 


6c—ay 


26 

6c—ay 

ay/2 

2d 

2d 

2c 


= 0 , 


( 2 ) 


(») 


at =0, 


2d 


2c 


EXERCISES 


whose roots are (a-f-/3)(y-f- S)» and two similar expressions, 
(iii) Let 3=(a+/3-r-S) 2 =(i/-^) 2 =(p+^') 2 -4^ 

16ft 2 . , 

. . /16ft 2 \ 


, /166* \ 
•• PP'^sr-*) 


also 


, 6c , 

q+q'= - - PP 


6c /16o* v 

-T“‘U J -j 

6ac—4ft 2 . 

—sr- +iz - 

Substituting in (3) again, we get the equation 

4 ft 6ac—4ft 2 . 

2 T- —^— + 1 


—4 ft 




6ac—4ft 2 


+ 1* 


4 <Z 


CHAPTER VI 


EI-EMENTARY INEQUALITIES 


...(• 101 ) 

...(• 10 * 2 ) 

...(*103) 


The present chapter deals with elementary inequalities, some 
of which are of fundamental importance in various branches 
of the subject. 

61. If a>b, then 

(i) a+x>b+,v, a—x>b—x 

(ii) —a<—b 

(iii) ma>mb , —ma< —mb, when ?n>0. 

Proof, (i) 7 (a+x) — (b+x) = a — b>0, 

a-\-x>b+x, 

The second result follows similarly. 

(ii) Take x~a-\-b in the second part of (i) 

(iii) 7 ma—mb=m(a—b )>0 

if m >0 for o>b, 
ma>mb. 

The second result follows from the fact that 

— m(a — b)<0, if m> 0. 

The student will note that if an inequality be multiplied or 
divided by a negative number, the sign of the inequality is 
reversed. 

Thus while an inequality continues to hold after each side has 
been increased or decreased by any quantity, positive oi 
negative, it holds after multiplication or division only when 
the multiplying or the dividing factor is positive. In case o 

its being negative, the inequality is reversed. 

Ex. 1. If a, b,c be any real quantities, not all equal, prove 

that 

a 2 _p fj2 _|_ c 2 > a I _j_ be -f ca . 

What happens when they are all equal ? 

Ex. 2. If a and b be any two positive unequal numbers, 
prove that 

a+b ,—r 

— >Vab. 

611. If <(,> 02 , fl 2 >« 3 .then a,>a, • t' 111 ) 

Now <l x — a n z=[q l — ^2) -f-(^2 — ' 7 3 ) +.+ ( a n-l a n)> > 

lor each term on the right is positive. 
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6-12. If «„ h ; a„ b 2 b n are all positive, and 

ai >b„ a t >b t a*>b n , then ( . ]21) 

G 1 a 2 ......G n >^ 1^2.' 

Proof. + 

>&l + ^> + a 2 + *“'^ a ’* 

>^1+^2+.+ 

.\ a 1 +«2+---+ r/ »>> 6 i + 6 2+--*.+ *'»* 

To prove (122), we note that 

a x a 2 a z . a n >b l a z a z ......a n a 2 a z ...a n >0 

\ h Ik ft - /I „ * * U fid A • • • U 41 0 


. 

6’13. If a>&>0, and >i is a positive rational, then 

a n >b n . ...(’13) 

Proof. Case (t). IFAfn n « a positive integer . 

The result follows from (*122) when 

« 1= a 2 =. =a n =a, b l =b 2 — . b n —b. 

Case {ii), Let ?i be a positive rational, 

then n=p!q , p>0, 7>0. 

.1 i . 

In the first place o ' 1 >b'^ . 

For, if not, let a q 

* 


then 


tiY&Y. 


i.e.y a^b, 

which contradicts the condition a>b ; 


[by case (i)] 


Hence (a*) >G*) , 

or a n >b n 

We have incidentally proved that 

ii- 


[by case (i)] 
V n=p/q 


if a>b, a" >b n when n>0. 

In this case it is assumed that the real positive value of the 
nth root is taken. Similarly the real positive value of the 7th 
root is taken in the proof of Case (ii). 

6’ 131 . If a>b, and n is a negative rational, then 

a n <b n ...(-131) 

Let n== —m, so that m>0 ; by (6-13) a m >b m . Dividing by 
a m b m , which is positive, b- m >a~ m y i.e. t b">a n t or a n <b n . 
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62. Weirstrass’ Inequalities. If a v a 2 ,...a n are positive 

numbers less than unity, and fl 1 4-«2+*--+ a n=^n* then 

l-s»<(l-fli)(l-a 2 ). . (1—a»)<.-x—> ('21) 

1 r*n 

l+ 5 „<(l+a 1 )(l+rt 2 ).(1 +«n) < ——«’ (-22) 

A s n 

where, in the last inequality, it is supposed that $ n <l. 

Proof: ( 1 —flj)(l -a 2 ) = \-{a 1 -\-a 2 )-^a 1 a 2 

>l-K+« 2 ), (») 

(1 -Qi)(l -o 2 )(l-« 3 )> 11 -(fli+fl 2 ) I (1 —a 3 ) 

>l-(a 1 +a 2 +a 3 ). [by (*)] 

Continuing this process, we prove that 

(l-fli)(l-o 2 ).(l-a n )>l- 5 n . 

Again, (1 +flj)(l +fl 2 ) = l + (tf!+a 2 ) +a x a 2 

>l+( a i+0 2 )» 

(H’ fl i)(l f« 2 )(l+« 3 )>{l+(a 1 +fl 2 )Kl+« 3 ) 

>l+(«l + ^2 + fl 3 )‘ 

Proceeding in this way, we get 

( 14 -fli)(l -j-« 2 ).(l+^n)>l+ 5 n- 

Now 1 —flj 2 <l, l—a 1 <—^— and l+«i<f— 

l—a l 

hence 

1 1 

(l-Oi)(l-«2>.(l-a„)< ( 1+ai )( 1+aj )...(i+a B ) < l+s„ 

This proves the first part of the inequality. 

Similarly, l+«,<(l+«i)(l+fl > ).(!+««) 

_1_ < 1 . 

( 1 — o 1 )(I —a 2 )...(l —a„) 1 s n 

This establishes the second part of the inequality. 

Ex. 1 . If n is a positive integer, and 0 <fl<l, prove without 

assuming the above formulas that 

(i ) i _„ a<( i— a ). <r i_. 

(ii) l+na<(l+a)"< r ^- 
In (ii) na< 1. 

Ex. 2. If n is a positive integer, and H-.r >0 
(excluding x= 0), prove that (1 -f;r) n >l+w.r. 








THE THEOREM OF THE MEANS 


ICO 


6*3. The theorem of the arithmetic, geometric 
and harmonic means. 

Let a v a 2 , .. a n be n positive numbers ; put 

A = — + .+ fl n), 


n 


G=(a 1 a 2 .fl„)", 


1 1 . . 1 


a 


a 


a 


n 


then A is called the arithmetic mean, G the geometric mean, and 
H the harmonic mean of a v a a ., a n . 

To prove that A>G>H, unless all the a's are equal. 

We shall first prove that A>G. 

Obviously, a 1 a 2 =(^——J g -2 ) < ( ' 2 ~ 

It follows that 


i a i a 2)( a 3 °*)< 


a i+M 2 /°3+a4 



)<c 


2 < /' a i+ fl i+ fl 3 + «4\ 4 ; 


a 1 a 2 


2 / \ 2 / \ 4 

there will be a sign of equality if a 1 =a 2 =a 3 =a 4 . 

Repeating the argument m times, we have 

-*-—-j » whenn=2 w , 

the sign of equality holding only when all the a's are equal. 

Next, let n be not of the form 2 m , and suppose m is the least 
integer such that 2 m >n. Let 2*»=n+A: and let the k numbers 

from a n+1 to a 2 „ t be all equal to - 1 —' +g " > i.e. A ; then by 
the above theorem, 

.g^.. a » . +”»+. 


2 » 


r. 


or 


«A. ,a„^ k < ( j 2 

f nA+kA~\ 2 m 
2 m 


m 


L 


J 


=A a 


2m—fc 


...( 6 ) 


« 1^2 . On <A =LA n . 

A>G , when all the a’s are not equal. 

w ^u° n< *4.? r00 ^ , In , view of the ira P° rt ance of the theorem 
we add another proof depending on 1 different considerations. 
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Let a 1 be the greatest and a 2 the least a in the set of numbers 
then 

na 1 >a l -ffl 2 + a n >na 2 , .\ a 1 >A>a 2 . 

Consider the set 

A, («i +a^A), a 3 , . a n . 

The arithmetic mean of this set is A ; and the geometric 
mean is 

[■ A(a 1 +a 2 -A)o 2 . 

1 

which is >(«1«2°3. “n) n > 

if A{a 1 +a 2 —A)>a 1 a 2 , 

or if 0 >{A-a l ){A-a i ), 

which is true, since the right-hand side is negative, for 
a 1 >A>a 2 . Thus the effect of the above change is to keep the 
value of A intact, and to increase the value of the geometric 
mean. 

Repeating the above argument, we replace every number 
by A. and at the most n repetitions will be necessary. Finally, 
we have a set of n numbers each equal to A, of which the 
geometric mean is greater than G. But the geometric mean of a 
set of n numbers, each equal to A, is A. Hence 

A>G. , ...((>) 

Proof of the second part of the theorem. By the 

above theorem 


1 / 1 1 , ' 1 \ / 1 1 1 \h 

nVflj a 2 a„J Vflj o 2 a n /, 


i.c., 


i>i' OT G>H ■ 


6 31 . If a v a 2 ,...a n be n positive numbers and p v p 2 ...p n 
another-set-of rational numbers, then 

l 


p„ 


M* ^ a /*..- (-3H) 

P\ J rPi J r-“'\'Vn ^ ' 

As we are concerned with the ratios of p 1 :p 2 ...•••» and not 
with their actual values, we may replace p v p 2 ,...by integers 
q v 7 2 ,...proportional to them, i.e., 


Pi _ P 2 _ _Pn _y>. 
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Making the substitution, the above inequality becomes 

?l+?2+- + ?n «2 / 

This is only a particular case of Article 6*3 when </ a numbers arc 
equal to a a , q 2 e q ua ^ to a 2 , an< ^ s0 on * 

6 *4- U a v a 2 are positive numbers (including zero), and p, (j, 
are positive integers , then 

«!»*- ^ ^ , (* 401 ) 

qi Pt<?+r+ - q-fl 8 P-frg4-r+-- ^ /fljP + OgP + ^ fli r + fl g r ^,,.(>402) 


V + °2 P 


i “T ^ ^ 


(* 403 ) 


- ^ 

2 V 2 

Proof. Since a^-atf have the same sign, or each 

of them is equal to zero, 

(Ojp— aj){a{i— a a «) £0, 

2(a 1 P+«+fl 2 p ‘ K )^ a 1 p+ ' / + a 2 p+ ‘H-«i , 'fla' / +«i' 7 fl2 P ’ 
i.e., >{a l v-\-a'P){a 1 <i+af). 


Hence 


qi P+g + fl a P^ g 1 f, + fl2 P g l g + g 2 f/ . 


2 


fl 1 p + < '+ r +a 2 P+« +r ^fl 1 p +«+a 2 p +« a 1 r -ffl a r 
rain - ^ ^ « 


Agan 


a a p -Hg p . gi 7 +Q 2 g . g i r _+<V 

^ 2 2 * 2' * 


By repeated application of this formula, we get the formula 
(• 402 ). 

Putting p=q=r=...=l, in (* 402 ), we obtain (’ 403 ). 

6*41. Generalizatton to n numbers. If «i, a r ..denote 

n positive numbers including zero , and p, q,...positive integers , 

fliP-H + g t pH.|- i . >+ fl t iPH > Q 1 p -}-a 2 p + ...+gn p . g i q + g a <? +...+g» q 

n ' n n 

Proof. As a a p —a 2 p , af—af have the same sign, • 

(0i»——«,«)> 0, . 

or a 1 p +«+G 1 P+«^a 1 Pn J fl-l- qi , 3a 2 p . 
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We write down the ”C 2 such inequalities obtained by taking 
all the combinations of the numbers a v a 2 ,... . Adding them, 
we have 

(n—1 ^ la^a 8 «. 

But =VfljP _ v^jP+'Z. 

n2a 1 P+ ( i^2a 1 *'Ea 1 i, 


or &*** [&’){&')' 

We may generalize this further, and have 


(*411) 


l-°s + * T > ) G^*') 


> iWHS 




Thus 


1 


Vfl 1 />+7+ f + 


n - ••>(^ , )(n- a ‘ , )(n- a ‘ r )- " ( ' 412) 

In particular, putting p=q=r... = 1 , in (-412), 

(n- a * ) ? ( ' 413) 

The sign of the inequality in (-411) will change if p and q are 
of opposite signs. An interesting particular case of (-411) is 
when q=—p » then 

(n“ a * P ) G- a *~*) ? 

or ^ n 2 ('414) 

EXAMPLES VI (a) 

1 If a , b , c are positive and a-J- 6 ^c, prove that 

a b 

i + a "^1+6 > l+c 

2 If A’, */, 2 are rea ^’ s ^ ow ^ at „ „ 

iC 4 q_ ^ + 2 4 > ?/ 2 2 2 + 2 2 a 2 + x 2 y 2 . 

3 If a, 6 , c be positive numbers, not all equal, prove that 

(j) a 3 + 6 3 + c 3 >3u6c. 

(ii) a ±H?>(abc)K or (a+b+c)>>2~abc^ 

3 

4 . Prove that if a, b, c be positive, 

(.b + c)(c+a)(a + b)^8abc. 

[Hint. a+b'£2 y /ab , etc.] 
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5. Prove- that according as b > a, if r be posi- 

f) + x f <. tr -_ 

tive; or according as a < 6 , if a; be negative. 

6 . Prove that is nearer to 1 than |, x being positive. 

Hint. Show that -1 ) > (^ _1 ) ]' 

7. If a 2 + 6 2 =l and x 2 +y 2 = 1, show that ax+by<l. 

Hence show that all points on the circle £ 2 4 -?/ 2 =l, lie on the 
same side of the line <za:-f by— 1 = 0 . 

8 . Show that a A -\-b*>a 3 b-\-b 3 a. 

Sol. There is no loss of generality if we suppose a>b. 

r. a 3 >b 3 , or a 3 (a—b)>b 3 (a—b). 

9. If x , y, z be positive numbers, show that 

{x -f y + z){yz + zx+x y) > 9xyz , 
unless x , y , z are all equal. 

[Hint. UseA>G>H.] 

10 . If m > n, prove that a m +a~ m > a n -\-a~ n . 

[Hint. a m —a n and 1— a~ m ~ n have the same sign, and the 
product is positive for all real values of a.] 

11. Prove that, if a’s and b's be real, 

(<*i 2 +a* 2 )(V+V) > 

the sign of equality holding when 

12 . b 2 c 2 -\-c 2 a 2 -\-a 2 b 2 ^ abc(a -\-b-{-c). 

13. If a > b, prove that a a b h > a h b a . 

[Hint. ( a/b) a > ( a/b) h .] 

14. Show that a 4 -f-i 4 d-c 4 -J-d 4 ^4ai)cd, where a , b , c, d are 
positive numbers. 

15. Prove that, if a, b, c be positive, • 

6 c( 6 +c)+ca(a+c)-fa 6 (a-}- 6 ) > Gabc. 

[Hint. The inequality may be written as 

a(b—c) 2 +b(c—a) 2 +c(a~b) 2 ^ 0 .] 

' 16* If x , y, z be positive numbers, not all equal, show that 
„ (* + »+*)* > 27(y+z-x)(z+x-y)(x+y-z). 

17. It A be the area and 25 the sum of the three sides of a 

triangle, prove that A ^ 


v 3 v /3 

Sol. («— a)+(s-b)-{-(s—c)=s. 


'• (-f) > [(*-«)(*-&)(*-e)]t 


(A>G) 
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• • 


27 > ( s ~- a )(s~b){s-c), 


or 3 V 3 > v / ^ Z «)(-5-6)(5-cT=A. 

18. If .r, ?/, 2 are positive numbers such that x-\-y +z=l, then 

xhjz cannot be greater than [Math. Trip. 1935] 

19. Prove that (l r +2 r +... + n r ) n > n n (n\) r 

20 . Show that — 1 +- 2 H-h^-^4 —>w. 

a 2 a 3 fl n 


Hint. 


\( a .i 

n\a 2 a i ' \tf-> ^3 a \ I 


V U* uvxxj KJ XUV4 UU/ilUJ • 

two sets of real numbers, then 

IV 2V £ (1'aA) 2 - 

First Droof. 



C5) 



In the latter case ~ = —= — and the sign of inequality in (\5) 

^1 ^2 ^3 

holds. The Theorem can obviously be generalised from the identity 

(I'fli bi) 2 =^ai 2 Ib^—lia^—aj)^ 2 . 

Second Proof. For every real value of a, 

T (Afli+&i) 2 sAA 2 +2AB+C^0, . 

where Asl'flj 2 , BsVa^ 2 , and CesSV- 

The sign of equality will hold only if, for every /(= 1, 2,...n), 

• b\ bn b n 

A<Ji+ii=0, ! .c„ -=-=•••= -=-,\. 

In this case, obviously the sign of equality in (-5) also holds. 
As seen above, for every other real value of A. 

Aa 2 +2aB4-B>0, 

or f [(A,\+B) a +AC—B 2 ]>0. 

A is+ve, and this is to be true for all real values of A, 

AC > B 2 . 
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(•511) 

set. As 


(•512) 


Ex. Prove, without using the formula, that 

(a 2 + b°~4 -c 2 ) {x 2 -{- if +: 2 ) > {ax+by -f cz)\ 

6’51. Ifa 1 ,a 2 ...,a n ,andb l b 2 ,...,b n arelwoscls of positive 
numbers, both arranged cither in descending , or ascending order of 
magnitude, then 

i &1 > (£ - fl l)(n ^l) 

Illustration. Let us take three numbers in each 

have the same sign, 

or a i^ 2 "i~ a 2 ^i* 

Similarly o 2 b 2 -\-a 2 b s ^a 2 b 3 -\-a 2 b 2 . 

Adding, 2Za l b l =2a 1 b i =2a l '*b l -'z4b lt 

Proof. If we write down n C 2 =ln(n — 1) inequalities of the type 
(•512) which can be formed with the numbers a v a 2 ... t a n and 
the corresponding numbers b v b 2 and add them up, wc get 

(n-lJva^lVV {p=t=q) 

Now '^a p b, l ='^a l . 

Hence (n — 1) ^ la l vb 1 —^a 1 b l , 

or n'S,a 1 b 1 '^^a v ^b v 

The sign of the inequality will change if one set is in ascending 
order and the other in descending order. As a particular case, il 
a 1 , a 2 ...a n be in ascending order, 

the set -» —is in descending order, and l'o, v—>n 2 (’513) 
”1 °2 a » 4 ~a x ' v ’ 

6 ’6. If x is any positive number different from unity, and p 
and q are positive rationals , then 1 


x p—l xl —1 

->-» when /?> q. 


P Q 
Let m be a positive integer, then 

•? m+1 -l x m -— 1 ,r— 1 

"s+i ^r = s+i [ ®”+*"" 1 +-+ 1 ] 


(•601) 




a?—1 


S5P p i j[lMP-(«^-l+«--»+... + l)] 
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.1 — 1 

1 ) 


> 0 , 


[(# W —a? w “!) -j- (x m —.T m ' 2 ) +... -f (it? m _ i)] 
[x m ~ 1 +x m -*(x+ l)-f... 

+(*"- 1 +*"- t +...+l)] 


for each term within the brackets is positive and (x— l) 2 /m(m+l) 
is also positive. Thus if n and m are positive integers, and n>m 
and yzfcl, then 

y n -i y' n - 1 . 


n 


m 


X 

Now put y—x a , p=n/a, q=m/a t a being a 
the above inequality then becomes 

xP-l xl -1 

->-» 

V <1 


positive integer; 
p>q, x=fzl, 


and the theorem is proved. 

6'61- If % and y are positive unequal numbers and p is any 

rational number except 1, then 

pxP-\x—y) >xP-y>’>pyP- 1 {x-y), (01 1 ) 

unless 0<p<l, in which case 

pxP- 1 {x-y)<xP-yP<pyP- 1 {x-y). (-012) 

Proof. In (-001), put q= 1, and replace x by x/y, we get 

xP-if^pyP-^x-y), according as p> 1. 

In this relation interchange x and y, (-013) 

yP-x"ffpxP- l {y-x) p< 1, 

xP-yP^pxP-Hx-y) p < 1. 


then 

or 


Thus pxP-Hx-y)>.vP-yP>pf-^-y) if P>\ 

and px P-'(x-y)<x r -lP<PlP ( x ~y)' > f0 </ ;<1 - 

Now in (-614), put p=q + l, where ?>0, 

then (7+1) ^(,r-;/)<^ +1 -?/' +1 - 

In this relation replace x and y by .r' 1 , 2T 1 respectively, 

en (q+\)x~ q (x~ l —y~ l ) > J/" 5 ; 1 , 

qx’*- 1 —qx- q y- l >x-iy 


(• 614 ) 


then 
or 
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This is the first part of (-611), when -q (<0) is put equal to 

p. To prove the second part of (-611) for p<0, interchange x 

and y in the first part; 

then py r -Hy-x) > f-* r - 

xP — y P >py P ~ l (z — yb 

This completes the proof of the inequality. 

6-02. In the inequalities (-611) and (-C12), put y=l; we have 

thCn VT 1> 1 (x—\)>xP—l>p{x— 1 ), ifp>l or < 0 , (*C 21 ) 

and pxP- 1 {x-l)<xP-l<p{x-l), if 0<p<l, (.?=£!)• (*C22) 

If in the second part of the inequalities x be replaced by 

l+j, the inequalities become 

(l-\-x)P>l+px, if p> 1 or <0; ( , G22) 

(l+j?)P< 1 +px, if 0<p<l, (a?=£0). (-G23) 

Changing x to —x, we have 

( 1 — a’V>l— px, if />> 1 or <0 ; (6*24) 

( 1 — ir)P<l— pXy if 0 < p<l. ( G *‘- 5 ) 

0*6 3 . Jfa v a 2 , . a n , be n positive numbers which ore not 

all equal and p is any rational, except 0 and 1 , then 

ap 1 -j-fljP.-f - ~ra n p > P i> f*(ifti) 

tT < L n J 

according as p does not, or does, lie between 0 and 1. 

Let b v b 2 ,...,b n be a set of n numbers such that &!+&»+•••+&n 
• =n. Then 

«i = « 2= . = Ojt _^a 1 

b 2 b n n 

Substituting for a’s in the left-hand side of the inequality 

(•631), we see that we have to prove b-f+bj 4-.-fb n p ^ n > 

according as p does not, or does, lie between 0 and 1 . 

Now from ('621) and (’622) 

x p -p{x— 1 ), 

according as p does not, or does,''lie between 0 and 1 . 

Replacing x by b v b 2 , . ,b n , respectively, and adding we get 

vjqp— p(lb l —n)=0. [From assumption 

2b 1 p >n, if p>l, or p<0. 

'and 'Zb 1 *<n, ^ 0 <p<l, 

This completes the proof. 


(• 631 ) 
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6*64. If a v a 2 ,..,...a n ; p v p 2 , . are two sets of n 

rationals, and those of the first set arc not all equal, then 

Pl a l P ~J~ Pi a 2 P .~i~ Pn a n p > / Pi a i~\-P 2 a 2 '^ "~\~Pn a n \P 

Pl+P2+-y“-\-Pn <\ Pl+P2+---+Pn ) ’ 

according as p, which is rational, does not, or does lie between 0 
and 1. 


Let q v q , 

P_1 =Pl=...: 

7l 72 


....q n be positive integers, such that 
^ * and q l -\-q 2 +...+ g n = m, the inequality becomes 


7iV + 72 g 2 P + ... +q n a n p > 

m < 


^7l^l + ...+7 n q n y 


and this is a particular ease of (*631) when q l a’s are equal to 
a v q 2 to a 2 , and so on; 


6*7. Applications to maxima and minima. 

(a) If x, y. z,...w are n positive variables such that .i’+ 2 /+z-f... 
...+w=A', (a constant), xyz...w has the maximum value when 
x—y=z . =w. 

From (6 -3) *+*±£±-.^±1% {xyz ... w £ 

The sign of equality holds when x—y=...—w. Thus the 
maximum value of 


(xyz...w) 



or that of xyz...w= 



( b) If xyz...w—c, then x+y-\-z...+w is least if x=y=...=w. 
It also follows from (6*3) that A=G if x=y=...=w, and in 
general, A>G. Thus the least value of A is G when 
x=y = .=w. 


(c) If x, y, z . w. are positive variables and p, q, r, 

positive constants such that 2 px=k , then x*y*...\ 


are 


' ~ UIIU y y y i j . . . * • •- 

Zpx=k, then a^t/L.-has the 
maximum value when x=y=...=^ 

(d) If a?, y , z,... are positive variables and p, q,... are positive 
constants such that a p q'‘. .. = A\ then 1 'px has a maximum value 


L-P 

when x=y—z=...—K 
These follow from (6*31). 

(e) If x*+y pJ r . -\-w p =k, then according as p does not or 

does lie between 0 and 1, the greatest or the least value of 
.-j- w occurs, when x=y—z . =w. This follows 

from (6*63). 
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EXAMPLES VI (b) 

'All the numbers involved in the following examples are positive 
rationals, unless otherwise stated. 

If a , b , c, are all positive, prove that 

1. (, a -\-b-c)'+{b + c-a) 2 + {c+a-b) 2 >bc + ca+ab. 

2. a ( a-b)(a-c)+b (b-c){b-a) + c {c-a){c-b)> 0. 

[If both sides of an inequality are symmetric functions of 

a v Go. a n , there is no loss of generality in assuming 

a l ^a 2 ^a 3 . ^a n . Here suppose a>b>c. Thus, 

a (a—b)(a—c) >b ( b~c)(a—b ) and c (c-a)(c—b)> 0]. 

3. n 3 +6 3 +c 3 -}-3fl6c>a 2 (/;+c) l-b 2 (c+a)-\- c 2 (a-\-b). 

4. a n (a-b)(a-c) + b n (b-c)(b-a) + c n (c-a)(c-b)>0, when 
n^O or < — 1. 

5. If a and b are real, then 

(a 2 +b 2 +l) 2 z(a 2 -{-b) 2 +(b 2 +a) 2 +l. 

6. Prove that 


1 - 


l+«i 


1 — 


l+«: 


- —) 

!+*»' 


>1_( ], 
Vl+fll l+«2 

where a v a 2 ,. a n are unequal positive quantities. 

7. If x, y, z are positive numbers, such that x+y- fs=i, 

then a*jy3 cannot be greater, than (Math. Tripos, 1935) 

8. If .r, t/, s are positive quantities, such that x+y+ 3=1 ; 

0 

prove that (i) ——+——h 
* 2-.r 2-y T 2-3 5 

(if) x 2 y 2 z < (St. Catherine , 7.937) 

9. If a, b, c, d are positive numbers such thata-fiM c-f- <7—3$, 
prove that abcd> 81 (s-a)($-&)(s-c)( 5 -d). 

Sol. a= (S ~ jl) -±!- ~ c)+ ( - ~ d) > [(*-6)(*-c)(*-d)] i , with 

three more similar relations. On multiplying we get the result. 

10. If a, b, c , are positive, prove that 

-L.4-J_ +J_v> 9 

b-\-c c-}-a a-\-b ^ a-\-b~\-c 
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Sol. Put a+b-rc=$, then the inequality to* be proved 


becomes 


, ±-+_L > » 

s—(i s—b s _ c ^ 2 


Now A ~ -f- 1 

ls-a s-b ,-cJ 


[(s-a)(s-b)(s-c)fi 

[(s-a)(s-6)(s-c)]* 


and l“irV+—+-H- _ 

L 5 s s J 5 

Multiplying the two relations, 

2 r s s ^ q. , 

®L*-° ' 

11. If a, b, c y d are positive numbers, prove that 


r—— ,+ 


+ 


;~r+ 


16 


12 . 


b+c+d c+d+a d-\-a-\-b' a-{-b+c'a+b-\-c+d 

If 5=fl 1 +a a -f-.-f tf„, show that 

s 


— + -^- + 
s—a, s—a. 


s—a n n—l 


a v a 2 ».being unequal positive numbers. 

13. If a, b, c be unequal positive numbers, such that the sum 
of any two is greater than the third, show that 

1.1 1 9 


+ 


> - 


b + c—a ' c-fa — b+a+b—c" a-\-b-\-c 
[Hint. Put a+b+c=2s.] 

14. If a lt 0 2 ,. a n are unequal positive numbers such that 

a i 4 + fl n = («-1)^, prove that 

(j) a i “n>{n- 1)" (5-rt 1 )(5-a 2 )......(5-fl n )» 

(ii) (n —l)V>n" a 1 a 2 ......a n . 

15. If a. b, c, d be in H. P. then a-\-d>b+c. 

16. If a, b , c be in H. P. and n> 1, then a n -\-c n >2b n . 

17. If a, b, c be in H.. P, then 


‘ + *+,*±*.>4. 


2 a—&'2c —b 

Prove that 

18. (n + l) n >2"(w !), n being a positive integer. 

( 77171 4- 1 \ w*fl 

—-) >n m , m being a positive integer. 

m+1 / 

[Hint: Apply 6‘3 to n, n, n . n , 1.] 


(Pembroke) 
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If n is a positive integer, prove that 

20 . 21 ' !)3<n " i 


- n±l\ 2n 
2 


M- 1 


22 . a i — b«>n(a—b)(ab)~t~' <«' 

23 ‘ }„ a *~ az) . 

v^l Uni ,i l ,,ni L»/W'>2d w 

24 f If X a +y= T’ b P 2 r0Ve are two s<*s of positive numbers, prove 
that 




25. (fl 1 6 1 -h rt 2^2+ fl 3^3+---^' an ^ n H b 1 ^b 2 ^ b n 

/ fl i . fl 2 . - a ”). + ...+ —)^n 2 . 

26. (r-+f + - T |.J' (7ifl 2 ° nI 

If a, b, l c are positive real numbers, prove that 

27. (a-\-b + c){a--\-b 2 +c 2 )'2$abc. 

23 a 4+b*4-c i >abc (a + b+c). 

Ill 1 1 1 


29. - + £+r> 


+ 


a^b^c * y/be V ca V a & 

30 Prove that a*+b>+c>+d^abcd (a+b+c+d), 
a, b , c, d being positive numbers. 

31. If a„ are positive numbers prove that 

( , i .+i + „ s »+r+...+o„’'+ 1 >a,u s ...a„(ai+ a a+..-+ a »b 

/ ^ “1” y 2 x +v+ 3r T*uV* z 

32. Show that ^ >** * 

3 ^ m if a and 6 are^ positive and a4 k=L show tlmt 

[Solution, , i.e., and 4 ^ 

Now (<*+*) +(*+&) =fl2 + 62+ a 2 + ft 2 _r4 

. . 't 


=(a+6) a -2afc+^t^jp—+f- 2«i> + fl2i)2 ab +°- 


\ 2 


Thus we have to prove that 

4* 9 , or that (i —1 ^ > 9 - 

a 2 b 2 a5 \ab . 
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Now 


• • 


1 ^ /I 2 

«P 4 ’ l ab^)>^ 

34. If a+b= 4, and a and b are positive, show that 

1 1 




35. Prove that 


2^/n+l 


< 1 ii r. 1 


(Selwyn 1928) 

1 


[Let u n = l . I .. \ u. < § . | . 


y/2n + \ 


2/i 


Multiplying, u 2 < 


1 


2n+l 


2/z + l 


, or u n < 


V?n+1 


Also (2/z-f l)«,=i . (2n-|-1) 


.* 


• » • 


*s 4 

^ • 5 


2n 


2/z-j-l 
4 '" 2n 
2n + 2 

2n+2 


• • • 


Multiplication gives 

(2n-f-l) 2 u 2 > (n+1), or u 2 > 

1 


n + 1 


Hence w„< 


_(2n-fl) 2 

and m > >-1 


\/2n+l 2n+l 2^/n-fl 

36. Prove that if n be a positive integer, 

w n > 1 . 3 . 5.(2/i — 1) > (2n-l)i 

and that (1 + £)(1 + *).( 1 + ^) < (2n+l). [King’s 1931) 

37. Show that 2(a 2 +b 2 +c 2 )(a+b+c) > a 2 +b 3 +c*+15abc, 
if a, b , c are unequal positive quantities. 

[Hint. 2 i'<z 2 va —!'a 3 —15 abc=^.a(^a 2 —?.bc)+2Za{b— c) 2 >0.] 

38. Show that if n be a positive integer, 

(n+l) 2, Hi<n*(n+2)*+i. % 

[In the second part of (-621) put 

39. If a , b, c are positive and a-\-b-\-c = 1, then 


8 

27 a be 


> 


■ l -') <i-o(hk 


g 

[Hint. v(l-«) = 2, by (63), (l-a)(l-fc)(l-c)<^- 
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Again (i-Oft-OG-" 1 )* 8 * imP ' ieS ^ 

which follows from (-413), when p= 1, or from ('513).] 


11 1 
a s +b* /a+b ' 5 
40. Prove that ——— > ( 2 


41. If a and b are unequal, and p and q are two numbers, such 


that *+- = !» then 

V 9 


a 


J 1 , 

P L'l ^ , 

b <-+-• 

pq 


a l 

[If <»(*-!). ('«22). Put.i’= 6 , m ~p 


, fl p' 1 a-6 1« ,, 1 __1 a , 1 

the » Vp- r + 1 = i»i + 1 _ /»-pi. + -/ 

b" 

l 1 , 

V-,at 


!=i-! 

7 v 


Hence 


V* * «l u t/ | 

a 6 <- + - 

p q J 


A’ 5 ' </ 1 

42. Prove that .£*/< — -f- 


43; If fli, a 2 » b v b 2 are positive numbers, then 

a l 6i+a 2 6 2 <(a 1 p -ba2 ,, ) < ’ (V+^2 C ) v > 

where p and q are positive numbers such that ^4- - =1. 
[In Ex. 42, replace x and y by 


a 




-- and 


a 




{af+afy (V+M« (fliP+a 2 p ) p (V+W 

respectively. 

a \bi ^ 1 «i p 1 V ^2^2 ^ 1 o/ I ^2 q , 

•** AB ^ ji A7 B<i ’ AB S A p + q B'l 

where A=(a 1 p +a 2 p )l, B=(6 1 «+^ q )' • Addition gives 


aibi+a 2 & 2 

AB " 


] 
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44. If p and q are positive such that i+|=I, and a v a,,...a, 
b v b 2 ,...b n are two sets of positive numbers, then 

a J>i+ a J>*+-+a n b n ^ Kp+« 2 p+...+G n p)r (V+V + ...+&„«)}". 

[Hint. Proceed as in Ex. 43.; or as follows 
Let S = lVn 1 V=Up, IV=Vp, then by Ex. 41 

«A = Afl 1 .\' 1 6 1 <A p Adding n such inequalities, 

A 7 ' \~ q * 

U.+- V. Choose A'so that A p L t p=a _ «V«=* ; 

Q+^)-° r s ^- 

But t=tp . K =aU.a 1 V=UV. Hence S<UV.] 

45. If x v x 2 ,...x n are positive numbers such that S*r=w, 

prove that 'x m 2n if ro>l. [Use’C21J 

46. 11 a v a 2 ,...a n are all positive and tf n —fl 1 +fl 8 + — +fl n » 

then (l+fl 1 )(l + fl a )...(lH-flJ^l+« u +5L*+...+f-“. 

* i n 


s.. n 


[Let U l -l+« + ^ ] + ... + -" l -(i + fll )(i +fl2 )... ( i +flii ). 


,c 2 o2 qd- 1 »n -1 o n 

TT _T T —(o _o \J_*n 5 n-l I I *n S n- 1 , S 

U ‘> U n 1 — V 6 n “n~l/ I -- JZ -7T7-+ 


But 5 ( r ,-^- 1 >/- o„C-l by (-611). 
U,-U n , , . • 


(n—J) ! ~n ! 
-a n (l+a 1 )...(l+a n - 1 ) 


20n > 1 +*»-> +Tf+-+ ? ^ T -( I+«i)...(1 + ^-i) 

• Un-LVjXi,, UVj, or'U n >(l+fl n )U n - 1 ; thus if U n .!>0 

o 2 /jr 2 1 2 

is U n . But Uo=l-fs 2 -f-J—(I"b fl i)(I"h fl 2) = - ^ _ 2 

Hence U n >0.] 

47. Prove that if 


so 


*»=( I+ «)”’ +<">=(’"i)"" 


then <f,(n-hl)> rj,(n) and ^ (« + l)< v//(n). Prove also that 

(n)>(f,(n) for all values of n >1, and deduce that </>(/*) and 

(n) tend to a common limit as n— >co . 

1 714-1. 

Proof. In (-611), put a ’= 1 + w ^_ 1 > */=l,P= — * 
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) hi.O 


>i * 1 


then 


1 \» ^ ^ n + 1 1 __ 1 

n- pi/ > n ?i + l — n 


or 


1 + 


— ) 
tt + 17 




1 \ '* 

- 1 , i.e. t ,/,(« + !) ><j,{n ). 


T 


Again, in the first part of (‘Gil), put .r=l, 


i 1 n + 1 

2/=i-rrr. 


71 + 1’ 


71 


then 


n+1 


1 


n 


71 + 1 


> 1 


-(■- 4 . 


« k 1 


or 




Hence putting 77=2, we get 4>vI/(ti), for7i>2. 
Also 


f 1—1 + *) <1, 


71“ 


n 


or 


1+ n) < ( 1- n) - +(")>'/>(»)• 


Again, ^ W _^ (n)= (_iLy_/ J i± 1 j". 


In (-611) put »=—l,p=/i, 

““ (4r/-+)' <-(4 t)-'(4-,-4 


7l+lj 


= n^ (w)< ri’ V *(«) <4. 


Thus (ti) and ^n) tend to a common limit which is denoted 
by e. 
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CONVERGENCE OF INFINITE SERIES 


7 1 . We have already pointed out in the first chapter that 
all the rational and irrational numbers, positive or negative 
(zero included), constitute real numbers. 

Any seclection of real numbers, each separately specified, or 
the whole selection defined by a formula or formulae, is called a 
set. If the members of the set are endlessly numerous, we have 
an infinite set. 

The positive integers constiute an infinite set. The rational 
numbers between 1 and 2, the real numbers between any two 
real numbers etc. are all infinite sets. 

A Sequence (or Suite). An infinite sequence 

is an infinity of numbers specified in a definite order, by soine 
assigned law , whereby a definite number x n of the set can be associat¬ 
ed with the corresponding positive integer n. ; , 

In general, ,v n can be represented as a function 01 ‘ 

positive integer n, and by giving to n a suitable value,_an arbi- 
trarilv selected number of the set is obtainable as the - 
ponding value of ^ (n). 

Three different notations are used for a sequence 


^ 1 ) ^2’ •••> n * * # 


x n (n=l, 2,...) 

Order is a part of the definition of a sequence. A formula <i (n) 
in whfch « uK. successively all positive integral values in then 

exists a number 

k such that x. < k to every n. 

Examples of Sequences 

Let </, («)=-, then we have the sequence 

1 % 

lj 4-••'*••• 


whose terms are in H. P. 
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If (f> (n)=r n , we have the sequence 


r, r 2 r 3 ,.. 


i • • • •) 


whose terms are in G. P. 

The law of formation of x n may be quite arbitrary ; it need not, 
in particular, be embodied in any explicit formula enabling us to 
obtain x ni for a given n, by direct calculation. For example, 

(1) £ n =the decimal fraction for \/2, terminated at the nth digit. 

(2) ,r„ = the nth prime number, i.e., the sequence 2, 3, 5, 7, 11... 
/QW x 3 11 25 137 

v ; v 2 G 12 60 


in which a' n =^l-f£ + ...-f^j 


* • 

In (1) and ( 2 ), clearly no formula for <f>(n) can be immediately 
written down. 

The function <j> ( n) maybe specified by an algebraical, trigono¬ 
metrical, or any other analytical formula ; or may be defined by 
verbal rules. The essential thing is that for every value of n, 

there shall be a rule giving a unique value for the nth term of 
the sequence. 

7 12. The sequence (a? n ) is said to increase steadily or to 

111 r~\ r . tj * i . g as .r n+1 ^.i’ n , or .r n+1 <a’„, for all 

values oi ». Both increasing and decreasing sequences are 

included in the the term monotonic sequence. 

Definition 1. The sequence (*,) is said to tend to a limit 

hpfmlnH 1 «, P i° !5 f| tlV l C ? Umbe , r , 6 > however small, an index m can 
be found, such that | *.-/ | < € for all values of n> m. 

duItion b of Ve thl at fT 01 * Can be co ? cise, y written by the intro- 

shorthand V\Vf° Wln A n ° tatl ° n ’ a sort of mathematical 
shorthand. The above definition in the new notation is € >0 ; 

3 W * I a n—t } < €, when n > m. 

ho^eve" 7 ’* " ° StaDdS f ° r “ giv ™ a “umber «. 

aiUndex**,#^ f ° r “ a " indeX * Can be found ’” or “ tbere exists 
stands for ‘such that’. 

| X , h !i a f ° f ‘ h ® a PP™ach to a limit may be stated as follows 

Jjft'MniimU 1lxs ? ubscc l uent t0 some a, where € is a 
positive number which may be assigned at pleasure, and must be 
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assigned before the attempt be made to find m, i.e.. an x such 
that for all subsequent .r’s the relation | x n —l \ < 6 holds. 

If a sequence has a finite definite limit, it is called a 1 convergent 
sequence. 

Def. II. The sequence (x„) is said to tend to + co with n if, 
given a number G, however large, we can choose an index m, 
so that 

' x n > G for every n ^ m, 

or, symbolically 

G > 0 ; gw. x n > G, when n > m. 

We then write x n -><x>. 


Similarly we define a’ n -> —cc . 

If a sequence tends to inanity it is called a divergent sequence. 

Def III H the conditions of none of the two preceding 
definitions are satisfied, i.e., if * n does not tend to a finite 
definite limit, nor to -fx nor to - co , (a„) is said to oscillate as 

n-> co . 


If, for all values of n, \ x H < ft, where k is some constant, 
(x n ) is said to oscillate finite y; otherwise infinitely. Such a 
sequence is called an oscillary sequence. 

Oscillation is, according to its definition, a purely negative 
quality—a sequence oscillates, when it does not do certain other 

things. 

7-13 We may assume that a monotonic sequence has always 
a limit , either finite or infinite. 

The graphical representation makes it intuitively obvious. 
But we may add the following proof. 

(1) Let us consider an increasing monotonie sequence^J, 
such that if k be a finite number, independent of n, 


every n, 

then x n approaches a 



Let represent the ^ 0>.'rf p” 

&tX' ozr&rzx - 

The sequence of points p 

is such that each point is to the right of the preceding one, but 
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all lie to the left of some fixed point A which represents the 
number A*. 



Now every point of the line l belongs to one or other of two 
mutually exclusive classes : either it has points of the sequence 
(P n ) to the right of it, or it has not. Moreover, every point of 
the first class is to the left of every point of the second class. 
Hence there must be some point P which separates the 
two classes, i.e ., every point to the left of P belongs to the first 
class, and every point to the right of P belongs to the second 
class. Since A belongs to second class, it is to the right of P. 
Hence if we put OP=A, then cT n —»• A < A. 

The sequence (a’n) has an upper limit A, i-*., a limit which 
exceeds any one of the numbers 

(2) If (z„) be an increasing monotonic sequence, and G a 
number, however large, so that x n > G for every n > ?i 0 , then 

In the present case, taking the above illustration, the points 
of the sequence will steadily move towards the right, and how 
so far we may move along the line /, we will find points of the 
sequence to the right of the points of /, which is the statement 
made above. 

(2) If (,r„) be a decreasing monotonic sequence, and k a finite 
number, such that for every n, x n ^ k, then .r n approaches a 
finite limit X^k. 

(4) If (*,,) be a decreasing monotonic sequence, and G a 
number, however large, so that < -G, for every n > n 0 , then 

. (3) and (4) can be illustrated in a manner similar to 
that for (1) and (2). 


Examples VII (a) 

1. Examine the convergence of each of 
sequences :— 

(i) x n =2n. (it) x n = 1 


(«*) ‘*n = (-l) n .. 


n+(-l)" 

(iv) a\,=l +?• 

71 

{v) x n =r (r n being independent of n). 

(w) x„=n[ 1+(-!)»]. 


the following 

o 




190 


INFINITE SERIES 


G$S Determine the least value of m for which it is true that 
(a)?? 2 -f-( — 1 )" «>G. (b) n 2 -\-n>lO(). 

7'14. Il u n is a lunction of n , defined for all values of n, and 
if we add up the values of u r for r=l, 2we obtain another 
function of n, viz. 


n 

U»=M 1 + M 2 +tt 3 .+«n= 1' Mr, 

r=l 

also defined for all values of n. 

When n is allowed to tend to infinity, w r e obtain an infinite 
series, whose terms are formed according to a given law. 

The word ‘infinite’ before ‘sequence’ or ‘series’ simply means 
that every term in the sequence or the series is followed by 
another term. 


Definition. The infinite series 

M!+w 2 +.+«». + ••• 

is said to converge, diverge, or oscillate (finitely or infinitely), 
according as the sequence ✓ 

t_T j, IJ 2 , • • • b „ . • ■ * 

where U ii =w 1 +m 2 +.+ «„ 

converges, diverges, or oscillates (finitely or infinitely). 

If U n —*U then U is said to be the sum of the series. 

Ex. 1. Consider the series 

1 + _ + ^2 ^-+ 

5 o* 5 


Here 


Ex. 2. 
Here 


Ex. 3. 
Here 





Lt s„=5[ 4. 

n-* co 


Consider the series l 2 +2 2 +3 2 +... + n 2 +... 

n(n+ l)(2n+l) 

6 


.*. s n —>-oo . when n—>oo . 

Consider the series 

11-7-4 + 11-7-4 + 11-7-4 + ... 

/Lt 5„ = 0, or 11, or 4. 
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Examples VII (b) 

1. Sum to infinity the series 

2,7 2 7 2 

5 "o 3 *3 4 ' 5 6 * 


\ ^ ^ o o 

(2J Examine the convergence of the series :— 

5 , 6 ,56 

7 ' 7 2 " T ’73 ' 74 ' - • • 

3. Show that the following series oscillates :— 

13-7-4—2 + 13-7 — 4—2 + ... 

4. Examine the convergence of the series 

1 

+ ... 


A+±+± + ,_ 

1.2' 2.3 3.4^ ’ ' (w + l)(n+2) 
5. ) Show that the series 

1 1 1 1 1 (—I ”- 1 

1-— - 4- 4-' _'_ 1 

3 5 7 ‘ ’ 2n—1 ' '*• 


& 


L 


converges. 

(&) Examine the convergence of the series 

1—3 + 5 —7 + 9 —... 

7. Show that f=~* 

9 

8. Prove that the sum to infinity of the series 

1 + 1.2^3, t.2 3.4 . 1 

4 4.5 4.5 6 4 5 g 7 * ••• is 

prove 1" (1 +%, P -> ‘" teger and 1 + *>° (excluding ,=o; 
[(l+;r)2=l+2.r+ i c2 and ,r«>o, (I'+^a > 1+2 

m 'if r , ’+ l) ^ 1+2l) < 1 ^' ) = 1 +to+ 2 1 ! >l+3, Cl etc.] ’ 
hi -m G any , g ! Ven .Positive number, however larve 


s 

n>m. 


[Let r —1+® i * is evidently positive and (l+*)->i +fM .. 

r B >l+tu?. Now l+n.r>G, if W> G ~ 1 — G rj; 

x r—l ' 


hence m is the greatest integer in ~1 e tc.] 
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/; IfO<r<l and 6 any given positive number, however 
small, show how' to find a corresponding positive integer m such 
that r n < € for all n>m. 

j^Since^l and *=G, apply Ex. 10. J 

7*15- There are certain series whose convergence can be 
inferred easily. Some of them have been treated in the above 
set of examples. 

We consider now' the geometric series w'hich we shall need m 
subsequent w'ork. 

716. The infinite geometric series 

l+r+r 2 +.+r n + ... 

(o) converges if -l<r<l , and its sum is ( I-r)~\ 

( b) diverges if r^f 

(ci) oscillates finitely if r=—l, 

(cii) oscillates infinitely if r<—l. 

Let r be any number different from unity, then 

or S_ = 


Sn_ H-r 


1 — r n 1 r" - r*-l r” 


l_ r i — r " r— 1 r—1 r— 1 

The convergence or divergence then depends upon r\ 

(?) Suppose 0<r<l. ... 0<r< i. 

The sequence (r") is, therefore, a decreasing sequence andas 
is positive, r n tends to a limit, say l, then the relation 

gives , . ^ 

b l=lr, when 

Thus the sequence (fiends to zero as n->« , when 0<r<l, 
(see also Ex. 11, VII («))• , tn . p< i an d 

It — 1 <r<0, put P=— r, SO that 0<P<1^ 

r » = (_D» p\ But p"-*0 as n-»» , r fTi The series also 

Hence the sequence S„ converges to ( - . 

therefore, converges and hasthesum ( > ) • . 

teHS^to 

zero, and is greater than 1. 

If ?•"-*/, then relation r + =r . r gives 

l=lr, r /- 0 ’ 

which is obviously not true. Hence r Ex 10> VII („)]. 

If r=l, S„=n, hence S„-*» as n->co. 
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Thus when r> 1, the sequence (S„) is divergent, and therefore 

the series also diverges. 

(c) If r= — 1, the series becomes 

1-1+1-I + 1-1 + ... 

s 2 „=0, S 2 „ +1 =l, thus the series oscillates finitely between 

{d) Let r< — 1. Put r=— P, so that. 1 <P, and r — ( — 1) P • 
Now />”->=c with 7i, hence S 2 n-* x « 00 • 

Hence the series oscillates infinitely, if —1 <r. 

We now proceed to establish some of the criteria of conver¬ 
gence and divergence for infinite series. 

General Test of Convergence 

7 2- The necessary and sufficient condition for the convergence 

00 

of a series of real terms, >; u n is that it must he possible to find 

»j = i 

m (a value of n), corresponding to any given positive number €, 
hozvever small , such that for all values of m , 



“h^m4-2"h 


< € , 


710 matter how large p may be. 

The proof of the theorem rests on a definition of irrational 
numbers which is beyond the scope of this book. 

General Theorem on Infinite Series 

7*21. (a) The convergence, or divergence, or oscillation of a 
series is not affected by the addition, omission, or alteration of 
a finite number of its terms. 

For, the sum of a finite number of terms is finite and definite, 
and that sum alters Lt u„ merely by a finite definite 

71—>0C 

number; so that if the series were originally convergent, 
divergent, or oscillatory, it would remain so. 

Note that the behaviour of the series near its beginning is of 
no consequence in regard to its convergence, divergence, or 
oscillation. It is the property of u m+1 -fu,, 1+2 +...which is 
important. The question of convergence depends entirely 
upon the infinity of terms in the endlessly remote part of the 
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senes corresponding to endless increase of m. A test of eon- 

vergence need, therefore, have to do only with terms after some 

definite term, i.e. corresponding to all values of n after some fixed 
value of n. ^ J 


7 22• Telescopic Series. Such series are of the form 

T • SS ( U l- U *) + («2-U$)H«,-U 4 )+... 

In this case, s n = (« 1 -n 2 )-K.. + (w„-w n+1 ) 

~ W 1 Un-h l* 

Thus tlie terms of any s„ cancelling out in pairs, s n reduces to 
only two terms and so shuts up like a telescope. 

Thus a telescopic series is convergent when Lt u n exists. 

Again, let V = v t + v s + i> 3 + ..be any series. 

Then v n =V n -V n . v V 0 =0. 

Ilencc V=(V x - V 0 ) + ('V 2 - V,) + (V, - V 2 ) +... 

'I his shows that any senes can be written as a telescopic series. 
This fact is of immense use in studying the general theory of 
series. 



Show that i^ + ^L +g -L + ...converges to 


7 


Show that 2 —•——-—; converges 

__ ! (l+ap...(!+«„) b 


1 

6 


Positive-Term Series 


7'3- A positive-term series either converges , or else diverges 
to -h so. 

V U n is an increasing monotonic sequence, it therefore tends 
to a finite limit or to infinity. 

7 31- If u n is a positive function of n and v u n converges , then 
u n —>0 as n~* oo. 

Let U n =u l -rU i +...+u n 

As the series converges, U n -*a limit U, i.e., 

€>0 ; 3 m. | U n — U | <€/2-*for n>m. 

' €>0. ]}m'. | U n - 1 — U | <| for n — l>m' 

*4 


Now 




= | U.-U.-, | = 


v.-v+v-u.., 

< I U n -U\ + I u-v,., 


<- 4 - € = 6, whenever n is greater than the 

9 1 O 

greater of m and m'. 

Hence U,,-* 0 as n-*o o. 

If follows from the above, that if u„ increases or tends to a limit, 
the st rics v« n cannot converge. 
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7'32- (0 A convergent series of positive terms remains con - 
vergent when each term is multiplied by a positive facto) a n , where 

a n <k. 

(//) //!«„ is a divergent positive-term series, then so is la„u n , if 
the factor a,i>k\ where Ic is a positive constant. 

Let U n = iq-f- w 2 ~r• • • "t a„ and Sn — 'iyUi-\-a 2 U 2 .-]r...-\-a n u n , As 
the C/-series converges, the sequence (U„) converges to a limit U. 

Now 5 , 1+1 -.9,, = a, 1+1 u n n>0, and s n <kU n > k(U + z), € being a 
positive small number. 

The sequence (.?„) is an increasing sequence and s n < k( U-\- e) 
for all values of n. Hence s tl tends to s and s^kU. 

To prove the second part wc note that if G( >0) be arbitrarily 
chosen, then the partial sums of ^ a n from a suitable index 
onwards are all > G/k. 

From the same index onwards, the partial sums of la n u n are 
> G. Thus la n u n is divergent. 

X 

Ex. 1. Show that if r < 1, the series 2 r n converges. 

o 

Ex. 2. If z v z 2 , s 3 ,... z,,.. .denote any digits, i.e. if each one of 
them be one of the numbers 0,1, 2,...9, and ifz., is any 

^ z 

integer>, —, or <0, then the series 1' —is convergent. 

«=0 10 ' 

We know that the series 1 ^ is convergent ; it follows from 
Art? 4 7 , 32 that ^ is also convergent. 

Ihus we see that ari infinite decimal fraction may also be 
regarded as an infinite series. In this case, we may say that 
. every, infinite decimal fraction is convergent and,-therefore, 
represents a definite real number. - 

Comparison Tests for Convergence of Positive 
Term Series. 

7'33. If the scries iu n is convergent, and the series v v n has the 
property 0 ^v n ^ u n for all values of n , or for all values of n>m , 
then the series 2 ,v n is also convergent. 

•k 

Let t/ n = 'i Un and V n =2 v n . 
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If o n ^ u n for n > m, we have 

2 u n =U. 


where 


1 


Th 


us 


Fn < V m 4-U, 


IS 


so that V. is a bounded increasing sequence. 

c . - D » > s convergent, 

similarly we prove the theorem • — 

aho 'Urgent > * U ^ ° f ” > »• then »» 

734. 2u n and £u n are two positive-term series. If a^ — <6, 
for all values of n > m, where a and b are positive constants, or 

^ n L l v \f =/c= £°' thn iK0 series ~ u n and vv n converge or diverge 
simultaneously. 

Further, if Lt - 2 = 0 and 2i\, converges, then also con¬ 


• • 


• • 


verges ; and if Lt —*~>oo and £v n diverges, 2u n also diverges. 

r U 

The case a^ — ^b follows at once from Art. 7‘33. 

On 

Again, when Lt ~^=k, €>0; qm. k— e< — <A*+6, whenever 

On V„ 

n > m. 

u n < (k + €)v„ for all n>m. 

By ( 2 ), if vv„ is convergent, v u n is also convergent. 

Again, u n > (k — e)v n , for all values o fn>m ; 
if 2o„ is divergent, vw„ is also divergent. 

Since Lt — = we can similarly prove the convergence or 
u n tc 

divergence of vv n , when 2u n converges or diverges. 

lurther, if Lt ' = 0, ^< e for n > m, 

o n o„ 

).c., u n <€v n , .‘. if 2o„ converges, 2u n also converges. 

Hut, if Lt "->oc, we can find m such that —>G, for n>m, 

. , v » 

liowever large G may be. 

_ .. u ,i > Gv n . 

lienee, if \r B is divergent, then is also divergent. 


COMPARISON TESTS 
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Note 1. When Lt —=k (a constant), 2w n behaves at co as 

v n 

Zv n does. 

Def.—The function <f> (n) is said to behave at co like the 
function ^ ( n ), if Lt a finite number, dilTerent 

n—► oo 

from zero, and is written as <f> (n) ~ \j/(n ). 

Note 2. This test is sufficient only and is not necessary. 

For example, if u n =-^r 2 and 

then Lt—=Lt^->x, and Lt —=0. But here 2u„ and 2 v n are 

W„ 2 t> n 

both convergent. 

735. For all values of n>m , 

if —and ?s convergent , then 2 1 >„ w a/so convergent ; 
u n 

and z/ —and 2w„ ?s divergent, then 2i>„ is also divergent. 
Vn 


We have, if 


?»+i < 


U »+l V m j _ 2 ^mfi 


B„ +1 1 • !f"±» + 

t w mn W-nf2 Wflif! 


< u ( W »n+1 + M m+2 + W w + 3 + ... j • 


m+i 


Since 2u n converges to U, say, 

v n<~~ U+ V mt where F„ = 0 1 +» 2 +••• + »». 
w m +i 


Thus V„ is a bounded increasing sequence. Hence the o-series 
also converges. \ 

Similarly follows the second case, when 2w„ is divergent. 


. . «n+l „ o.-, , V m 

• r. ^ — < —<...< — 

M n+1 u n U n _ x U m 


we may apply 7'34, [since m is finite, ^ is also finite.! 

T VI 

in like manner, we can discuss the case for divergence. 
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7 36. The series 

1 


IP Jr 2P SP ~^4p-^~"-*° * n $nity 


and 


Case I. Let j)> i. 


converges if p>l, 
diverges if p^l. 


1 

IP 


= 1 


_i+J_ 

2 P 3 P 


1 


<-U. 

2 P 2P~ l \ 


— +—+_L-f i__ <_L — -_L_. 

4? 5P 6 P 7P %P ~ 4 P-' 

I 1 i 1 , i 1 8 1 

"4“ — | "4- 4--- —. —— * 

15P SP 8P- 1 


8P 9P 10 P 


Now adding m of these inequalities together, we get 
1 , i , i , 1 , , 1 1 , 1 

^ It ■ ml I " « «i I n fl I" * • » i" » 77 1 n ml | I ^ O^ — 2 


k ~\P 2P ' 8P 


kP 


2 V 


-h... 


to n terms 


m 


1 -r 


1 —r 


where r=l/2P ~ 1 and k=2 m — l. Thus £->* with m. 

Since p>l, r— 1/2^* 1 <1. 

S* is evidently increasing and is bounded, and conse¬ 
quently S fc tends to a limit 

s <nb’ 

Thus the series converges if p>l. 

Case II. Let p=l. 

i=Hi 

i=f 

i+i > f == i* 
i+W+£>*= 

T. + iV + + > i 8 r= b 


Now add m + l such Inequalities. The number of terms of the 

series thus added would be 

l_}_l-f-2-f2 2 +.to (m + l) terms=2’"=n, say. 

S n = l+£+. +*> V ^r : ' where n=2 w . 
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Now given G, however large, we can find ?« 0 , such that 

^-^>G for all m>m 0 . 

. .\ S n >G, n>2 m °. 

Thus the series diverges. 

Casein. Let P<1; 

Thus every term of the series 2^ p (after the first) is greater 

than the corresponding term of the known divergent series 2-* 

n 


Thus 


2—-^diverges when p< 1. 
nr 


Examples VII (c) 

1. Test the convergence of the series 


1 +JL+.i_ + J_ + 


[Here u n — 


1.2.3 2.3.4 3.4.5 4.5.6 

2 / 1-1 


The numerator is of the first 


n{n + l)(n-j-2) 

degree and the denominator of the third degree in n. This 
suggests that the given series may be compared with 2 ~ 


n 2 


If = ^ 


n 


-D 


2, as n-»oo. 


_ (2n—l)n 2 __ 

n(n+1)(n+2) n +M(i +?i 

\ nl\ n> 

Hence 2 u n and 2t> n converge or diverge together. 
But 2 - s converges, so does, therefore 2u n .] 

2. Show that the series 


— + L-pi_ l 

1.2 2.3 3.4 


is convergent. 


[Here u n — • We can compare it with i 2 .] 


3. Show that the series 


n 2 +l 


converges. 
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4. Show that the series 

V+ 


1 + 


is convergent. 

5. Show that the series 


1 1 ^ 
2.2 T ^ 3.3™ w 4.4 T *° 


1 1 
oitfo qTo(3 

i+^+V- 


• • • 


is divergent. 

6 . Show that the series 

1.2 , 3.4 5-6 

3 2 .4 2_r 5 2 .6 2 7 2 .8 2i ". 

converges. 

/7. Show that the series 2- *- is divergent. ' 

is \/ n +v /7l + 1 

8 . Prove that the series 1'—===== diverges. 

Investigate the behaviour of the series 

1 1 

10. S 



(ati+b) 
1 +n 


1 ♦ a 


(2n + l) p 


1 ' 


11 . Show that is divergent. 

12. Show that the series ? n2 * —f diverges. 


Lv f - 


- rT«“ 1 

[For large values of n the dominant term in the denominator^ 
This suggests that ma y be com P ared with %' Le ' n. 

13 . Show that the series 2^jc^~ diverges. 

Investigate the behaviour of the following series 

14 . 2 sin \ [when «->», Uo, so that Lt jsin $)-!• ^ 

• V sin i as Si converge or diverge together. But 2 5 
iverges; consequently 2 sin 5 also diverges.] 

If? 2 ; sin i. 16. 2 ' sin 2 \ 


n 


n 

1 


11 

7. v tan -1 -* [Hint. tan n 

n 


1 t 

- as n-> 00 .J 

n 
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18. 2-i- tan -• [Hint, tan* 
yn n n 


n 


as n-+ a>.] 19. 2 cot hi. 


20. 1 


ni+i"* 


1 T . , U(i 1 

Let M n = —-• Take u„=s» ~=— 


n' 4 r» 


n 


n 


n 


To find the limit n” as 7i->x, we note n n is a decreasing 
sequence, for 


1 

n n ^ (ti+I)*-**’ 


according as n , '+ 1 § (n+l) n , 



and this condition is satisfied when n^3. Thus n n decreases 

1 1 


when 3, and since n" > 1, n n tends to a limit 1^1. 
buppose />! and let l=l-\-h ; 


then 

1 

7i n >l+8 where h> 8 , 

or 

n > (1 + 8)" 

% 

>l+„8 + n ( n - 1 V 

or 

>n 8 + "(«- 1 ) Sa . 

• 

• • 


or 

ft 

1 -8>~8 2 , which is untrue for 8 being 

constant, since - 

m 

• 

8 2 can be made as large as we please. 

Hence 

Lt n»=l. 


n-*- oo 

It follows that 

Lt ^=1, 


n-> oo v n 


and since diverges, so does the other series. 
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—i 

21.: Show that the series 2 > (n 3 -f- 1) 3 —n} is convergent. 
[Hint. w„='i(n 3 +l)“-»';=» j (l +^)“- 1 .( 


= n ■ 


1 \ , ) 1 , 1 
1 J_-L . . . — 1 =-- -}-••• — • 

+ 3h 3+ I I 3 n-‘ ~ 2 


V \ I i, / - ' * 

22. Show that the series 1' ( ^1-^-1) is convergent. 

</n . 

23. Show that the series v -J— is convergent. 

24. Show that the series 1-f- — + — 4--> + ••• is convergent. 

4 5 9" 1G J 

25. Investigate the behaviour of the series 

2 , 3 4 , 5 

— 4- — 4“ — ”T“ — 4" 

\p 1 2 p 3 P 4 P 

26. Show that the series 2 ( -- log ) is convergent. 

1 n 

[Hint. It behaves as 2 ~ 2 -J 

27. Show that the series l+^ 2 +|^+' 4 +'• ,s divergent. 

n" 1 1 


•i 


[Hint. «»+i- ( ^H)iHi -^ 1 + r ) '' (n+1) «(« + !) 

2 P 3 P 4^_ , 

28. Examine the series ' 

p and q being positive numbers. . 

29. Test the convergence of the series 

2 3 * •* 1 

1 +2qr 1 + 3 3 +i + i 2 +i' t ''" 

30. Show that the series 

v nP converges if ?> I. and diverges if ?< !• 

- A W _L1)P + ? 

31 Test the convergence of the series 

2 3 , _ 3 _!_ 1 - - —• -f- 

f*_p3*" t '2*+4 k ‘ 3 —5" . 

32 If v Un is convergent, show that so are 

it 


(P.U. 1939) 


v u n 2 and 1' 


u n 


1 —u 


> w n ^=l. 
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[v U n converges, 

o w n 

n>n 0 , or —— 

, 1 u n 

Comparison tests.] 


we have «„<| for n > r? 0 . Then for 
=$2 u n . The result now follows from 


33. If ^ w„ 2 , ^ v n 2 are convergent, so is ^ u n v n . 

[v -^’n 2 are convergent, so is 1' (w„ 2 + ^„ 2 ). Now 

u n v„ < i (w n 2 +r» 2 ). The result follows from Comparison tests.] 


737 The Comparison tests can only be useful if the 
student is already acquainted with a large number of con¬ 
vergent and divergent series with positive terms. He should, 
therefore, lay in as large a stock as possible of the series whose 
convergence or divergence is known. But as the convergence 
of a series is of vital importance, it is desirable also to have 
tests of an independent nature for the convergence or 
divergence of a given series. We now proceed to deduce such 
tests. ✓ 


7 4. D’ Alembert’s Ratio Test. 

A positive-term series vu n 
converges if 


Lt “!±*=r<l, 


n->» 


and. diverges if 


Lt U -^=r> 1. 


rt—► oo 


U 


To prove the first statement choose a number ?•+€ such that 
r<r+6<l. 


Since 


Lt Hl±l 

n-> oo U n 


=r, 


€> 0 : 3m. -^<r+€, whenever n&m. 

u n 


V U m Wm+1 u m 

H-\ 

u m+p-i U m I 

< W m [l -f (r-f €)-{* (r+ e) 2 -|-._p( r _j_ € )r] 


<u 


m 


1—r—€ 


v r+€<l. 


• # ---• 

1—r—€ 
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L n-f-i > Um for n>m, U m ± p is an increasing sequence and is 
bounded above. 

Thus the sequence (17 TO+P ) tends to a limit (7, as p-* oo. 

The second statement follows from similar considerations. 

7 5. Cauchy’s Radical Test or Root Test. 

A positive-term, series lu n converges if Lt u r f=r< 1, and 

r?—> a 

diverges, if Lt u n Tl = r> 1. 


1 

1st case. For, Lt ?/„”=?-, Now r < 1 ; hence we may 

choose € positive and sufficiently small so that r-f e <1. 

1 

Now, since Lt u n n =r, it is possible to find m so large that 
1 

u n n <r+€ for m, 

.\u n <{r-}rZ) n ior 

Hence from and after the with term, the terms of the series 
2ti» are less than those of the convergent series 2(r-f €)". 

.-. I'm,, is convergent. 


2nd Case. On the hypothesis in this case, the geometric 
series is divergent, since u n > (>•—€)". 

Note 1. The Root and Ratio Tests are by far the most im¬ 
portant tests used in practice. In some books they are stated in 

the form : _ 

A positive term scries )Lu n converges if for every n , </u n <1, or 

u n+ll u n > I* 

But, in both cases, it is essential for convergence that \/u n 
and M n+1 /« n , respectively, should be ultimately less than a fixed 
proper fraction, r, and it does not at all suffice for convergence 

that <1, or 1 <1 for every n. For 2- which is diver- 


gent, we always have 



and also 



n +1 n 


1 

n+1 


< 1 . 


Note 2. If Lt—* = 1, or Lt 'Wu n =1, no information relative 

U n T? 

to the convergence or divergence is furnished by cither test. For, 
if either limit = l, it will not be possible to find a number A-such 

that — 1 >k>0 for n>m. 

u n+i 
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Examples VII ( d j ' • 

1 . Determine whether the series whose general term is 

•Z n 


x/n *+1 


x n , 


Let 

v / 71 

Mn= — y — X n , 



x/n 2 +1 

K - v? 

Then 

M »+i_ (n+ 1 )^ a , n+1 

V» 8 +l 1 


u ” [(n+l)«+l ] 4 

x/n x n 


- J ^ 


/ 


J 


1 + 


l) 


\ / x \ i 

l+ n2 


( i +-+4 

V n n 2 


i 


«*-►£» as n->cc . 


The series converges if.rcl, and diverges if *>i. 

Y” __ 1 


When x=l. 


Un¬ 


ix 


V 


u 


• • 


i/Y 


✓ 


V 


Y~>1, as n —► ao . 

n 2 

1 


✓ffe and behave aiike - 


) 

J\ 

J_ _ 

Si/ 


u 


But since is divergent, so is . 

Thus the given series converges if«<i, and diverges if*>l 
given b D y Ctermine Whether the series general term is 


l + (i 

is convergent or divergent. 



Let 


Un == 


» • 


( 1+ ^-„) 


u 


3/2' 


O 



ACC- HO ... 

o * 

L i n d * 


(/’.'tf.jfcf) 

"si 


\ 




/ 
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Then 


Wn” 


1 + 


x/n 


x/n 


—, as h-*gc ; 
e 


and since — <1, the series converges. 


3 . The series 


\(n±I)rj n 

n n-\\ 


is convergent if r< 1 , an^divergent if Ol. {Math. Trip. 1928] 
Let Mn== n"-t 1 . \ 


Now 


1 / n n 1 


[sir 


'LLZ r =—t r 

i‘i n lw 

n " 




*r, as n->x. 


[Limit of n" has been proved equal to 1 ; see page 201]. 

. v u „ converges if r<l, and diverges if r>l. 

" ' + 

It 7=1. «<" = n «+l n/ * 


1 In 

2JLM. 5. 3 ^- «■' jr- 0V r-1 ^ 

4. n „ n 

Prove that the series ^ ^ 

§ + 2T i ‘ t ’3j # ' f 45' 4+,i ' 

converges. n -n/i° are convergent, 

Show that the series '_/r 3 ' 2 and .« 
amT^- 1 ' 2 and are divergent. 

10. Show tliat the series 

x , a; 2 , .r 3 
1 + *i + V + 4 i+- " 


converges. 
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11. The series 2— and 2 — are convergent for all r ; and 

tX • 72 

2 n ! r" and 2 «"r" for no r, except r=0. [.l/a/A. Tr/p. 7.93J, 39] 

7l a 

12. Show that the series 2 ^-j converges for all finite values 
of a. 

13. Show that the series 

1\ 2 . / 1 . 2\2 
3 

converges. 

14. Show that the series 2 
diverges for a’=l. 


Sol. 


/1.2V- , /1.2. 
\3.5/ T 8i. 


1.2.3\ 2 


+ ••• 


X 




1 +i7? ir converges for .r^l, 


and 


w* -1 


15. Show that the series 2^_j_- .i'" converges for .rcl, and 
diverges for x^l. 

n 2 —1 

u„ = 


Sol. 


n 2 -f 1 




• • 


u„+i_ (n-j-l) 2 -l _ n 2 -f l _ (ft 2 -f- 2 n)(n a -fi) 

u n (rc-fl) 2 -}-i n 2 —l‘ l— (n z -\-2n-\- 2 )(n 2 — 1 )^ 

'+ ? V ■+-. 


( 


ft 


n 


l + - + - 3 

n 7i“ 



1 




x 


-+x, when n->oo . 

The series converges if .r < 1, and diverges if x> 1 . 


When *= 1 , 


n 2 —1 


U *=~2 


ft 2 +l 


x -* 

v—>1, as ft—>oo , 

1 +i 

ft 2 


Thus u„ does not tend to zero ; the series, therefore, diverges 
ihus.the series converges if .r<l, and diverges if.a?>l. * 

16. Show that the series 2 ^^— x n converges for .r< 1 , and 

diverges for #> 1 . __ 

17. Test the convergence of the series _ -/> g 


14-— 




O 


SRIN^GA .* 
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18. Discuss the convergence of the 

x n 

V_ 


series 


19. Discuss the convergence of the series 

1 . 2 .. .n £ 1 . 2 ...n 

x n • v 



V 


4.7... (3rc+l) ’ 




.... . , “ 7.10...(3n+4) 

20 . Show that the series c Ji vcr g es> 

21. Discuss the convergence of 

l+tf-f & 2 -fa 3 + 6 4 -f if 0 <a< 6 <l. 

b\ 2n 

, as n~* co. 


Sol. 


M 2 n4-i_ b 271 


u 2n fl 2 '*- 1 a 


^±l =b (Z) U + l -+0, as «-». 

« 2 n+1 \ b ' 

The ratio test fails as Lt^^I fluctuates between the limits 

Un 

which include unity. 

_L _± x- _ 

t/ 2 r| 2 '» — (a 2 n -i) 2 » =a 2n ->a < 1 , as n-*-oc , 


_ 1 


n 


and u 2n fi 2n+1 =& 2n+1 ->6 < 1, as n-»oo . 

The test shows that the scries converges. 

This example shows that the root-test is more general than 
the ratio test, for the former can be applied when the latter is 
applicable and also sometimes when the latter cannot be app ie 
22. Show that the series 

i I G _i_ a + a l + -. 

1+ 2 + 3 + 4 + 5 '6 7 

r C with The*con ve rge nt’s e r ie s t +„+«+<.«+**+,. forthc result 
The ratio test fails. The root-test, however, gives the information.] 

7-51 We crive below two more tests due to Cauchy, whici 

J applicable °to the series whose terms form a monoton,c 
sequence. 

I. Cauchy’s Condensation Test- 

lf % , h (B) is a series whose terms are positive and steadily 

decreasing, as n increases, then i, converges or diverges with the 

series ” a",/,(a”), aihere a is a positive integer > 1■ 

n= 1 
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Since <£(n)^ (/> (n—1), 

.<*> (a fc -f l)-i-^(a fc -r-2)+^(a fc +3)-r-... + ^ ( flH ) 

< (a—l)a fc <£ (a k ), 

and > iZ-V+i*( a W). 

a 

for, the number of terms=a fc+1 — a ,; = (a — l)fi k = ——-fl k+l . 

By giving to A: values 0, 1, 2, 3,...we have 

(f> (2) •>{- ( ]> (3) -f- c/> (4)-f...+ (j> (a) <(a —l)a° </> (1), 

a-i 

> — a </> («); 


adding up, we get 

«2)+*(3) + *(4)+...*(<i*+ 1 ) 

<(i—l)[a°^(l) + a^(a)+fl*^(a*)4-...+fl k ^(**)] 
and > U rl j a^(B)+o I «o*)+...+a‘+ , ^(a‘+ 1 )j.. 

Hence the theorem. 

Ex. 1 . Consider the series v-. Here ^(n) = -- 

n n 

Take a= 2 , ^ certainly diverges, for it converges, or diverges 

with the serie* 22 '*«£( 2 ")=:s ^=1 + 1 + 1 + ..., which is diver¬ 
gent. 

Ex. 2 . Consider the series 2 -—* Here • 

n p rv ' nP 

^ 2 "- 12 i=xi ’ whi ch i s a geometric series. 

The given series, therefore, converges, or diverges, according as 
p> 1 , or p^l. 6 

Note. It is called the Condensation test, for a small propor¬ 
tion of all the terms of the series is sufficient to establish the 
convergence or divergence of the whole scries. The convergence 

S.f l I?Sf nCe • f ~ an 'i { ? ] is often more easil y determined than 
at of the mn) ^ It is just in this that the value 
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7‘52. Cauchy’s Integral Test. - 

If 6 (x) is a function of x, which is positive and continuous for 
all values of x>\> and never increases with x , the series 

*(l)+&2) + ^(3B"... 

r x . ; 

converges or diverges with the integral </>(?) dx. 

Let f (x)=jy{x)dx. 

The series whose general term is f(n-\-l)—f(n) converges or 

diverges with the integral Lt f <f{x)dx. 

n-*x J i 

But by the Mean-value Theorem, 

f{n+l)-f[n)=<f>{n+6), 

where | 0 j <1. But, since 

<?(?!) ><£(n-f 0 )><£(n+l), 
n n n . 

l<f>{n) >l<f>{n+6) > ?</>[n+ 1 ). 

ill 

•• • 

n 

Thus the series 3 (j> (n-f 0) converges if 2 <f> (n) converges, 

l - 
n 

and diverges if 2 (n-fl) diverges. Similarly ^(n-fl) con- 

l 

n 

verges if 1 ' <j> ( n-\-0) converges, and 2 <f> (n) diverges if l<f>(n-\-Q) 

i 

diverges. Hence the theorem. • • 

Ex. Test for convergence or divergence the series 


« 1 
(i) - - 

1 U? 


(H) 


CO 

V 


n =2 n (log n) p 
1 


Now for (i), since <f> (n)=u„=^ p > - *'• 

If o, <f> (x) decreases as x increases, and we can apply thf 
test. 

Hence J* <f> {■x) dx—j -- = ] ~ p (‘ rl_, “ 1 )» or log Xs 

l . 1 

accordingasp § 1 , or p = l. 

Thus when n -*oc , the Integral converges only if p>l- ■ ' 

Hence the series converges if ^>1, and diverges 
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When : p=>\\ the integral shows that the harmonic scries 


00 J 

£ - is divergent. 

in 

We infer also that Lt 

n-» co 

lies between 0 and 1. _ 

This limit is called Euler's constant 


l 

H-i + i + — + ~“ ,0 ff n exists, and 


and so 


s 


or log (log x/\og 2), according as p §1, or p = 1. 

Thus the series converges if p>l, and diverges 
Note 1.—Similarly we can show that the scries 

1 


CD 

V 


n=m n log n (log log n ) p 

1 


00 

V 


— } 


n=m n log n log log n (log log log ») p 

etc., converge if p> 1, and diverge if p^l, m being so chosen that 
all the terms of each series are positive. 

Note 2.—The convergence of the series 2,- , may also be 

(n log n )p 

deduced from the Condensation Test. ‘ 

: The series converges or diverges with the series 

2 n i 

* rri* with 2 —-— i.e „ wi;h 2 


2” (log 2 n )f> 


- (ft log 2 )p 


n p (log 2) p 


■ 

^° W (i 0 rr 2 ) p .• ls - a - cons tant. Therefore, the given series 

converges or'diverges with ^~p'" Similarly, we may establish the 
results in otlier cases. 

7 53. As Cauchy’s Integral Test is not easy to applv except 
in simple cases and D’Alembert’s Tests and Cauchy’s Tests fail 

when Lt -—-=1, and Lt u„ , n =sl, other sharper, tests for con- 
siwhTests 01 * diver8ence are sometimes needed. We give below two 
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7 f 6- Raabe's Test. In the positive-term series. 

Lt 

n->« ''^ 4 ., 

the series converges if r> 1 , 
and diverges if r < 1 . 


if 


Proof. Since Let n [—~ 

n—X '' Wn +1 


1 l = r 
1 , r, 


given €> 0 , there exists a value m of n such that 

1 Un _i '<r + €. when n > m. 


r —€< n 


1 w »+1 


Hence n «»—(w + l) w »»-i > ( r— 1 ” € ) u «*+i» tor n > w - 

Giving to n the values, m, m+1, m- 1-2,. m+p, 

m u m — (m+1 )« m fi > (r— 1 — €) « m +i» 
(w+l)M«fi—(m+ 2)« OTf2 > (r- 1 —€)u„ i+2 . 

(m+p—l)u m+p _i—(m+p)w n H-„ > (r-l-€)u m4 . P . 

Adding these inequalities, 

m U, n — (m+j>)tt m fp > ( r — 1 €)(^ w -|-p -^m)* 

where * m =tt 1 +tt 2 +.+ M ”*' i ‘mfr= M i+ w 2+. + Mm+? : 

s M + P -s m <-_\z-s l m 

1 

<--— m u m , 

r— 1 — 6 


whence 


*<*+P 


<-— M U m T$m‘ 

r —1 —€ 


Thus s m+p is bounded for all values of p and is obsdously^n 

increasing function of p. Therefore s m+p has a hmte 


p-*x . 

If r <1 


. the series converges 


j < r + €, for »> m. 

n u,-(»+lK+i < (>'+€—I) M -+ 1 »for ( 0. 

n < (w+ 1 ) M »fi # ^ 

< m+1) «mfl 


Now 


m u 


< (tn + 2) Umfa 

< {m + p)um +? 

m u„ 


w ’“ +p > m+p’ 
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or u„ > where k—mu m ; 

v 

so that the terms of 2 u„ for n > m are greater than those of 
the divergent series k SI In. Thus sw* is divergent. 

Alternative Proof of Raabe’s Test. 


or 


Since Lt ni^- — 1 )—r, 

€ > 0 ; 3 n 0 . r~€ < nf — — 1 ) < /■ + «, for n > n 0 , 

1 

r—€ «» , , r-} € . 

1 + -— < — < 1 H-» forn>n 0 . 


Let 


7’n= — 


1 ,p 

‘+i 

~ 1+ -' Tr^l 1+ s/ 


p- /»+l p ; l p 
. ( » ) ( 1 ^ 


n 


0<d<\, 


= i+?+*= 


n n 


where A ,- **— - 1 Y 14-?\ P 2 


2 ! I * ' n • 

The function \ M of n remains less than a fixed number when 
»-*• 00 . 

Let t > 1 . Choose p> r—t > p > 1 , then, we can choose 


1 + 


—« > i+?+*= 

n ?t 2 


u 


p 


• « 


n 


n 

or 


^'•4-1 Prifl , 

— < wh e n „ > „ 0 . 


M, ’+l V n+1 

But, for p >. l 2 Vn converges, hence v u n also converges. 
Suppose now that r < 1 ; ® 

choose r-l*€< 1 


• • 


Hence 


i + r -±- 6 < i+i 

n n 


1+n 


u n 

- - < 

u„+i n 

or Pn-t -1 

Since 2| is divergent, so is’ therefore, 2 u. 


where v, 


when u > n 0 

1 

n 
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The tests mav be stated as follows : 
v*. be a positive-term series , such that 

w j»+i_ s __ , ■ 

M« I ~T 

and Lt na„=r, the scries 
n -* ao 

converges if r > 1, — 

diverges if r < 1 . 

The lest fails if r=l. . • 

7 61. De Morgan’s and Bertrand’s Test. In the 

positive-term series lu n ij 

-1 )— 1 } =r, 

n— CO 2/ n|-l 

\cnnvrrgcs if r > 1,- 
diverges if r < 1. 

The proof depends upon the following lemma. 

In the positive-term series if 


Lt log 


the scries 


Lt I" — n log n — (n+1) log (n+l) i 
L w nU J 


= /, 


. . i converges if l > 0, •. 

the senes j diver „% ,y ; < 0 . 

. Proof of the lemma, 

Since the limit l is different from zero we carifM 6 > £ 

such that l-i > 0. c.St.. e='/2. Corresponding to this e there 
exists a value m of n, such that 

n log n-(n-H) log («+’) > ( l ~^ > 0 for n > m 

adding '3 

^ u m m log m-(n+l) log(n-rl)u.n > (‘ «)i“»n+ 

==(/ —€)(^n+l —5 »')» 

where *„=«,+.+«„. *.+i=«i+"»'+-. + "" h1 ' 

1 


Z-e 


U m m log 771 , 


». < 
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or 


*»fi 


J—€ 


u m m log 


is therefore bounded, and is obviously increasing. 

Consequently tends to finite limit. The series is there¬ 
fore convergent. 

In case l is negative, ■, 

u n n log n < u nH (n-fl) log (n-f-1) 

u m . m log m < u mVl (m +1 ) log 

< w mf2 (m-f *2) log (m+2) 


for n > m 


• • 


u 


< u n . n log n 
Mm- m log m 


n 


n log n 


n log n 


* 3 


so that the terms of the series r«„ are, after the mtb, meater 
than those of the divergent series k ^ (n log,) -1 . 

Thus Iu n is divergent. 

Proof of the Theorem. Let 



U n , 

»«=.. n >°g 

n —(n 

+ 1) 





Now 

v„=log n 

IV 


1 )- 



L ’ “»4-i 

/ 


—log n 


"n 

i)- 

• 


u„ fl 

/ 

\ Lt 

= Lt 

logn 

r.f 

_w» 

n-*>® 

n— 


L \ 


Hence 

Lt log n 

Tn 

/ «» 

-l] 


n->oo 

L 


/ 


n-*a> 


>s i i+~ 

n 


. ^ v • 

The series S u n converges or diverges, accordin'* as 


n 


hi los n [ n GSr 1 h 1 ] =r - 


than 
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if 


7*8. Other Tests. 

I. In n positive-term series lu n , 

Lt n log - =r, 

n-> <x 


< 1 , V,. ! converges if r> 1, 

the series, ju n ,/ r <i. 


Comparing 

£ u n with 

j 

V — 

71 

-» 

- * 
t> 

2 Mu converges, it - 

>( 

14- 

t.f., if 

% 

log - 

W w+ 1 

>P 

log 



>P 

[n 

i.e., if 

Lt n 

log 


(P>1). 


1 ,> 


w 


(04-tt ) 2 
- > 1 . 


] 


*/ 

series 


i 

Similarly follows the second part. 

This test fails when the limit is 1. 

7’63. In a positive-term series lu n , 

Lt (n log — -1 )log n=r, 

n-> <x> ' W " + i 

converges if r> 1 , 
diverges if r< 1 . ' 

Comparing Su„ with n {)og ;l) , (P >*)> 

■ f «. / i | ri°g( ri +ni p . 

V« D converges, if *+„) [_ log n J 


Let 


€ > 0 


o< o<\ 


or 


or 


* 

Lt (it log--" -1 ) log»=!•>!, 

^ n log —* -1 ) ‘og » When n> ”‘ 

where p=r— €, tor n^m 


log + - P 


w^nlogw 


u 
Un *■ 1 


© 

1 £ 


« n w log « 


and by second Mean Value Theorem 


"" 1 + n + n logn 


An 
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/ P 

where A.= i ( l + fo gn ) 

Ab j S therefore bounded for values of n however large. 

Lt \n (— - 1 )1 log n>p>l. 


*<i 


fi lna rr / 


0 < 0 < 1 . 


The result then follows by D‘ Morgan’s Test. 
In case r<l, 

-i ) log «<r+€<l 


71 log 


The result then follows as in the above case ; and this is left 
as an exercise to the student. 

7 64. If lu n is a convergent series of positive and decreasing 
terms, prove that 

( i) Lt nw n =0. ( ii) Lt n log n. M n =0. (. Pringsheim ) 

« X n—>c© 

(i) If Lt nu n — If= 0 , €>0 ; 3 m.nu n >l — t, whenever n^m. 

n-* oo 

/ —6 

t/.„> ——, when rC^m. 

Hence 2 « n must diverge, which is a contradiction of hypo¬ 
thesis. 

(ii) Suppose that Lt n log n. w„=/=£ 0 . 

€>0 : 3 m. n logn u n ^l— €, for n^m. 


or 


u n > — 


{-€ 


But 


n log 7 i 

00 I 

-is divergent. .-. v Un diverges. 


t n log n 

Hence Lt n log n. m„= 0 . 

Note.—This theorem gives a sufficient test for divergence only. 
The converse of this theorem is not true. The condition that u D 
decreases as n increases , is essential. ° 

Ex. Test for convergence or divergence the series 

* 2 (log 2)< + a: 3 (log 3)«+* 4 (log 4)« +... (1941 B. S.) 

Here Lt ?EL_Lt (n+ 8 .]. 

w# x n + l [log (n+l)]« 

whatever q may be, -f ve. or— ve. 
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The series converges for ,?<1, and diverges for x>l. 

This test fails when x=l. 

Now if x= 1, Lt n w„ = Lt n (log , 

whatever q is, -j-re. or — ve. 

.*. the series diverges for x—\. 

Hence the series converges for x<l, and diverges for x^l 
\q being positive or negative). 

7 ’ 65 . Jf it be possible to express the ratio of the successive 
terms, in a positive-term series, in the form 

u* . /■» 


u 


ni-i 


11 


n 


where a , 0 arc constants , A>1 and ,, n remains finite for all values 
of n, then the scries 1' u„ converges if a>l, and diverges if a < 1. 

Also the series C ?. ni,JCi S ns jf ■ when a=l. 

diverges if p ^ 11 

Bv D’Alembert’s test follows the convergence or divergence, 
according as a>l or «<1. 

If a =l, this test fails. Then Itnabe’s test gives convergence 
or divergence, according as /?> or <1. If 0=1, this test also 
fails. 

To discuss the case when 0=1, apply DeMorgan’s and 


Bertrand's test, i.e., Lt 


u 


.. —1 Jn—1 hogn<l gives diver- 

1 \ u »+i / I 


gence. 


In our case, this limit is equal to Lt 1/which is zero, 


n 


for | f/ n I <a constant fr, for all values of n. 

the series diverges. Hence the theorem. 

This test is due to Gauss, and it covers m^st of the positive- 
term series which arise in practice. 

Examples VII ( e) 

1 Determine the convergence of the series 


o I 


4 ! 


C ! 


(n !) 2 

Leaving the first term, u,= 

• • 
n x 1 




• • 


u m 2(2/»+l) 


x. 
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Consequently 


Lt 




U 


X 

• J 1 

4 


Hence the series 
, converges if a*<4, 

and diverges if x>4. 

Let 2=4, then 

T , / U 

Lt n 


1) = Lt 


n—*co 






—n 


n — co 


2n + l 


i- 


So the series is divergent if a’=4. 
Determine' tiie behaviour of the series 


2. 

3. 

4. 


3 <r 3 A £1 3 - 6 -° ^ , 

4 ‘ 5+4.7 * S +4.7.10 ’ 11 +**' 

2i:+2AF + - + ~ 2.4..,2 ' n(2>. +2r~ + " XSU ^ 

Examine the character of the series 

a 


-1 


13.. (2n-l) 




2.4...2/1 

5. Test the convergence of the series whose nth term is u nt 
where u n is equal to 


(a) v - 




n 3 —1 


(«■) 

6 . 


5 2 .10 2 .15 2 ...(5n) 2 


x" 


[Co/pus] 


7. 


6.9.11.14.1C.1D,’.(and- l)(3n-f 4) 

Determine the character of the series 

v -.(n + l)(n + 2) . 

“ (n—l)(n—2) 

Test the eonvergency and divergency of the series 
x l x* 1 3i 3 1 3 5 a 4 

1+2 3+2 4 5 +2 4 G Y +. 

Show that the scries 

\+a (l+fl)'2+Q) 

1+fr +(l+fc)(2+6)' + **‘ 

converges i fl> > a.-f 1, and diverges if a-fl. 

9. Examine the Hypergeometric series . .. 

14-i^.rJ. + , a(a + l)(a + 2)j3f/5 + lH|B + 2) . . 

^ l-2.y(y+l) 1 + + - 


8 . 
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. n 


-r■ 

/. the series converges if x< 1 and diverges if x>\. 
If iT = 1, 

n (-Hi L—i j_ w _(H~ 1 _~ a ~ft)4- y —aft 

! w n+1 / w 2 +w(a+j3)+ a 0 

— >y-i-1 —cl — /3, as 7?-»x . 

So the series converges if 

y-fl— a — 0>1, i.e., if y>a-f-ft, 

and diverges if y<a+^. 

If y=a+/3, 

, T « /Jli* _i Li 1 -(w + I)fljg. log w 

l0? " L 1 ' J “ n'+n(a+?)+afi ° - 

Consequently, the series diverges. Thus the series 

converges if y>a+0l when r=l. 
and diverges it y^a-r-01 

Another Proof. 


(i + -)( i + 

l n / 


»)[ 1 “ 5 + 0 (i)J [*-£+•&)] 


=1+ 1 -(' r +i-a-/3 )+^(r-“-£-“y-/?r+“0)+°(^ 


The result follows by Gauss’s Test. 

10 Prove that the series 

a+1 (fl+lH2fl+l) , (a -H)(2fl+l)(3g + l) 
1 +5+I+(6+l)(26+l) + (&+l)(2&+l)(8fc + l) 

converges if 6>a>0. and diverges if a^b>0. 

11 . Discuss the nature of the series 

2.r 3 2 .r 2 4 3 .r 3 

I • • • 


1 +2! 1 3 ! + 4 ! 


u 


n* i 


M. 


_(n±ir. , = ( 1 +- 1 )"—- 

= „-i (n+l) I V n) , A 1 


1+ » 


x-*cx t as n-*®. 
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Thus the series 


converges if x< -* 
diverges if 


If <r*=~ 


log 


u 




—log 


— - = 1 —• — 1) log | 1-h- 

(i+lp ' " 


■ =l-(n-l) [“i^ s 

= \ , . » _ _ ± _ 

n ~2(0+n) 2 2(0+n) 2 

Lt / - tifx \ 3 

° 8 s^T ) = 2 >l - 

So the series converges. 

12. Show that the series 

. 2 2 x 2 3 3 a; 3 a 4 x* . 

• l+ 2!~ +TT + 


]• 


O<0<1 


4 1 


converges if ,r<p and diverges if x 


13. Prove that the series ^ 


» 1 


(n-fl) 

diverges if x ^ e. 

14. Examine the behaviour of the series 


„ J ,n converges if x<e, and 


(a+l)f,+(«+2) 2 f ! + ( fl +3)3 £ + ... 


IB. Prove that the series 

• (o+z) _ {a+2x) 2 t (a+3*) s , 

1 1 2 ! + 3 ! + **’ 

converges if «r<l, and diverges if eaf>l. 

Series of terms of arbitrary signs 

7‘7- We now turn to series of terms of arbitrary signs. A 

series, in which all the terms after a certain stage are of the 

same sign, reduces to the preceding case. We may, therefore, 

consider series m which there are infinite number of positive and 
negative terms. v 
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Let Wx + w 2 +.. -fw n + ... 

be such a scries. Let | u, t j=a„ and consider the series 

a l + a2“h-.-d"an + ... ...(-) 

Def. —If Ia„ be convergent, the scries Iu„, is said to be 

absolutely convergent. 

If l'a n is divergent, but l'w„, is convergent, then S u n is - said 

to be conditionally convergent. 

111. An absolutely convergent scries is convergent. 

The statement means tint if a-serics converges, so does 
tz-scries. To prove the statement, we form a new series 

(Wj-faJ + (iu -ra 2 ) +■ ...+ ( w #»+ a o)“K.. •••(3) 

SO W n -f' a n = ®» 0I ’ 

Hence if the scries (2) converges, so does (3). 

Let S n , S' n , S\ be the sums of n terms of the series (1) 
(2), (3) respectively. 

Obviously S n =S'' n —S'n, 

Since (2) is convergent, so is (3). If S ", S' be the limits 
approached by S" n , S' n . the above relation shows that A. 
approaches a limit S, so that 

= S " —S . 

The above result also proves tint the positive as well as the 
negative terms of series, ( 1 ) separately form tico convergent senes. - 

7 . 72 . In a conditionally convergent series the positive as 
well as the negative terms form two divergent series, the terms oj 
either being taken in the order in which ihey occur. . .. 

Let v n =u n or 0, according as u n §0, 


< 

> 


0. 


1 * 
.1 *■ 


and w n =~u n or 0, according as u 

Then evidently v n and w n arc positive, 
and Un =v n -iv n , while | u n | 

Since 3 u n is conditionally convergent, ' 

•or"tl.ey n cannot”both converge, as that would mvojve the conrer- 
jence of 2 I u n I I nor 


^lu n = v v n 1' w n 


can onreonverge and the other diverge, 
would then diverge with n, which is 


1 I l 

ontrarv to the hvpothcsis. , i* the limit 

■ Thus the sum of a conditionally conrcrgcn y-ith n.- 

f two functions of n, each of which tends to 1 fi J 
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7*73. (0 Tests of convergence for absolutely 
convergent series. 

Since an absolutely convergent series is convergent, this case 
reduces to the case of a series of positive terms. 

(ii) Tests of convergence for conditionally con¬ 
vergent series. 

If <t> [n) is a positive steadily decreasing function of n which 
tends steadily to zero as , tticn the alternating series 

<t> (0)—</> (!) -r <i> (2) — ... 

•is convergent, and its sum lies between </> (0) and <£ (0)—<£(1). 

Let S B =*(0)-* + <t> («). 

Then S 2nfl -S 2n -i=<l> (2n.)—*(2 n + 1)^0, 
and S 2 n - 2 ~ {</> (2n I) (fj[2n)} ^0. 

Hence the sequence (S 2 „) is decreasing and. therefore, tends to 
a finite limit or to — oc, and the sequence (S 2 „ +1 ) is increasing 
and, therefore, tends to a finite limit or to + oo . 

But since 

, S 2 „ —1) >0, 

and Let (S 2BM -S 2n )=Lt (-l) 2 '** 1 (2n-f l)=0, 

the sequences (S 2 „) and (S 2nKl ) must tend to limits, and the limits 
must be the same. Since S 0 =*(0) and S^tOJ-^l), the limit 
lies between these two numbers. 


,.Notc{i), It is easy to see that if ^(n) tends steadily to a 
positive limit, then the series 2 (-1)'* * (n) oscillates finitely. 

Note {ii) There are no ‘comparison tests’ for conditionally 
convergent senes. •. J 

• • 

Power-Series of a single variable 

7'8. We consider a power-series of the form 2 a n x n . 

K n L L a " n=l ' tllen by Cal ; ch y’ s test, the power-series conver- 
ges absolutely when | x | 1 

^ ' a f n * ^ 1 ’, and so there wiI1 be an infinity of terms 
n the series whose absolute values are greater than 1. 

Thus any power-series has an interval (-1Within which 

it converges absojutely and outside which convergence is impossi- 
We. If f=0, the senes is convergent for aU values of x. ^ 


1 i but it cannot converge if | x ,, 


1 
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Examples VII (f) v '' ' 

1. Show that the series 

■-W-5+- 

is conditionally convergent. 

Show that the series whose generic terms are as follows 
converge conditionally :— 

(_l)-> (-1)- 1 . 4 (-1)" 1 . 5 . (-D- 1 . 

A. --o. _ , .. _ i a/** 


6. 


y/n " P + ” 

(- 1)- 1 


<*/n+^p ‘ £/n 2 +i/p : 


(^4-i/p) 3 

7. Discuss the convergence of the series 

x ,**,**, 

I+ n + fl + r. + - 

8 Show that the series *( — 1)" (n-t-<7)"f\ where a>0, is 
absolutely convergent, if p> 1; conditionally convergent, if 

0 < ^ 1 • 

Investigate the behaviour of series 
9. X(~l) n sin ?• 

The series whose generic term is sm - is divergent as 

li i; „„•)!(«/»).' * <•/« ” div<,! '" 1 ' Al “ 

rr./.)..»«/ *» S' a* zxTvssi 

alternating senes are satisfied, lhe 
convergent. 

10. -( 1—cos ^)* - n ( i—cos -V 

12. Show that the series whose generic term is 

JJagnP 0 

' ' y/n 


converges. 
Let / (a*) 


(log *) 10 , 


T- 


Then = 
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It follows that for value of «>* 20 ,/'(*) is negative, and, so 
/ (a?) is a steadily decreasing function of x. 

Also Lt X — = 0, which can be seen by following the 


X 


■s/x 


i*/- ' I . 

method of evaluating the indeterminate form (co /» ). 

Thus ( lo S satisfies the conditions of alternating series. 

y/X 

13. Prove that the alternating series 


2_3,4_5,6_7 

I 2 + 3 4 5 8 + ‘" 


oscillates. 


(P. U. 1941) 




-1 


tt + 1 


n 


/2 8\,/4 5\ / 2n _2»+l\ 

2 J + U 4 j ‘ ( 2 nZ.\ " 2 n ) 

— 1 _L i. -4- -4- _]_ — _. 

L2 ' 3.4 ’ 5.6^“” ’ 2«(2/l—1) 

t 

Comparing this series with ^ — 2 which is convergent, it follows 

that the sequence * 2 » converges to a limit s. 

2 n +2 . 


2 / 1+1 


But ^ 2 n+l — 

Lt 5 2 n4-i—^“1“1 
n— 

Thus the series oscillates between 5 and s+1. 

14. Prove that the series 2 (-l ) n+1 a n diverges if 

1 «-i 


a n =-7-+ 


(- 1 ) 


Jn n 

although the terms are alternately positive and negative, 
and approach zero. 

n+l 

(-1) 4. 1 

«n= -7-+ -» 

y/n n 

n+l 


S 


+ (_1) 

n— I ,, i i 


■] + [ 1+ \ +-t n] . 


Li / 1 V 3 ‘ y/n 

The series within the first bracket converges, being an alter¬ 
nating series, and the series within the second bracket diverges. 
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It will be seen that all the conditions of the alternating 

SJ IWt SatlSf ‘ ed ’ “““ deCrease *° 

15. Show that the series diverges, although the 

terms are positive and negative and the nth term tends to zero. 


[ 


Here u„= “ 1 >’‘ + HIT 

— 1 )” \/n y/n 


1 


_ 1 

y/n »+(-l)V»J- 

* Arithmetic Operations on Series 

7-9. It has already been emphasized that the term ‘suin’, 
used to designate the limit of the sequence of partial sums of a 
series, is misleading, in so far as it arouses a belief that an infinite 
series may be operated on by the same rules as an actual sum of 
a definite number of terms, i.c., of the form a+b+c+d. This 
is not the case, however ; although some of the rules in question 
do actually remain valid for infinite series. The principal laws 
are the associative, distributive and commutative laws. 

The following theorems are intended to show how far these 
laws remain true for infinite series. 


7‘911. The associative law holds unrestrictedly for convergent 
infinite series. 

Let A= a l + a 2 -f-...be convergent, 

and let b 1 =a 1 +a 2 +...+a ll , i , b 2 =a mi+1 -\-...+a in ^,... 

Then the series B=ft 1 +I> 2 T& 3 +• • • is convergent, and A=B. 
ForB,=A m and Lt A m =A. 

n-+ co 

It may be noted that the number of terms which b„ embraces 
may increase indefinitely with n. We have proved that 

a. 1 -\-a 2 -\-a 2 +...=A 

implies + + ^ mi )+ 

This theorem relates to the insertion of brackets. 

7 912 • B= b x + b 2 -\-b 3 -f -...is convergent, 
and b 1 =a 1 -\-a 2 + ,..-\ r a m ^, b 2 =a in r +! + ••• 4 fl m 2 »*** 

( i ) If A=a 1 -\-a 2 -\~...is convergent, then A=B. 

(ii) If the terms a„ > 0, A is convergent. 

(Hi) If each w„—?/!„_! ^ p, a constant, and a—> 0 ; 
then A is convergent. 

To prove (t), we apply 7*911, and show that A = B. 
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To prove (ii). we notice that 

00 

1' b„ < € for n y in. 

m-f 1 


GC s 

lb n — ^a n < e for O w, «- 

I l 

To prove (in), we may set 

A f ,=B r -f&' r+1 , 

where b' r + 1 denotes a part of the a terms in /> r+1 . 
Since & rfl contains at most p terms of A, £/ r+1 ->0. 

Hence Lt A s =Lt B r , or A = B. 


This theorem rehtes to the removal of brackets. 

It may be noted that we cannot without consideration omit 
brackets occurring in a scries, as the following example shows : — 

The series 00-J-()-J-...is certainly convergent and has the 
sum 0. If we substitute everywhere (1—1) for 0, we obtain the 
correct equality 

‘ (l-l) + (l-l) + .. =v ( 1 _i) = 0 . 

But by omitting the brackets we obtain the oscillatin'* scries 

1-1 + 1-1 + ... 

Grouping the terms in a slightlv different: way, we obtain 

1-(1-1)-(1-1).. .==1-0-0. .Al. 

0 = 1 . 

In former times. Mathematicians found themselves fairly at a 
loss when confronted with paradoxes like this. 

It is said that Guido Grandi believed that in the above 
erroneous train of argument which turns 0 into 1, he had 

obtamed “a Mathematical proof of the possibility of the creation 
ol the world from nothing ! ” 


7-913. Convergent scries map be added, or subtracted term hi, 
term. J 

A=<7l + <7 2"}'«3+---> and B = 6 1 -f/> 2 -j-t 3 -l- .. 

imply C= ^ (tf„±&„)=A±B, and also, without brackets, 

« P . _ fl i+&i+«i+&,+ ...=A+B. 

ror, <- n —A n + B„. Now pass to the limit. 

Tf A 1 -' ? mv , er & ent ™ may be multiplied by a constant. 
v x a — f 1 !;' and * * s an arbitrary constant, then 

serTer S bu\ h a?snT S f n0t ° nl> i p . rovidc the convergence of the’new 
old series. * UP a rclat,on between its sum and that of the 
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Ex. The series v- 

l 




n 


is convergent. Let s be its sum. 


By 7-911. the series 


and 


00 / -i 


1 + 1 


- 1 ) 


A‘=i V 4fc — 3 4k — 2 4k — 1 4k f 
are convergent and also each has its sum s. 

By 7*914, multiply the 1st by 

* / 1 _ 1 _ \_ s _ 

A-=l {-Ik—2 4k / 2 

Add this series, term by term, to the 2 nd, and we obtain 


CO 

V 


t 


-L_ 


1 


k=i Uk-3 4k—1 2k 


2 S ' 


O 

O 


t.e.. 


1 +?-*+?+-- - 1 + 1 +i — 1 + -=-.:iog 2 . 
'3 2 1 5 7 4 9 'llG 1 2 ® 


This shows that if the series log 2=1 — J+J — J-f ...be deranged, 
the sum of the resulting scries is affected, i.e ., the commutative 
law is not likely to hold always. 

We proceed to examine this now. 

7 92. Does a derangement of a convergent series 
affect its sum ? . . . 

A convergent series may consist of positive terms only, or it 
may be absolutely convergent, or conditionally convergent. So 
we heve to discuss three cases : 

(a) A positive-term convergent series. 

(i) Let w 1 +m 2 +w 3 +...Wm+... be the positive-term scries whose 

sum is s, and . 

(it) let v 1 +v 2 +v 3 +..,+v n +... be a series whose terms arc the 

same as those of the 1st, arranged in any new order, i.c., every 

v is a u and every «,ai), . ... 

Let $' n be the sum of the 1st m terms of the series (wj- 

Since all these terms occur in the scries (/), it is evident, n 
may be chosen so large that the 1st vi terms ot the series (if) arc 
to be found among the 1st n terms of the series ( i ). 

Hence <s n <s, 

which shows that the sesies (ii) converges, and its sum s ^... 

In a similar manner, s k <s' r , 
i.e., s^s'. Hence s' = s. 
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(b) An absolutely convergent series. 

Let the series (/), i.e., lu n he absolutely convergent. converging 
to s. and the series (ii). i.e.. ±v u be I be d< ranged scrips. 

Then ^ | u„ | is convergent : let its sum be a. 


— S' • 

-*i , 


be the 


Now the series 1 • u„ + \ u„ ! , contains no negative term, 
and no term in it is greater than twice the corresponding term 
in the series j ?/ ;l | . 

Since S | u n | is convergent, 

^ | u„ | ■ converges to S, not greater than 2a. 

Also S=.y-{-a, (Art. 

Suppose now iv„ = .v\ i | v„ | =a\ and 1 | v n 

then S' =s'-\- a, 

But by (a), o=a' and S = S', 

s' = S' — o' ■— S— (j = s. 

Hem e the sum is not affected by derangement. 

Otherwise : Let be absolutely convergent and 
series formed bv derangement. 

Take m so large that 

K = | | 4- | a in +2 | d - •••<€. 

Wc may now take n so large 'that ,,= (l m„-v r„) contains no 

term whose index is Thus the terms of ,, taken with 

positive signs are a part of U. and hence /; <ll<€. for n>m. 

• • ~ y n is convergent and lr u = i'i/ n . The same reasoning shows 
that 1 | v n | is convergent. Hence lv„ is absolutely convergent 
and the sum remains unaltered. 

(c) A conditionally convergent series can be mode to converse bit 
a suitable derangement to any pre-assigned number a, whatever. 

Suppose is conditionally convergent. Since the sums of 
positive and negative terms tend to + * and -» rcspcctivclv 

manner ™— & *** * cvtcs ' whosc sum a. in the following 

thJ ake P ° S ! tl ' e tcrms from t,lc given scries in the order in which 
they occur in it, until their sum exceeds a. Add to these, in the 

until"the'^M ‘ ° CCU : in tl,e g ivcn series, negative terms. 

where we Mt T < rt 1^™’ ' K ' gln " in = ' vith positive terms 
Then A . F’ add P° sltlvc terms until the total sum>«. 

Se sum of 1 h t ,e " ega ‘ iVe terms - aild 50 «“• 11 » clear thni 

is alternate!, Ut tern ? s of the ne ' v sencs t,lus obtained 
i* ra,te !l’ greater than and less than a, and that it 

differs from a by a number which ap chcs its , imit 

as lu n is convergent (Goursat). 
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Hence we have proved that a derangement does not alter the 

sum of (<), a positive-term convergent series, and [«), an abso 

lutely convergent series ; but it may affect the sum of a 
conditionally convergent series. 

Note. We know that if f{x) be a positive function, decreasing 

to zei*o as x increases, then the series v ( —)"’ 1 /(w) is convergent. 

Let s be its sum, and let this series be deranged. 

If Lt nf ( n)=g , and if k is the limit of the ratio of the number 

)l-*> 3 0 

of positive to the number of negative terms, the sum of the deranged 
series is s + \g log k. 

The proof of this theorem is beyond the scope of the book. 


Multiplication of Infinite Series 

7'93. We now consider the multiplication - !)! two infinite 
series, and enquire to what extent the distribution law holds for 
them. We have already seen that a convergent series may be 
multiplied term by term by a constant, without affecting its 
convergence. The student can easily deduce from the distribu¬ 
tive law : a{b-\-c)=ab-\-ac, that 

(fli+^ 2 _ h <7 3 ■!"••• T‘ a m)(^i +^2 "h-** ~\~b n ) = a 1 b l f-a 1 b 2 -\-... + a n b„, 


or that 


m 

V 


n 


z o 


rA=1, 2, 3,.. m, 

L/z=l, I’ 3,....72, 


V b Vfl b 

x =1 " / \ ,x = l ,l ) X // ’ 

where on the right, A and /t take up, independently of one an¬ 
other, all the integral values from 1 to m, and 1 to n respectively 

and all such products, a b , mn in number, are to be added, in 

A il 

any order, whatsoever. 

‘Docs this result continue to hold, when ?n->», n->co, i.c., 
can the distributive law be extended, without change, to infinite 
series V is the problem to be considered. 

It may be noted that 'la b , when A and fl run through all 

A i L 

the integral values from 1 to x, independently of one another, 
denotes the infinite scries whose'terms are all possible products 

a . b , without repetition. If we take two rectangular axes, the 

A ii 

points whose co-ordinates are positive integers or zero 

(i.e., x=\, !j =/,), are called lattice points of a non-negative 

lattice svstem. Thus to each term a b of the infinite series 

A il 

la b , corresponds a lattice point, and conversely. I urther, 

A u 1 
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we may write the terms of the series £a b 

A // 

are omitted) : — 

in the form 

a A 

a A 

a 1^3 

a A 

afi^... 

a 2 bi 

(l 2 b 2 

«A 

a 2 b i 

ajb b ... 

a f)\ 

a z b 2 

“A 

(, A 

<, 3 b S- • • 

a A 

a A 

a A 

°A 

a. hr 

l i> • • • 

a A 

a A 

a b h 4 

a s b 4 

a -hr 

0 0* • • 


( r signs 


nu»v iciuni to me prooiem siaieu aoovc. 

7*931. If the series 1 a n =s and 1 b n =a , arc absolutely comer 

lit . //>/? strips V/7 /) »<• /(/on nltvnlti //»/»/ 4 J / _ 4 I 


# v —o _c/ n = a, ausoiuicttf convcr- 

gent, then the series l'a^6 , is also absolutely convergent and has the 

sum so. 

We arrange the terms in la b in a simple scries as 

O A /t 4 

S+ (a 2 b x 4 - a z b 2 + a x b 2 ) 4 - (a 2 b x + a 2 b 2 4 - a 2 b 2 4 -o 2 fr 3 4 . a x b 3 ) 

+ ••• ( 2 ) 

In tins particular arrangement, s„o a is the sum of the first 
^terms of the scries S, As Lt 5 „a ,„=sa, the series S converges 

As 5 and a are absolutely convergent, «'=v i a d 
Irftfr'T.TTTt-J*, , Same rcason ii>g> the series 

I fl n l oi I + ( I a 2 I b x | + | a 2 . 1 b 0 \ 4- n > y , \ , 

and, therefore, the series " 1 - )+••• 


a ' ' ]b i\ + I a * I h x | + 1 a 2 | | 6 2 I -f i Ql ,i b 


+... 


l i i w i i r i u 2 

converges to $V. 

Thus the series a 1 & 1 +aA+«&+fl 1 & 2 +... m 

obtained by removing the brackets from ( 2 ) is absolutely ■con¬ 
vergent, and its sum is, therefore, so. ^ 

Since (3) is absolutely convergent,.we can deranm> it in 
manner without affecting its sum. derange it in any 

Hence S<z^ converges absolutely to so. 

It may be noted that by arranging the terms of So j as in 

§■ b ; e * SUm up the seri “ ‘by squares’. We may "replace 

Tt . .... a A+(“!*'.+fl,t,)+((7 3 6 1 +aA+a l 6 3 )+.. (4) 

Ibis will be the arrangement "oy diagonals’ 

it is absolutely^conv«gemT‘ The “ eonve ^nt, 

hold when tL^prtivttJ'^ertr's anT tT' 

gent. b an(1 are conver- 
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7’932- By our theorem of the preceding article, we have 

established that the distributive law may, at any rate, be 

extended without change to infinite series—with an arbitrary 

arrangement of the products a b —if the given series are ab- 

A /i 

solutely convergent. To prove the convergence of the product- 
series, under less stringent conditions than that of absolute con¬ 
vergence of the series ycr,, and ^b n . is beyond the scope of this 
book, and we shall not, therefore, enter into, any further 
investigation of the question of multiplication of series, but we 
shall show by means of an example due to Cauchy, that the 
distributive law does not, in general, holds, so that the product 
of two such series 1' a n and v b tl may no longer be formed accord¬ 
ing to the elementary rules. 

Ex. Consider the series 



The series s, being alternating, is conditionally convergent. 
Arranging tlie terms of the product as in (4), Art. 7 931, we 


have 



1 

TiVT 


i 

vi V 2 



i_ 

y2 yi 


+ 


1 7,+ tt; 1 


l 


VI V3 V2 v 2 1 V 3 V l 


• • • 


Let t n denote its nth term. Then 

< n =(-) n " 1 


1_ ,_!__, | t. 

VI Vn v'2 Vn—l vn 


Replacing each root in the denominators by the largest Vn, 

= 1, and, therefore, the product- 


it follows that j t n | ^Yn~Vn 

series S does not converge. This shows that our theorem does not 
hold when both the series arc conditionally convergent. 

Examples VII (g) 

1. Show that 1 + V — — I + s ~« “*"«■ • • = “ - 

2. Show that I + h +1 ~ — I +... = £ l°o G * 


05 1 7V 

Given E — - 

, n- 0 


show that 
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11 1 I , _ 1fZ . 

4. ^^"52“^" 72 fY2 + 13 2 ' 9 

1 1 _J. , ^ 

5 - 1 2 2 ' 3 2 4 2 ' ”" 12* 

6 . By the multiplication of scries, prove the following rela¬ 
(i) (l+a’+.T 2 +.r 3 +...) 2 =(l+2^+3a: 2 +4 l r 3 +...)=(l-^) \ 

(n) e*.ev=e*+v, (Hi) cos 2 a:-f sm 2 a:=l, 

(iv) sin 2x—2 sin x cos x, 

(.) 1 »-M l + l)+l( ! ^+l) +1+l)+ 

7. Show that sin (a’-f ?/)=sin a: cos f/-f cos x sin y, 
given that 


CO 


sin * = - ( —) n_1 

1 


a’ 2 "- 1 - 00 . ... x 


» and cos a:= 2 (—) n 7; 


(2n)! 


(2n —1) ! 

• 

Examples VII (A) 

Examine the convergence or divergence of the following 
series :— 

! 1+ ±+!_*+»'+!*+ • 

1 ‘ 2 2 ~ 33 ‘ 44 ‘ 55 “--* 

12 1 2 .3 2 , 1 2 .3 2 .5 2 „ . 

2 * rt o“r 1-tO ® 1 <-.0 .0 & I ••• 


2 2 ’ 2 2 .4 2 
2 2 

3. .c 2 -f —a: 4 -f 
0.4 


2 2 .4 2 .6 2 
2 2 .4 2 


« , 2 2 .4 2 .6 2 

+ ~ ^ 8 +... 


3.4.5.6. * 3.4.5.6.7.8 


4. 1 + rv+ + 


a ’ a 2 


a’ 


5. Show that the series 

sin x sin 2a: . sin 3a: sin 4a: 


F.*. 


12 2 2 1 3 2 4 2 

converges absolutely for any value of x. 

6 . Show that the following series converges absolutely for 
any value of | x | <1, no matter what 6 may be, 

1-fa: sin 0-fa: 2 sin 20-fa: 3 sin 30-f ... 

7. Investigate the behaviour of the series v---- - /a;>o \ 

tl *— X\ J 1 

8 . Examine the convergence of the series 

* . 3a: 3 5a: 5 7a: 7 , 

r , , A. T Z . ~ * 1 ^ r~rr 7T ,m 


1+a? l-f3a: '• l+5a: 1 l+7a: 

for all values of x. 
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9. Show that the series 14 —- i x2 i x * , 

x 2 —1 .*4—l"^ 

converges for all values of x, except #=-[- 1 . 

10 . Prove that the series -— — 4 - ^ __ i 

l 2 2 2 ~ 3 2 42 ^- 

is conditionally convergent. 

11. Prove that the series 

(log 3-log 2) (log 4-log 3)+(log 5-log 4)-... 
is convergent, but the series 

log 3—log 2-log 4+log 3-f log 5-log 4- 
is not convergent. 

10 Tf «« _nHAn fc - 1 +B^“2 + c^-3 + . 

«„+r ^*+an*- 1 +6»‘- 2 +«n‘- 3 +... ’ when k Is 

integer, show that the series is convergent ifA-a-l> 0 , 
and divergent if A— a —1 < 0 . 

13. Prove that the sum to infinity of the series 

1 — 4 "H—s + £ — ...is h log 2 . 

Examine whether the following series arc convergent or diver¬ 
gent :— 

14 - !*+ ^+iV+i>+ - 


a+ ve. 


15. 


x 


+ 


X 


r + 


X' 


•f... 


1+x 2 ' 1 +JC 4 ' 1 +a : 5 

16. Determine the character of the series 


x 


,.2 




+ 


X' 


VI -fa ' V2 + a ' A/3 + a 
for all real values of x and a- 


+ ... 


L' / 


17. Show that the series ~ — converges for —1 < r<l, diverges 

for 1 ^ r, and oscillates for r < — 1 . 

18. Prove that the series 

1 +nx+ n{n_+ 3) xi+ n(n+i)(n+ 5) x 3+ 

, n(w+r+l)(w + r+ 2 )...(n+ 2 r— 1 ) L 

H- 4 -H- 

is convergent if # 2 <(£) 2 . 

, ^ , , . cos n8 . sin nd . , 

19. Show that the senes 2 ——— and 2-are, in general, 

n r n T 

convergent if r> 0 . 

20 . Prove that if 'Znu n is convergent, so also is l'w„. 
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A I 

“ C * 


21. Show that the series >;(—l) n-1 w„ diverges if 

1 )«-i i 

Vn+ n ’ or if “»= 7 n +(-lK 

although the terms are alternately positive and negative, and 
tend to zero as a limit. 

22. Prove that if^-*0 through positive values, 

(0 Ltpv JL =1 ; (fi) Lt I ' !| =c 

P i n 1+p ( n +p pl 

where C is Euler’s constant. 

00 

23. If u n be a divergent positive-term series, prove that 

U ft 

- ~ is also divergent, where s n = lu n . 

’* l 

24. If v Wn diverges, so also does * 

25. _If^, u n is a positive-term convergent series, then 
~ v/w n w„ +1 is also convergent. 

26. If <f> n ts a positive function of n which tends steadily to zero 
30 ’ and la " \ a series which converges or oscillates finitely , 

prove that the scries 2 a n <j> n is convergent. (Dirichlet) 

now +J-j 1 - 

..d is 

ence the series 2s r i s convergent, for we can find 

1 i <*». .n ... „r,, 

Also s n <f> n -+ o as * n —>0, 

the series f is convergent. 

of »'tending" to 8 a P lSiran3 d 4 eCreaSing ° r increasin g ^notion 
convergent; d 18 con vergent, then 2 a,*. is 

Hence 1 or Lt (f-,.)= 0 . ■ 

we get the result. ' and a PP 1 > rin g Dmchlet’s test, 


4f(l) 


CHAPTER VIII 

INVERSE CIRCULAR FUNCTIONS 

0.1. Suppose 1 u='(x) is a continuous monotonic (i.e., steadi¬ 
ly increasing or decreasing) function of * m the interval 

” 1* virtue of the continuity of the function/ W, wil > “ 
at least once every value , L between a=f{a) a.ndp-J{D). 

and c.^^equently,between the values a=/(a) and 
describes the clos , w jp correspond exactly one 

(b) ; to each value of / , . , p s a s i n «le valued 

value >ot a. We can, thereto*^* of *•»«*£ interval> 

6 M)r _and denote the relation by 

y / x=f- l {y)- . 

I We see that this function is 

/ unique. . , . 

_ _/ The inverse function so obtain- 

^ 7 ed is also continuous. Take 

« _/ for definiteness, that # increases 

of inttefateriorof the interval 
a<y<P> then there exists a 
„ _ x, _ single value x„, such that 

- x * i/ 0 = /( a ’„), a <‘ r ° < b- 

Let « > 0, be an arbitrarily small number, and 

y 0 -h=f(z •„-«), </o+*=/(*o+ 6 >. . 

If 8 be the smaller of the numbers A and ^then asy vane^^ 

*An arithmetical proof £oi tm 
Mathematics. 


ct~f(a, 


a f(a i 
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(* 0 -€, a? 0 +€). If Vi and y 2 are two values of y within this 
interval, and x v x n the corresponding values of x, 

I f “' 1 (2/ 2 )-/- 1 (/yi) I = I <2€, 

which proves the continuity of the function 

811. The graph of the inverse function 

y=f- 1 (x) 

The graph of the inverse function 

2/= s /" 1 (a’), x=f(y) 
may be obtained from that of y—f{x). 

If (x\ y') be a point on the curve y=f(x), it is seen that 
(y\ x') satisfies the equation x=f(y). Rut the points (,r\ ;/) 
and (y\ x') are reflections of each other in the line y=x. 

Thus the graph of y—f~ l {x) can be obtained from the graph 
of y=f(x) by taking its image in the line y—x. 

8 2. Definitions of Inverse circular functions 
and their Principal values. 

8 21. The function sin^X- The function sin x is a 
continuous steadily increasing function of x in the interval 

^ — ^ j and its values lie in the interval ( — 1, 1). It follows 

therefore that the equation 

sin y=x • -1 ^ 1 (i) 

has only one root, which lies in the interval 2)* This 

equation, therefore, defines y as a continuous, steadily increas¬ 
ing function of x in the interval —and the values of 

y shall lie in the interval given by—- -• 

2 2 

This function y we shall denote by 

y= Sin -1 #, or y= arc Sin x. 

The complete solution of the equation ( i ) when y is not rest¬ 


ricted to the interval 


(-1’ 2)’ is 


y=ruT+(— i) n sin -1 #, 

where n is any integer, positive or negative. Out of these 

values, the value of y that lies in the interval (-7, as 

considered above, is called the principal value , and is numeri- 
catty the smallest value o r y which has the same sign as x. • 

The general value of y is also sometimes denoted by sin -1 #. 
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8 22. The function cos^x. 

As in the previous case, when the equation 

cos y—x 

has only one root, in the interval (0, as cos y is a continuous 
steadily decreasing function of y in the interval (0, ■*). This 
equation, therefore, defines y as a continuous function of x which 
steadily decreases when -l^a.^1 ; the values o iy lie between 
(0, 7t ), the lower value 0, and the upper value tt being assumed 
at x=l and .r= —1, respectively. We represent this function as 

y=cos~ 1 x, or y =arc cos x, 

the values of y belonging to the interval (0, n) being called the 
principal values. 

It will be seen, that the general solution of the above equation 

y—2mr±arc cos x. 
n being any integer. Among the values of this set that which 
is numerically the smallest positive value of y, and satisfies the 
equations cos y=x, is called the Principal value. 

8 221. When cos- 1 .v and sin- 1 .v have the principal values, 

... ( 1 ) 


is 


sin~ 1 x-{-cos- 1 x 


_ 1 


2 ' 


Proof. Calling the left-hand side ?/, we have 

dy 1 1 


d& ^/V—x 1 ^/1 — X“ 


= 0 . 


y is. constant, i.e., y—c. To find this constant c, we 
give a particular value to x , say zero ; then c=^» and hence the 
relation. 

Ex. sin _1 ( —J) = — ", and cos _1 ( —-J)=~ ; 


thus 


sin- 1 (-^)+cos- 1 (-i)= 


8 23. The function tan -1 x. 

The general solution of the equation 

tan y=x 

is given by y=nn+y t o’ . f .. , 

where y 0 is the least value of y which satisfies the equation ana 

has the same sign as x. This is called the principal value of y, 


and is included in the interval 
the value y 0 will be denoted by 



Unless otherwise stated, 

2 / 

tan -1 #, though the general 
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value is also denoted by this symbol. Thus the principal value 

. p i i i . / — — \ 


of tan” 1 ® lies in the interval (’ -)• 

2 2 


8-24. The functions cot^x, sec^x, cosec^x. 

inese functions are respectively the solutions of 

cot y=x, sec y=x, cosec y=x. 

JFor sec'U', the principal value of y is restricted to the interval 
tu, tt), and for cot- 1 ®, cosec~ l x , the principal values of y arc 

restricted to the interval 

principal value of cot* 1 ® as one that lies within (0, 77). 

On this understanding, we can prove that 

t a n - ^ 4-co t - U’=fr /9 


Some writers call the 


tan" 1 ®-f-cot“ 1 a , =7r/2. 

It is also obvious that see' 1 ®-f-cosec- 1 ^ 77/2 
when x does not lie between —1 and 1 . 


( 2 ) 

P) 


Ex. 1. tan ' 1 


v^) c ; and cot_1 (—^ 3 )=y’ w,lcn 


It IS restricted to the interval ( 0 , tt). Thus 


ten 1 ( s/a) +cot ' 1 (-^)= 5 ' 

S .0 2 ' A ^ e "t the f ° rmula (3) ’ when W *-~ V*. (.7) *—a. 

8 3. Addition and Subtraction formulae 

Let sin- 1 1 '=# S in-i 


so that 

If 9 and <f> are both acute, ° S1 ° ^ ' J ' 


Since 


COS 6—y/l—x 2 , COS 

sm (0+^)=sin 9 cos ^+cos 9 sin <j> 


fl+^=sin- 1 )^i_„2 , , -J— 
provided 9 and </>, 9+<fi are a l, acute . V ’’ 

Thus sin-' *+si n - 1 2 /=sin - Mirv/r r^ + — 

Hi is not acute, but 9 and 6 are acute, separately, 


• I 


(4) 


To S 1 Vf +Sin 

resT icTtt Shf K‘- V d° f ""‘T 8 d “ uble w • do not 

write in gene"!. " hand S,de member to its principal value, and 

sm- 1 aj-fsin -1 j/=sin' 1 
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\ • 

where the inverse function on the right is not restricted to the 
principal value. 

We deduce similarly that 

sin -1 x— sin -1 y=sin Xy/1 — y 2 — ... (5) 

cos' 1 x+cos~ 1 y=cos~ 1 {xy—\/{l—x 2 )(l—y 2 )} , ... (6) 

cos" 1 x —cos" 1 t/=cos ~ 1 {a^/-f , \/(I # 2 )(1 2 / 2 )} *... ( 7 ) 
where the inverse functions on the right are not restricted to the 
principal values. 


8*31* To prove that 


& y 

tan" 1 x-\-tan~ l y=tan~ l 


• • • 


• • • 


( 8 ) 

X—y /q\ 

tan~ x x—tan -1 y=tan 1 ^J^xy . * 

where the functions on the right are not restricted to their principal 

values. 

Let tan 0=x, tan <f>=y, 

tan fl+tan <f>- _ x+y ? 

Then tan { d + ( P)- 1 _ iixn e tan </> 1 -xy 

x-\-y 

tan" 1 .r-f-tan' 1 */=0+^ =tan l _ xy ’ 

In this case, if 0<*<1, 0<#<1. the functi°n on t he right 

will have its principal value. If x, y are b ° th P ’ 
the function being restricted to the principal valu , 

x-\- y 

tan" 1 z+tan" 1 ?/=7r+tan- 1 

The second formula follows similarly. . ,» 

Ex Verify each of the formula, (4) to (9) by giving suitable 

values to x and y. , 

8*32. We leave it as an exercise to the student to prove 

following results 

3 sin" 1 a:=sin~ x (3a:—4a* 3 ), 

3 cos" 1 a:=cos" 1 (4a: 3 —3a:), 

Stan-^-Un-^. 

-1 x-^-y-\-z—xyz , 

tan -1 a:+tan~* 7/-Han _1 ~=tan i—yz—zx—xy 
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8*41. Show that sin- 10 —^-2 sin' 1 W 

CL t C w 


7T 


tiplc of 2 

We may suppose a > c 

1 


(c. u. mi) 


Let 


and 


\ / — x =x, so that sin x— \/ \ > — 7 -. 
V a +c 1 a + c V 2 

«r> —t and cos x= \/ —%- • 

4’ V a + c 

. . _ . 2 y/ac 

sin 2 a :=2 sin x cos x =~— » 

g+c 

cos 2.v=-[ i__ 4 -^] 4 = —£r-^ (v 2x>;). 


Hence sin" 1 -—- —2 sin" 1 V / ~ 

a+c v a + 

(Q-c) 2 2y/ac 
(a+c) 2 

. f I (a—c) 2 4ac II . . 

= sm 1 L-l(S+^»+(S+^lJ“ ,,n ( - 1} 


a . .a — c . 2^/ac 

-=sin 1 —--sin" 1 - 2 :— 

c a+c a+c 


=siirM — 


2 Vac / /a-c\2 

a + c v \a+c/ 


=[2n-(-l)"]^ = (2n±l) -• 

If c>a, we can write the expression in the question as 

_ ... CL 


— \ sin" 1 ——(- 2 sin" 1 1/ - 

( a+c V a+c I 


and in this case, cos 2x= 


c—a 7 t 

i , v x < -- 

a+c 4 


8*42. If cos" 1 a-’+cos -1 7/+COS 1 2=77, prove that ' 

•* 2 -f */ 2 -fz 2 -} 2xyz=l. 

Solution, cos" 1 .r+cos _1 j/=77 —cos _, 2; 

cos" 1 { xy- V(1 -«*)(l-*/ 2 )} =7r-cos- 1 s. 

V( 1— ® 2 )(I — 2/ 2 ) =—cos (cos -1 2) 
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Hence 


or 


x 2 if+2xiyz+z 2 =\-x 2 -y*'+ x 2 y\ 


**/+2=VU-.* 2 )(i-z/ 2 ), 


8 43. Prove that 
t a n 14 / a{a+b+c) 


v 2 +y 2 +z 2 i-2xyz=l. 


V 


be 


tan 1 y/ b ^~~ ) 


+ tan- 


Solution. Put a-f^-f-c=5 ; the expression on the left hand side 


= tan' 1 


abc 


= tan 1 


= tan _1 


“\/abc +t&n lb V alc +tan ' lc l / 

a V/ £ +b [/£+ c V Ebc~ abc V 

^• 4 

tl S S 1 S 

1 —be— - ca — - ah 

awe awe abc 

V 55' s_ l/ tic S 

-=tan -1 0=0 or n. 


aW 


(1 1 1 \ 
s (o+i + c) 


The value zero is inadmissible as the sum of three positive 
angles cannot be zero. 

8‘44- Solve the equation 

co t-i_i-+ cot-i— =tan _1 3a?— tan’ 1 x. 
a?-f 1 x—l 

Solution. We have 

tan -1 (a? + l)-ftan -1 (x— l)=tan -1 3a?— tan -1 x, 

,(j-+l) +(0-0 x _i 3x-x 

tan i-(a? 2 -l) “ tan l+Sx* 

. 2a? . 2a? 

tan 1 


or 


or 


2-x 2 


= tan _1 


1 +3a? : 


2a? 


2a? 


•' 1 + 3a? 2 2-a? 2 ’ 

8 45. If xy=a 2 +1, prove that 


a?=0 or 2—a? 2 ==l+8a? 2 , i.e. f x— ±£* 


tan -1 ——f-tan _1 =tan -1 - 




a 


a+a? 

Deduce that 5 tan' 1 2 tan' 1 jg+3 tan' 1 ^,= 
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1 1 
.+ 


Solution. tan 1 


a-\-x 


tan 


-i 




1 a+x^a+u 

—r —tan 1 -- 1 - 

a+2/ i ^_ } _ 

(a+.r)(a+f/) 

2a+x+y 


<9 i n! 4<\ I i 


=tan _1 (V xy—l=a i ). 

a 

Now 5 tan' 1 £+2 tan' 1 x V+3 tan -1 & \ 

=2 tan-'i + 2 tan' 1 J fi + 3^tan 1 ^ + tan' 1 ) 

=2 tan" 1 A+2 tan -1 T V+3 tan" 1 \ 

/ (a=T, x=l, f/=50, then a:?/—1 =a 2 J 

=2 tair^+tan- 1 ^(tan'^-g+tan- 1 jp) 

=2 tan” 1 i+tair 1 \+2 tail" 1 »[ Vfl=5, .r = 13, ?/=2, ^7/—1 = a a J 

=2(tan- 1 g -L+ tan - 1 g^ 2 )+ tan ' 1 * 

(V a=3, «r=5, y= 2, a:?/—l=a 2 ); 
=2 tan'4+tan -1 j=tan~ l $-f^tan -1 

=tan -1 £+tan~ 1 i=tan -1 ^-j-ftan -1 ' ( A 7/—1 = a 2 ) 



. . 1 - 
=tan 1 - = -• 
a 4 

Examples 


Prove the following 

1. tan' 1 t \=2 tan 1 5. 2. 2 tan -1 £=tan -1 j. 

& 2 tan -1 £=cos -1 £. 

4. Find the value of cos (sin -1 a+cos -1 a). 

5. Find the value of sin (sin -1 rt+cos' 1 a). 

6. Find the value of tan (sin -1 a + cot -1 a). 

Prove the following formula* :— 

7. tan -1 a—tan -1 6=tan -1 -^—4* 

1-j-ao 



2 


, . .1 -x 2 

tan 1 a’=cos -1 -• 

1+a’ 2 


9. 2 tan -1 a=tan -1 — 

1— x 2 
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10. sin -1 


INVERSE CIRCULAR FUNCTIONS 


2x 


1+^2 ) = 2 tan*" 1 *. 11. cos“ 1 (2a 2 — 1)=2 cos -1 *. 


12. tan 


1 1 i-^+l {C .U. 


1912) 


13. Shew that tan -1 $4-tan -1 A= 7r * 

4 

14. Shew that 4 tan" 1 }=tan -1 -J-fg. 

15. Shew that tan' 1 J=tan _1 ‘ 4-tan -1 |=-* 


—+ COSCC -1 ^1 = — 

x/82 . 4 4 


16. Show that cos -1 

17. Prove that 

tan -1 n-fcot -1 (« + l) = tan' 1 (« 2 +w + l). (C. U. 1935) 

18. Show that 4 tan” 1 -J — tan~ 1 7 , u 4-tan~ , j J 1 7 J =^ < 

4* 

19. Prove that sin -1 ^4-sin -1 4-sin -1 

"V 1 * ^11 1 

( C . U. 1915) 

4 "> 1 fi - 

20. Prove that sin -1 -4-sin -1 -4-sin" 1 — =£• (C. U. 1920) 

21. Prove that 

tan- 1 14 -tan - 1 24 -tan -r 3 = 7 ^= 2 (tan" , 14 -tan -1 H tan ~' $) 

(C. U. 1921) 

22. Solve the equation 

• sin -1 2x— sin -1 x^3=s\n~ { x. 

Sol. Taking sine of both the sides, 

2x cos (sin -1 Xy/3)—xy/3 cos (sin -1 2*)=*, 

or 2x^/1 —3x L —x^/3. ^/l—4x 2 =x, 

whence *=0, or x= ± 4. 

, Solve the equations:— 

iC _ 

23. sin ~ l x 4-sin -1 2 =^ 

. , 5 , . ,12 77 . 

24. sin -1 4-sin — =-• 

X X £ 


25. tan -1 2.r4-tan _, 3.T=/ 

4 


( C . V. 10U) 
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26. 

27. 

28. 


sin 


-i 


l + fl 2 + sm ' 1 + 6*- 2 tan '‘ r - 

If sin (77 cos d) =cos (77 sin 6), show that 

B—± \ sin -1 

Prove that tan -1 J+tan- 1 A+tan" 1 ^+tan -1 ^ 


=2 tan- 1 i+tan- 1 4+2 tan~ l $ = "• (C. U. 1922) 

29. Prove that tan"* 1 4+tan -1 ’ -f-tan' 1 

~J^sin* 1 ^+sin-' -i^+sin- 1 -^r^. (C* U. 1923) 

30. Solve tan -1 J+tan -1 4+tan -1 j+tan^ 1 .r=^- 

31. Show that 

tan (2 tan _, a)=2 tan (tan -1 a-^tan' 1 a 3 ) (C. U. 1932) 


32. Show that 2 tan 


-W— 

V v 7 a+b 


tan 


f)= 


cos 


b+a cos x 


+ 6 ~‘* 2 / - a +b^lx 

33. Show that tan Q+$ cos" 1 ^ -ftan (|—| cos" 1 ~~. 

34. Prove that 

tan (tan' 1 cC+tan 1 y+tan' 1 2) =cot (cotir+cot " 1 y-f-cof 1 *). 

35. Show that tan -1 .c—tan -1 2 =tan~ 1 ~~' f 4-tan" 1 -'L—* 

:_I . , 1 +‘ r ^ *+*/* 

36. Show that cot" 1 ^-i^+cof 1 —t^+cot -1 —~^~ 1 —p. 


b—c 


c—a 


OC 7 / 

37. If cos -1 --f-cos' 1 r=a, show that 


a 


X 2 2iTI/ w 2 

COSa +To-=sm 2 a. 


6 2 



CHAPTER IX 


COMPLEX NUMBERS 


91. Extension of the notion of number. The 

domain of real numbers fails to give a solution of equations of 
the type 

<z 2 +l=0. 


The necessity of generalization of statements like “every 
quadratic has exactly two roots,” “every cubic has three roots,” 
requires a further advance of the number system. “That it 
is permissible to introduce these more general numbers is based 
upon the freedom of scientific thought to choose its own objects ; 
that it is desirable to introduce such numbers is shown by the 
result .” The desirability of the introduction of more general 
types of numbers would be seen from the previous chapters 
and also those which follow. The new type ot numbers, that 
we shall introduce are called complex numbers (or imaginary 
numbers, not a happy name). In the text, the words, comp ex 
and imaginary, will be used in the same sense, though the 
name imaginary will be avoided as far as possible. 

911. Ordered pair of numbers, bet a and b be 

two real numbers. From these two numbers we can or 
another number [a, b], which we call the product of 

numbers, so that in our notation 

[a, b]=ab. 

The number [b, a] also equals ab. Thus 

[a, b] = [b, a]. 

In this number-pair, the order of the constituent parts is of 
no importance. The number-pair, above defined, is not ordered. 


Let us now form from the real numbers a and 6, another 
number [a, ft], which we may denote by a/b. With tin 

definition of number-pair, 

[a, b]f[b, a], when ajb. 

In this number-pair the order of a and b has a material effect 
3 n the new number formed. Such a number-pair is ca 
ordered, in which the order of the constituent parts is of importance. 
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ARGAND’S DIAGRAM 


‘-'17 

As another illustration, suppose that two directed mutually 
perpendicular lines, X'OX t Y'OY have been chosen as thenxcsof 
co-ordinates. The position of a point Pis determined by two 
real numbers .rand y, its distances from OY and OX. The point 
is represented by the number-pair (j\ ?/). The points represent¬ 
ed by (x, y) and (y, .r) are, in general, different. These points 
will coincide only if x=y. The above shows 

the number-pair ( a, b) is called, ordered if the number-pairs 
(a, b) and (b, a) are distinct, unless a = b. 

9*12. Definition of complex numbers. The com¬ 
plex numbar z=x-\-iy is defined by the ordered pair, (x. y), of 
real numbers x and y. 

% 

The student must bear in mind that so far we have 
attached no meaning to + and i, x+iy being merely another 
method of writing the number-pair (x- y ). 

92. Geometrical representation of complex 
numbers. 

Argand’s Diagram. Ill Art. IT 2 attention was drawn 
to a (1, 1) correspondence between the aggregate of real numbers 
and the totality of points on a directed st. line, by which to 
each point of the line there corresponds a definite real 
number, called its abscissa, and to each number there corres¬ 
ponds a definite point called the image of the number. The 
above definition of complex numbers as an ordered pair of 
numbers would immediately suggest a geometrical representa¬ 
tion of complex numbers which is due to Gauss and A maud 

The ordered pair of numbers, 3 = (.r, y), in the cartesian 
plane represents a definite point referred to a frame of reference 
consisting of a pair of mutually perpendicular directed lines 
X OX, Y 0\, with a common zero-point. The complex number 
Z={x, y) will be represented by a point of the Cartesian plane 
whose co-ordinates are (,r, y), and conversely, to the point whose 
co-ordinates are x and y , there corresponds the complex 
number z=(x, y), or z=x-\-iy (see p. 250 for diagram). 

\Ve associate with each complex number z=x + iy, that point 

oj the plane which has, with reference to a fixed rectangular 

system the co-ordinates x and y. and conversely, to each point 

with the cp-ordinatcs x, y, we associate the complex number 
z=x+iy={x y y). 
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In particular o+io has origin as its image ; x+io, the point 
(.r, o) on the X _ axis ; and o \-iy, the point ( 0 , y) on Y-axis. 

We have seen that there exists a (1, 1) correspendence between 
the complex numbers, and the points of the Cartesian plane. 
It follows therefore, that to each definite relation between 
the complex numbers, there corresponds a definite relation 
between the points of the Cartesian plane, and conversely. 
From each theorem involving complex numbers, we can deduce 
a theorem involving points of the Cartesian plane. Thus known 
geometrical theorems will furnish a powerful aid in developing 
the theory of complex numbers ; the proofs of course will 
be purely by analytical methods, geometrical language, with 
which the student is already familiar, being used merely for 
the sake of illustration and convenience. 

9 21. Complex numbers and polar co-ordinates. 

If (r, 9) be the polar co-ordinates of P (x, y), (see Fig. page 250) 
then . x=r cos 9, y=r sin 6, (1) 

- w 

whose solution is r=y/x 2 +y 2 , 0=tan _1 -• (2) 

X 

The formulas (1) are correct in sign, if r is always taken as 
positive, and the positive direction of the angle is chosen to 
be counter clock-wise. Hence 

every complex number can be written in the form 

z=x+iy=r (cos 9-\-i sin 9), 
where r is the positive square root, 

and is called the modulus of the complex number, z=x-\-iy . and 
is denoted by r= | z | . 

The angle 9 is called the amplitude or argument of z, and is 
written as 

• 9=am z, or 9=arg z. 

Now 9 is a many-valued function of x and y, the values 
differing by 2v. The value of 9 which lies between -w and tt, 
is called the principal value of the amplitude. In wha 
follows, when we speak of the amplitude of z, we shall always 
mean its principal value. 

It should be observed that the principal value of 9 is not 
necessarily the principal value of tan -1 (///.r) ; For a given 
number x -f- iy, both cos 9 and sin 9 have given values, therefore 
9 has only one value which lies between — tt and tt. 
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The amplitude of a positive real number is 0, that oi a 
positive purely complex number is tt/2, and of purely negative 
complex number is -tt/2. The amplitude of a negative real 
number, as defined above, is ambiguous, ±n. Wc shall, however, 
consider it to be tt. It will be seen that if .r>0, 0=tan '(///.r) ; 
if x < 0 < i/, 0 = w + t&n-'iy/x) ; if x < 0, // < 0 

0=—vr-j-tan -1 [yjx). 

Ex. I. Find the modulus and amplitude of 

1 . V3 

* 


Here 


— \=r cos 9, = r sm ti¬ 


lt follows that r=l, 


-and 0=-^ 

u 


The point corresponding to the complex number, 

lies in the third quadrant. 

Note. It would obviously be wrong to obtain 9 from 


tan —\/3, for tan _, ( —^3) = — 

O 

Ex. 2. Find the modulus and amplitude in each of the 
following cases, and plot the corresponding points verifying 
them by their polar co-ordinates also :— 


« h-i 




(») -i-i 


,V3 


2 ' 7 * ' 2 
(m) —1 —i, {iv) -2, (u) -2 i. 

§‘22. Vectors. By a vector we mean a line of definite 
length, and definite direction drawn in a definite sense, the 
position being of no concern. 

The vectors AB, CD are said to be equal when they arc of 

equal lengths and are drawn along parallel lines in the same 
sense. 

It follows that the displacement of a point from A to B is a 
vector. 

In comparing vectors, it is convenient, in general, to draw 
them from the same origin 0. 

^ en . eac ^ vector OP is terminated by its terminal point P. 
There is, therefore, (1,1) correspondence between the vector 
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OP and the end point P, whose co-ordinates in a plane are 

represented by (x, y), to which corresponds a unique complex 
number 2 =.r-f- iy. 1 


Y 



Thus there is a (1. 1) reversible correspondence between the 

vector OP, the terminal point P(.r, y) and the complex number 
z=x+iy. 

It may be noticed that the projection of the vector which 
represents the complex number z=x-\-iy on X- and Y- axes, 
respectively, arc x and y. The number x is called the real part 
of 2 , and y the imaginary part, and written as 

;r=R ( 2 ), y =I (s). 

The reason for this will be clear later. 

9 3. Equality of complex numbers. Tzvo complex 

numbers z^xi + iyv and z 2 ~x 2 -\-iy 2 are equal , if, and only ij, 
x l =x 2 , 2/i=// 2 - 

This definition is justified by the geometrical representation of 
the complex numbers; as the points (x v y x ), (.r 2 , y 2 ) in a Cartesian 

plane coincide only, if x x =x 2 , */i= 2 / 2 * , 

The above remark should not be regarded as a proof, but only 

a suggestion for the definition. t 

We may observe here that complex numbers with dirierent 
amplitudes cannot be ordered, i.c., given 2 2 and 2 2 , we cannot 
establish either of the relations 
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9 4 . Addition of Complex Numbers- 

Let Zj = + i}fv ^ 

z 2 =x 2 +iy 2 be the 
complex numbers re¬ 
presented by the dis¬ 
placements OP, OQ. 

Complete the ||grm. 

OPRQ. Then PR 
equals OQ and is 
drawn in the same 
sense. Thus the dis¬ 
placement PR is 
equal to OQ. If now a 
particle be displaced 
from 0 to P, and then 
from P to R, the final 
position will be the same as it were displaced from O to R along 

OR. Thus 

or=6p+pr=6p+6q, 

Now the projections of OP and PR on OX are and .r 2 
respectively, therefore, the projection of OR on OX is .i'j + .ro. 

Similarly, the projection of OR on OY is // 4 -f--*/ a . Hence the 
point R is (a^-pa:,, iji+y 2 )> Consequently, vector 
OR is x l +x t +i{y l -\-y i ) 

Thus (.Tj + iyf) + (.r 2 + iy 2 ) =(.i'i 4 .r 2 ) -i i{y l 4 lh) • 

The above observations justify the definition which follows. 

Definition (2) of addition, if z l ^.r 1 +iy v 'z 2 =x si +h/ i , 

then the sum of z 1 and z 2 is defined by the relation 

3 i 4 * 2 =4* 2 4 *(*/i4 y 2 )=(^ -fa* 2 , Ui+lh) • 

Thus the operation of addition of number-pairs (complex numbers) 
is definite, always possible and unique. 

9*41. From the above discussion it follows that 

• . *=(*» y)=(x, 0)4- (0. y) 

so that (.r, y) is the sum of the number pairs, (r. 0) and (0, y). 
The sum so defined obeys the commutative and associative laws, 

VIZ., 22 = ^2 4 ^ 1 * 

_ ” («l + 2*)+23 = 2l + (S2+ 2 s)- 

To prove the first, we note that the left-hand side is equal to 

,r i+‘ T *+ J (2/i4-!/2)> and the right-hand side is equal to 

, , ^2+‘ri+% 2 +2/i) ; 

and these two are equal by definition of equality. 





oxo 


COMPLEX NUMBERS 


The second result follows similarly. 

i J hc 1 1 0l l ,0 'V , !f ^ Mcra , Iization °f the above theorems can be easily 
deduced by follow,ng the line of proof as indicated above The 
statement runs : ' c 

'lo sum any number of complex numbers, the separate sum¬ 
mands may he combined into a smaller number of other summands 
by arbitraly selections and arrangements. 

9 42. Subtraction of Complex Numbers. 

Let z 1 =x l +iy 1 be re¬ 
presented by the point P. 
Suppose that the displace- 

—^ —> 

ment OF equals OP, but is 

in the opposite direction, 

then obviously the point 

P' is (— .t’j, — //j), i.e., 

-a\ + i (-//,). We may 

therefore define :— 

• Definition 3. If 

z=x+iy,, i.e. if (x,y) be 
a complex number, then 
—z is defined as 

z=-x-\-i{-y), 

i-e., (- x . -y). 

Finally we define: 



Definition 4- 

i,c., 

i.e., 


z l ~z 2 =z l -\-{-z 2 ), 

Zl - z 2 =x x - Xo -f i [y x - y 2 ), 

(#1 x z , iji—yz)- 


Geometrically, if z v z 2 , represent the vectors OP, OQ respec¬ 
tively, z x —z 2 represents the vector QP, so that the vector which 
connects the points z 1 and z 2 in the Argand diagram, in the 
sense from Q to P, i.e., z 2 to cq, represents the number z 1 —z 2 and 
its length is | z t — z 2 | , 

Also am QP =am (Zj—z 2 ), 

Note. Any vector PQ may be referred to the origin by the rule 


PQ=OQ —OP, x 

which is merely another way of writing the obvious truth 


OP+PQ=OQ. 


MULTIPLICATION AND DIVISION 



9 5. Multiplication and Division of a number- 
pair and a real number. 

Multiplication of a number-pair and a real 
number. 

Let z=(x, y) be the number-pair (i.e., complex number) and 
m a real number. 

If in is a positive integer, then the product m (x, y) is the sum 
of m equal number-pairs (.r, y). 

This definition easily gives 

m (v, y)={x, y)-\-{x, y) + . m summands 

= (mx, my). 

m( x, y)—{mx, my), if m is a positive integer. 

In case m is a negative integer, then also the equation 
m(x, //) = (mx t my) 

will be taken as the definition of the product. 

9*51. Division. The quotient of a number-pair (x, y) by 
an integer m is the number-pair which when multiplied by m gives 

(•*> y)- 


Let 


l 

m 


(•r, y)={a, l>). 


by definition 

x=ma, y- 
or a—xfm, b 

lienee - (x, y) 

III/ 


( r, y)=m{a, b) 

={ma, mb), 

mb, [definition of equality 
yim. 

, * 

\m m 


9*52. Multiplication by a fractional number. 

lhe product of a rational number p/q and a number-pair 
z=(x, y) is defined as the multiplication by p and division by q 

Finally the product of z=(x, y) and a real number a, is defined 
by the equation a(x,y)=(ax,.ay) 

We deduce the following theorem :— 

9 53. Theorem. (.r, »/)=a(i, oj+^o, l) 

Taking the right-hand side, 

,f(l, 0)+y(0, 1)=(®, 0)+(0, y). 

ev i e fyj iu ' m 'ber-pair can be expressed as the algebraic sum 
oj the multiples of two special number-pairs «*=(/, 0), u 2 ={0, 1) ; 

l ' e ” (x, y)=xu 1 -\-yu i . 
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Since %=(1, 0) is the unit point on the A’-axis in the Argand : s 
diagram, (1, 0) = 1 ; and if we denote u 2 by i, we have the'common 
notation 

(x, U) =xJ rW >' * so far denotes a unit only. 

Examples IX (a) 

Express in the form r(cos 9+i sin 0) the following : 


1. 

1 +\/—2. 1 + 2 . 

3. 

-v/3+i. 4. 

1 + ^/2+*. 

5. 

5 + v/ 5 + V ~~ 5 - 

6. 

1 +* tan a. 7. 

1+i cot a. 

8. 

tan a — i. 

9.. 

1-|- sin 0-f-z cos 0. 


[We solve (9) as follows : Put 1-f-sin 0=r cos <f>, cos 0=r sin <f>\ 

/ 9 0 2 

r 2 =(I+sin 0) 2 -f-cos 2 9= 2+2 sin 9= 2^sin -+cos 2 )• 

/ 0. • 0\ . „ . (9 7T\ 

••• ; -=( cos o + s,n 2 )v/ 2= 2 sl n 2 + 4 • 


4 . cos 0 

tan 0= a = 

r 1-f-sin 9 


.9 . , 9 

cos 2— sm 2 g 


0 9 , + 9 

C0S 2~ S in 2 1 “ tan 2 


e 9 2 0.0 0 

cos 2 + sin 2) cos 2 +Sin 2 1 + tan 2 


= tan 


77 • rk — — - 1 

4 _ 2/’ ' ' ^ 4 2 J ' 


If a and p are real numbers, prove that 

10. a(/te, py)=p(aX, <*«/)= (a/to, apij), 

11. (a+/3)(.r, y) = a(.r, y)+p(x, y), 

12 . a[(-Ci» 2 /i)t-(^ 2» 2/2]= a G r l. */l) + a (*2> 2 fo)- . 

13. Find the equation of the circle whose centre is the point 

A (a), and radius r. _ 

Solution. If P(z) be the moving point; AP==z-« and the 
length of the vector z—a is | z—a j . Hence the locus is 

I z—a | =r. 

14. Show that the equation of the ellipse whose foci are the 
points S(Zj), S'(z 8 ), and 2 a the length of the major axis, can 

written in the form 

| z — z 1 | 4- | z ~2 I == 2 fl . 

Prove also that the eccentricity of the ellipse is 

| '-l ~2 I /^* 

15. If P( 2 j), Q(: 2 ) be two points in the Argand’s diagram, 
the mid-point M of PQ is {z x -\-z^J'2. 
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- [If P and Q arc the extremities of the vectors OP, OQ then 



OP+PM=OM, OQ+QM = OM. Adding 

OP-f 0Q=20M, v PM=-QM.] 

16. If M divides the join of Pfo), Q(z 2 ) in the ratio ?« 1 : m», 
show that M is represented by 

ntfa+mfa 

m x -}- m 2 

17. Show that the centroid of the triangle formed by P(c 1 ), 
Q(z 2 ), R(z 3 ) is 

2 l+2 2 4-^3 . 

3 

18. If the line joining P(l-|-2i), Q(5—6t) is divided internally, 
and externally, at M and N, so that 

PM PN 3 

MQ “QN "I’ 

show that MN—3—6/. 

19. Show that the necessary and sufficient conditions that the 
three points P(Zj), Q(z 2 ), R( 2 3 ) may lie on a line are 

fl 2 1 +^ 2 +C 2 3 = 0 , a+b+c= 0, 
where a, b, c are real numbers, not all zero.* 

9 6. Multiplication of two complex numbers. 

D i ef. If z l =.z’j+ Uji , z 2 = x 2 -f i y 2 , 

j * . . 2 l 2 2 = V*-^2+^2 + *2*/l)- 

inis definition may be justified as follows :— 

Let the polar co-ordinates of • 

P (ji»2/i)> Qfe </ 2 ) be (r, a), (P,j8). 

Take OA = l on OX. ^ / 

On OQ construct a triangle / / 

directly similar to OAP, / / 

then OR^OQ / / 

°P~~OA / JL 

or OR.OA=OP.OQ, / 

* e -> OR=r.p. 


and 


•• OR= OP . OQ, 

L AOR=a+/S. 
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Thus the Cartesian co-ordinates of R are 
x=rp cos (a-f /3) = >'P(cos « cos p— sin a sin p)=x 1 x i —y l f/ 2 , • • 
y=rp sin (a-f p) =rp (sin a cos /9-fcos a sin P)—x 1 y 2 -\-x 2 y 1 . 

This justifies the definition. 

Note that | z x z 2 | = | z 2 | | z 2 , 

am{z 1 z 2 ) =am Zj-fam z 2 . 

It should be observed that if a and P are the prineiplal values 
of the arguments of z x and z 2 , then a +£ is not necessarily the 
principal value of z x z 2 . 

Note. We can not say directly , that 

z 1 z 2 =rp(cos a + i sin a)(cos fl+t sin p) 

=rp {cos(a +/?)+i sin(a+/?)}. 

We have seen above that complex numbers obey the funda¬ 
mental laws of algebra of real numbers. Hence the algebra of 
complex number will be identical in form with the algebra of 
real numbers. The significance of the two algebras, however, 

is different. 

9-6L Division of complex numbers. .. 

The following geometrical considerations lead to the definition 

of the law of division as given below. 

Let z^x.+iy^r {cos a+ism a) 

2 — r ' f/,=P (cos P~\~i sin p), 

1 *1 • t p n Take OA=l on OX, and on OA cons- 

be the points P and Q. lake u.v ’ • i oPQ 

truct a triangle OAR directly similar to the triangle t OFQ, 

uy_u^ =0R; 

•• OP"OA 

and ZAOR=ZPOQ=^-a. 

Thus the polar co-ordinates of 

R are 

If the Cartesian co-ordinates 
be (x, y) 

x =t cos (/5-o)= (cos a cos /3 + sin a sin 0) 

v - r 2 =Xl s±y*. 

“i 2 +</r 



!/=- sin 


X- 

rp 


r 


(B — a) = r 4 (sin p CO'S a -cos p sin a) 


xjVt x 2 y t . 


Wc accordingly define : 


DIVISION 


2 ; 



Definition. The quotient zjz 1 of the complex numbers 

Z2=(a’2+»/*)=(**, l J»X IJi), 

is the number z=x+iy=(x, y ), 


where 


,, _ ‘h ,r 2 ^'i// 2 ~ 1 'iU 1 

V +!/,’ ’ > V +»/, 2 


In particular, if we agree to write as before, 1 for l-f-fo, 
from above, if z 2 =(l, 0), 


then 


-=( - ,r V_ , . ~h. ) 

-i x \ 2 j ry\) 


i.e., 


x i+i(-Vi) 
*i 2 +Ui 2 

This defines the reciprocal of z v 
It is to be noticed that 


= » am ~ =fi—a=am z 2 —am z. 

~i : r z i 1 

Note. It may be observed, as in the case of the product, 
that p a is not necessarily the principal value of am (z 2 /zj). 

9-611, It may be noticed that if P„ P 2 , P 3 , are the points 
3 i» 2 2 , z 3 respectively, 1 

am p 2 p 3 . 

"1 ~2 

9-62. The equation **=-1. We now try to simplify 
our notation so that the similarity between the forms of the 
algebras ot complex and real numbers be closer. To this end 
we denote ,r-f-i0 by x % and 0-f iy, by iy, and in particular 1 i by i 

along 1 1h e Y-axis'" Wh,C ' h COrres P onds to a unit displacement 

i 2 =M=(0+h’)(0+l/)=( — 1, 0)= —1. ' 

Similarly (—i) a =~i. 

Thus i and -i are the roots of the equation ., 24 - 1 = 0 . 

Jftl ™17,‘T nti r iS eas >’ to sec we can operate 
numbers the , samc nay as we operate with real 

occurs. ’ g dmg U as a number such that i 2 = - 1 , wherever it 
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Geometrical Significance of i. Here we may add the 

geometrical significance of £. 

Y Suppose a unit displacement OA 

• . 

along a’-axis is rotated through+ so 

that it becomes the unit displacement 
along OY i.e., l.i=i. Thus the 
effect of multiplying by■ i is equiva- 
A y lent to rotating a displacement 

through + 

97. Conjugate Complex 
Numbers. Ifz=a:+ti/be a com¬ 
plex number, x—iy is defined to be 

the conjugate of 2 , and is denoted by 2 . Geometrically, if a point 
P represants the complex number z=x-\-iy=(x, y), the point 
Q which represents the conjugate number z=x — iy = [r, —y), 
is the image of P in the real axis. 

It is easily seen, that | 2 | 2 = 22 , z+ 2 = 2 R( 2 ), 2 - 2 = 2 /! ( 2 ). 



If 2 j and z 2 are complex numbers, and z v z 2 , their 
then the pairs 

2 i~}- 2 2 and 2 i + 2 2 , Zj-{-z 2 and z 1 + z 2 ; Zj 2 2 and 2 


conjugates, 
2 ; 2 j 2 2 and 


• *-0 


Z 1 Z 2 

are sets of conjugate pairs. 

# 

9*8. VVc add some important theorems : 

Theorem I. The modulus of the product of two complex 
numbers is the product of their moduli. 

| 2j Z 2 | ' 1 =Z l 2 2 2j 2 2 =2 j 2j. 2<>. Z 2 = j 2j | 2 . | 2 2 | _ . 

| 2i 2o ! = | 2j | | 2 2 | . 

9*81. Theorem II- The modulus of the sum of any num¬ 
ber of complex numbers is at most equal to the sum of their moduli. 

If z v 2 2 ...be the complex numbers, 

| Zj+Zz + Zg-K.. I < i 2 i i + | 2 2 ! -f | 23 | +... 

VVe will prove the theorem for two complex numbers, the 
extension being immediate by induction. The result is evident, 

geometrically, from Fig. 9‘4. 

| ~ 1 + * 0 j =OR, | 2j | =OP, | z 2 | =PR. 

and “ OR <OP+PR. 
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*> y i 


The sign of equality will hold if P, Q, R are collinear. 

9 82. The following is the arithmetical proof .— 

Let ~, = r L (cos 0j+/ sin d x ), 

z 2 = r 2 (cos 9., + i sin 0 2 ) 

1 -i"f ~2 I = I ('i cos 0 r r/o cos O i )-\ i{r l sin 0 1 {-r., sin 0 ,) | 

=U r i cosOi-t >' 2 cos 0 2 ) 2 f (iq sin 0 r }-/- 2 sin 0,) 2 ] 2 

= [ r i 2 -r> 2 2 -f 2 /y 2 cos ( 0 ,- 0 2 )] 2 

^[h 2 T>2 2 + * , 'l» , 2 ]- [ V COS 

= / 1 -p >2= | Cj | -f- | I 

I M+-2 I ^ I Zi I + I 2 2 I • 

The equality will hold only when cos ( 0 j— 0 2 )= 1 , 

Lc., 0 j— 0 2 ='tn7T, 

n being an integer. 

9‘83- Theorem III. To prove \ z,~z 9 \ ^ i i - i _ i - 

Let ^i=^i(cos fJi-rt sin Oj- : 2 = / 2 (cos $%+i sin fl 2 ). 

I 2 i -"2 I '= I (>i cos —;- 2 cos fy 2 ) L /(/! sin 0 x — r« sin (Jo) I - 
= ^T + /- 2 2 - 2 V 2 cos ( 0 !- 0 2 ) 

['•■ cos (^x —^ 2 ) ^ 1] 

rr,, . r I Z 1~ Z 2 1^1 I Si | — | Z 2 | | 

I he sign of equality will hold 

. * ii* 0i-0 2 =2n7r, 

i.c,> when z ly z 2 are collinear with the origin. 

9 84. Theorem IV. 

I =i + ‘2 I 2 + I n-; 2 I 2 =2! I =, I = + | ; 2 | 2;. 

Pr °f. h !t h= r ]( cos <>i+‘ sll > «»). :,=r 1 (eos9 l +j sin 0 i ). 

" I *it* 2 I “+ I z x ~z 2 | -= {ri*+r 2 2 — 2 r 1 r a cos(^ 1 — 0 a );. 

=2( ri H;\)tf+ 2 7vri ( - i 7? 2): 

thaHf D boH analy i t,C . equiva,ent of the geometrical theorem- 
that it D be the mid-point of AB, then OA*+OB*=2(OD* + AD 2 )! 

Examples IX (6) 

Express the following in the form A-f/B 

L (l+i)*,(l-**A i a + ih ) 2 2 - ; 5-j-i 

M—// [ a~ib/ '7 — ib ’ (l — 2 /) 2 ’ 2 -f 3 /* 

2. (c0S a + ! ’ 5 ! n a )( cos p+i sill ft) 1 +COS 2 e-i sin 20 ' 

cosy-/sin V ’ cos 20 +; sin 20 ’ 

1—cos 26 1 + I s m 2 6 
1+cos 20—? sin 20 
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3. Find the modulus and amplitude of 

n ... 2 +i 
4-2iV 3’ (1+ ) 8—i 

4. If c 2 + s 2 =l, show that 

1+C + /5 , . 1+s-H’c 

— -=C + 2S, —- r=S + lC. 

l+c— IS 1 -j-6‘ — 1C 

5. Find the modulus and amplitude of ( 1 ) the sum, and (ii) 
the product of the roots of the equation 

(2 + 3i)s*- ( 5 + *)z+(7+4i) = 0. 

6. If x+iy= -- , . . —-» show that the locus of 

u q 4 cos tf+l sill 0 

(,r, y) when 0 is the parameter, is the circle 

(q 2 -1) (a 2 + if-) - 2 pqx -f p 2 =0. 
p and q being real numbers. 

7 . Prove that the points a + ib, l/(—fl-f ib) lie on a st. line 
through the origin. 

8. Prove that the six points 

1^—1, a+ib, —a + ib. 1 /(a+ib), l/(— a+ib) 
on the Argand’s diagram lie on a circle. 

• 9. Show that the lour points 

- 1 , 1 , 3 + 4 ;.^. •_ 

on the Argand’s diagram lie on a circle of radius V 10 ant ^ centie 
at the point 3 i. 

10. In the parallelogram OPRQ, the side OP and diagonal OR 
represent, respectively, the numbers 5 +1 and 2 -f 4i. bind tne 
complex numbers represented by the vectors OQ.an 0- 

[See Fig. art. 9-4. OP+PK= 6 k, .'. PR=(2+4i)-(5+i) 

= —3-f 3i=OQ RQ=-OP=— 5—t]. 

11. If o v a 2 , a 3 are real numbers, show that the points which 
represent the complex numbers z v z 2 , -3 are collinear, 1 

(fl 2 -tf 3 )2i + (« 3 —rti)3 2 + ( fl i —a 2) z 3 = °- . . - 

12. It r v r 2 and 6» 0 2 are respectively, the moduli and princ^pa 
values of the amplitudes, of two complex numbers, and r, 0 
modulus and amplitude of their product, prove that it 

(/) Oi + 6 = 61 + 62 +-*’ 

(ii) — TT< 61+62^*’ 6=61 + 0* 

(Hi) tt<0i + 6* 6=61 + 62—^- 
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Examples IX (c) 

r L If z — x + iy, express the following j n the form X + /Y. where 
X and Y are real functions of v and y : — 

7~, t" ; ; 6 , c, d being real numbers. 

2 . I['n ri % /2+(e+rf v /->);=A+B v /2 + (C+D v / 2 )i > whore «, 

/>, r, a. A, B. C, I) arc real rational numbers, 
then a=A, 6 =B, c-C, </=D. 

3. Four points in the complex plane arc represented by the 
complex numbers, a, /?. y, 8 , in order, such that a + y=/J+S, show 
that the four points arc the corners of a parallelogram. (P.U.HtJ:}) 

4. Show that the complex numbers .>+ 2 /. 7 +f>/, 4 + ;/, 2 j 
are the vertices of a parallelogram. Find the angles and the 
lengths oi the sides of the parallelogram. 

5. - Two opposite vertices of a square arc, respectively the 
complex numbers 9 + 12 /, -3 + 10/. Find the numbers which 
represent the other two vertices. 

Let B be represented by a+ip, and 0 be the origin (not shown 
m the fig :), then 

i&=OC-OB«0-a + /(12-j8), AB=a+5 + /(/J-10). 

Now the vector BC is the vector AB rotated through + 7 r /*> 


. • 


0-a+i(12-j8) = i[(a+3( + i(»_lo)l, 


or 


• a 


9- a=10—/J, 12-/3 = a + 5, 
<*-/3=-l, a+^ = 7. 
a=3, 0=4. 

Thus B is represented by 3+4/. 

1 lie point D may similarly be 
found ; or thus : 

The mid-point E is represented by 

—5 +10/+0 + 12/ 

“or-=2 + 11/. 


9+/21 



If D be the point y + /S,' 7 + ,s +5+4£ 

.> —--rm. 


mi • • • y— 1, 5 = 18, 

Inus D is represented by 1 + 18/. 

by the complex 1 numbers '1 -I/Td ° f a square are represented 
pair of opposite vertices is rontJ in *~i L + U)t ' show that the other 
7 . If a min ' m,ces . s Pe P r fsentcd by 7 + 4/ and —7+2/ 

the numbers 2+? P °r+\/ ert \ CeS ° f \ SqUaie be reprcsente ^ by 
represented by 4 + /,’ 2 + 3 /' ’ S l0W that the other pair is 
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8. Show that the numbers 2+3*, 8 + 11/, 17/ represent three 
points in Argand’s diagram, which form a right-angled isosceles 
triangle. Find the number representing the fourth point which 
with the given three points would form a square. 

9. If z v Zo, z 3 are the vertices of an isosceles triangle, right 
angled at the vertex z 2 , prove that 

<y 2 y 2 - O y ( I ■ y _ rs \ 

** 1 I *^3 —I ^3 *2/• 

What will be the co-ordinates of the fourth point which with 
these three would form a square. 


[If A, B, C be the vertices, AB=+/BC. 

«l-* 2 =±* (- 3 —- 2 )]- 

10. If z v z 2 , z 3 , z 4 are the complex numbers whicly represent 
the vertices A, B, C, D, of a square in Argand’s diagram, deduce 
that 

2z 2 =(l+/)z 1 +(l—/)z 3 , 2z 4 =(1 — /)Zj + (1 + i)z 3 . 

11 . Show that the points —1, +1, /+3 are the vertices of an 
equilateral triangle. 

[If we call these points A, B, C; AB = 2, BC= —1+^/3. 

t 

Now let the vector AB be rotated through 2+3, which is 

equivalent to multiplying the vector AB by Cis 2+3. 

Thus wc get 


AB cos 


^ +/ sin 2 q ^= 2 (-£+*-^) = ” 1 + *V 3 - bc - 

Similarly we can prove that AC = AB Cis +3. 

1.2 Show that the points in the complex plane representing 

/ 27r . . 2-\ / 477 . . 477 \ 

the numbers z, zfcos ^+/sin .“j, 2 ^cos —+ * sin J, 

arc the vertices of an equilateral triangle- 

13. Show that, if the points z v z 2 , z 3 the vertices ol an 

equilateral triangle, in the complex plane, then 

O . _ o I O I — -V I -y 


: 1 2 + : 2 2 +: 3 2 =+3 i + 1 +n : 2- 


Solution. If X, Y, //be the vertices of the“triangle, 


ZX=YZ cis 


. 2 77 


3 


Zj z 3 — (z 3 Zo) ^ i + (? ^ ’ 

(2zj—z 2 —z 3 ) = /\/3(z 3 —z 2 ), or (2Zj—z 2 —z 3 ) 2 +3(z 3 — z 2 )-=0. 
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* 


which gives the result. The condition may be expressed in’the 
form 

(~3-'2) 2 + (2i-23) 2 -H=2-~l ) 2 = ° 
or (vector YZ) 2 + (vector ZX)*+(vector XY) 2 = 0. 

14. Show that the above condition may be written as 

1 , 1 1 

i-1- — =0. 

•* _ ~ ~ _ •% . 

2 -3 -3 '-l ‘'I -2 

15. Two triangles whose vertices arc a, b, c, and r. ?/, z 
respectively, will be similar, if 

{h-a)(z—x) = {c—a){y-x)> i.c., a{y-z)+b(z—.r)+c(x-y)= s o. 

Solution. II ABC, X\ Z be the corresponding vertices of 
the triangles, 

b—a y—x 

etc. 


AB XY . 

— = ~- i.c., 

AC XZ c-a z-x 


, 10 - If (f —//)(«—!>) = {y-z){b-c)=(z-x)(c-a), show that the 
triangles whose vertices are .r. y, 2 and a, b , c are equilateral. 

17. If z v 2 2 , 2 3 . 2 4 are the complex numbers which represent 
the points A, B. C, D in the complex plane, such that 


am —-—am —— 1 

* — fy /V 

"1 ^3 Z 1 -4 


19 . 

20 . 


show that the points B and I) are on the same side of the line 

°rmr^ ^ an ^ aiK ) that the four points are concyclic*. 

[Tiie above condition is equivalent to — and 

since they have the same sign they lie on the same side of AB. 
liy Euclid s well-known theorm, tiie four points are concyclic.J 

i8. If prove that the points s 4 , s„ v, 

are concyclic. 

If 2 =,?-fit/, and 

s-rl I = | 2 — 1 | y/2, then .i’ 2 -f-ty 2 —G.r4-1 =0. 

22 — 1 | = | 2—2 | , then x 2 + i/=\. 

noints CaCh l C '“ Se i tl ,' e . P u°‘ n o ~ describes a If A, B he the 

AP ’ ’ the flrst result gives the geometrical eondi- 

tion Bp=V2. where P is the point s. The locus of Pisa 

circle by the Apollonius theorem 
21. Prove that | a + y/[a*-b*) | + | a-^-b*) | 

* p f -— = I a ~\~b | -f- | a—b I . 

i * l“l + ,Y°i 7 6 ; By Theorem 4, 

■ I 2 i r + I a, | 2 =i | | 2 +£ | 2l _, t | 2 

a , , , =2 | « I 2 +2 | fl 2 -6 2 I . 

Also | z lh | - | a 2 —(a 2 —6 2 ) | = | b* I . 
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••• +1% I + I *2 | ! 2 = | *1 r+ I Z 2 I ‘+2 | 2,3, 

= 2 [ I « I 2 + I b I 2 + | « 2 -i 2 j ] 

= I«+* ! 2 + | a-b | ‘+2 | a+b I la-6 I 
= 1 l«+* | + | a-6 | 

22. If z v z.y are the roots of az 2 +2/3z-j-y=o, then 

I a I ( ! z l I + \ z 2 I )= | £ + \/(ay) I + | p — </(ay) | . 

23. Prove that the transformation 2 = --» transforms the 

Z -p 1 

circle x 2 +tf=a 2 

into the circle (X—l) 2 +Y 2 =tf 2 [(X+l) 2 -j-Y 2 ]. 

24. The two lines joining the points z=a, z=b and z=c, 
z=d will be perpendicular, if 


am 


a—b 


—o v 7 r . a—b. ... 

—^ — ±-, is purely imaginary. 


What is the condition that the lines may be parallel ? 

25. Let (r, 6) denote the complex number whose modulus 
is ;• and amplitude 9. Then if a=(l, a), b=(\, (J),c=( 1, y), and 
if rt + &-f-c=0, prove that 

rt” , +i" l +c“'=0. 

Illustrate the result graphically. ( P . U. 1945) 

26. If 2 varies so that 

z—a 

am —=(/, 
z—b 

where 9 is a constant angle, then the point 2 describes an arc 
of a segment of a circle on ab, containing an angle 9. 

[Let a, b, z be the numbers associated with A, B, P; A and B 

being fixed points, and P the variable point. 

If the two circles in the figure be equal, 
and z v z 2 , z 3 are the .associate numbers of 
Pj, P 2 , P 3 . then obviously /.APB =9. We 
thus see that 



am 


2 ,—a 


am = — tt + 9, 

z«—a 


Z 3 b a 

am - = — v. 

z 3 -a 

Thus the locus of the equation 

am — = 9, 
z—a 


where 9 is constant, is the arc APB. By 
writing 77 — 9. —tt-\-9 , —9, respectively, lor 
9 we obtain the arcsAP 1 B, AP 2 B, AP 3 B. If0 
is allowed to vary from — 77 to 77 , we obtain 
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the system ofcoaxal circles of the intersecting species, A and B 
being the common points of the system. With each circle will 
be associated two supplementary values of 6. 

27. Prove that if the amplitude of ' l J* ~ 2 is zero. 

("l — 'lH'2 '3/ 

the four points representing z v z : ,z 3t z A in the Argand\s Diagram 
lie on a circle or a straight line. (1*. U. /V/o) 

28. If A* is a constant, and ; varies, so that 

z—b 

then : describes a circle. If /»• = 1, the locus is the right bisector 
of ab. 

[If a, b,z be the associate numbers of A. B, P, the above 
equation is equivalent to the relation PA/PB=A\ The locus 
of P by Apollonius theorem is a circle with A and B as inverse 
points. If A* be allowed to vary, the equation represents a 
system of coaxal system of non-intersecting species with A and 
B as the limiting points.] 

29. Show that the corqplex numbers i,. z 3 represent 
three points on the complex plane which are eoneyelic with 
origin when 

. - = -+-• 

y ry y 

z Z -l * z 3 

30. It z v z 2 , 2 3 , z A are four complex numbers, such that 




-i 


" -Z. 


— 2 v 4 -2 ^3 

show that the four points in the Argand's diagram represented 
by these numbers are eoneyelic. 

31. The condition that the transformation 

aZ+fc 

"cZ+rf 

should make the circle .r 2 -\-y 2 =l correspond to a st. line in the 
X, Y plane is 
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RECIPROCAL EQUATIONS, d'mOIVRE’s THEOREM 

10*1.^Definition. The equation 

/W= W; "+ ft T»->+/) 2 f"- 2 + P.-»T*+P.-,*+P. = 0 

is called a reciprocal equation of the first class (kind), or ifp s =p n 
for s=0, 1, 2,......n ; 

and of the second class (or kind) if 

P»~—Pn-sfor s=0, 1, 2 ,. n. 


a 


A reciprocal equation of the first class and even degree is called 
a standard reciprocal equation. 

The characteristic property of a reciprocal equation is the 
following : 

If a is any root of the equation , then ■- is also a root. 

a 


Proof- The equation whose roots are the reciprocals of the 
roots of the equation / (ic}=0 is x V(l)=°. But 


according as the equation is a reciprocal equation of the first or 
the second class. Thus the roots of are exactly the 


/I 


roots of f(x) = 0. This completes the proof. 

^1011- Every reciprocal equation can be reduced to a stand- 
dard reciprocal equation. 

(1) Let f(x)=0 be of the first class and odd degree, i.c., n- 
1 . 

Since the roots of/(.r) = 0 occur in reciprocal pairs, one root 
will be its own reciprocal. This root is therefore ±1. By 
actual substitution —1 is seen to be the root, and therefore .t+l 
is a factor of f (x). Let. 

/(*) = (*+1) <f> (x). 

266 ' 





STANDARD RECIPROCAL EQUATION 



Then </>{?) is of even degree n— \='2m. Also 

* \.IV /(>»') . 

x*"'4> . - = .. , = ., , =^W- 




i 


.r 


+ 1 


.r-H 


.t* -f-1 


Thus 4> (,r)=0 is a reciprocal equation of the first class and 

even degree. 2m. 

(2) Let f(i ) be of the second class. 

(a) If »=2?n-fl, arguing as in the previous case, +1 is seen 
to be a root of»/(.r) = ol If /(.»•) = (.i*— 1) <f> (■<). then 6 (.r ) is ol degree 
2m, and 

ri'\ . r2 ,+l/(M 


/1 \ ^ \x! " J \xl f(x) 


.r 


(/;) If ?j is even and =2m-f2- then + I and —1 are both seen 
to be the roots of/(.r), sp that J (j) = (,r 2 — 1) and <f> (.r) is 

of degrees 2m. 



. ; r 

1 \.r/ 1 _ x 1 — 1 

X* 


/(>) 


A . 2 _l=^0). 


Thus in every ease the solution of/(.r)=0 depends upon that 
of (f> (.r)=0. which is of even degree and first class. 

* 1012. A standard reciprocal equation is rationally reducible 
to i an equation of half that degree. 

*^Let the equation be 

JV * 2 *+p l x 2H ’ 1 + ...+ Pi* +A >= 0 • 

Dividing by ,v* t the equation reduces to 

Po (*’+ x i)+Pi( x ’~ l +&=i) + - + P-i (■>’+ *)+/>» = 0. (1) 

Put x +?=s, and lct.r*+ - = V S , so that F,==, and ,r, 1 arc 

^ kV 

the roots of 


hence 

and 


• • 


* 2 —/ 2 -fl= 0 . 

t*V-t*+ l Z + t s = 0, 

x s + 2 —-f x 9 = 0, 

1 11 


( 2 ) 


.r*+ 2 ,t*+ 1 


z-\- =0, 


x 


^° r r ’ ~x are roots °f Oie quadratic in i. . 
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RECIPROCAL EQUATIONS 


Addition gives 

^*+2 ~ ^ 7 sfi~r U s =0. . 

Also V 2 =x 2 +^ 2 = ( ,r-f ^ 2 — 2 = 2 2 —2. 

Putting s=l, V 2 =z (z°~-2)-z=z 3 -3z, 

Jind so on. Thus we express V s as a polynomial of degree 5 . 
Substituting m (1) we get an equation of degree n. If we know 

any one root z 1 ol this equation in z, the corresponding roots of 
/(,r)=can be found from (2). 


y /Examples X (a) 

Solve the following equations :— 

1. 2.r 1 -f-5,r 3 -f 4,r 2 -f-5.r-f-2=0. 

2. 6.r 5 —,r 4 —43c 3 -f43.r 2 -f a’—6 = 0. 

3. 0 a 6 +5,r 5 - 44,c 4 +44.r 2 -5a?—6=0. 

4. 2a; 8 - ,r 7 -12,r 6 +14a 5 -14,r 3 -f-12 .r 2 + x - 2=0. 

5. a? 8 +1 + (a?+1 ) 8 = 2(a 2 +x +1 ) 4 . 

6. ,r 5 —7 a? 4 +a 3 —a 2 -f 7 a — 1 =0. 

7. Show that the z-quartic for a 9 =l has the root—1. Hence 
prove that a 9 =l can be completely solved if the root of 
z 3 —32+1=0 be known. 

8. Prove that the equation ,r 7 —1=0 can be solved by the 
help of the cubic a 3 +a 2 —2a—1=0 which has real roots. 

9. If (a?—l) 5 =a(a 5 —1), x=fz\, prove that 


1_ 4 +a± v/5o(4+o). 

X ~^x~ 2(1 -a) 

Also if 0 <a < 16, the given equation has three real and 
two imaginary roots, but if «<0, ora> 16, the only real root is 1. 

[Solution. If z=a+a" 1 , then (l—a) z 2 -z(4+tf)-M + a=0. 

Let z v z 2 be the roots of this eq uation, then 

Vzf— 4], or £ [z 2 ± •/ z 2 2 —4], 

The given equation has obviously one real root 1. Among the 
remaining four roots, all are imaginary if Zj 2 —4 and z 2 2 —t are 
both negative, and two real and two imaginary, if one oi them is 
positive and the other negative. 

The equation whose roots are Zj 2 —4, z 2 2 —4 is 

(1—fl)V+5fl(a-6)y+5a(fl—16) = 0. 

The roots of this equation have opposite signs if a[a — 16)<0, 

0<a<16. This proves the first part. If all the roots are 
-maginary, the roots of the above equation are both negative, 
16)>0 and — 6)>0, 
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The first condition gives either a <0. or a > 10. 

The second inequally is satisfied under these conditions.] 

10. For the equation ,r 1 -j-/>?' 3 + rjr 2 +P r +1 = » prove that 
(?) the roots are all real if and only if 

4(? —2)<p 2 <(r.e/-f l) 2 and f •!)<//“: 

(??) the roots are all imaginary if and only if 
/;'-<(Ir/ + l) 2 , and at least one of the two inequalities 

/> 2 <4(«7—2), p 2 <(*2q -f t) holds; 

(???) two roots are real and two imaginary if (\q-\- 1 
[If Sjssjj+ar 1 , the equation reduces to z 2 -\-pz +<y —2 = 0 . 

If 2 , z 2 be the ro ots of this equation, 

x=* M 2 1 ± ' 2i 2 —1), or 4 [s 2 + v'z.r —4). 

If any value of x is real, one and. therefore, both values of ^ 
must boreal ; therefore p 2 >±(q— 2). 

Also 2 j 2 — 4. 2 2 2 —4 are the roots of 
/ y 2 +y{2q+±-p 2 )+(<I+t)--±p-=U etc.] 

''10 2- D’Moivre’s Theorem. For all real or complex 
values of n and 8, 

cos n8-\-i sin nO is a value of (cos 0 + i sin 8)". 

The theorem"holds when 

(1) 8 and n are both real. (3) 8 real and n complex. 

(‘2) 8 complex and n real. (4) 8 and /? both complex 

We shall only prove the first case under the restriction that n 
is rational. 

The expression cos 0 + i sin o will be abbreviated into cis 6. 

Case 1. Let n be a positive integer. 

multiplication 

cis cis 0 t = s <-'is ( 0 i+ 02 )> 

Again cis 0,. cis0 8 . cis0 3 -=cis (0 x + 0,) cis 0 3 =cis (0! + 0 2 + 0 3 ). 
Proceeding in this way n times, 

cis e x cis 0 2 .*..cis 0 R =cis (^4-^a-s— +0n)- ... (1) 

i\ow suppose 0 1 = 0 2 = •• = 0 n = 0, then the above relation 
becomes 

(cis 0)’*=cis n8. ... . (2) 

Case II. ' When n is a negative integer. 

Suppose n = —m 

(cis 0)~ n =(cis 0)+'''=cos mO+i sin md 

___I_- __ 1 _ i 

cosm0 —i sin ??i0~cos (—m0) + i sin (— w0)™eis n$ 
(cis 0) n =cis iid. 
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D’ MOIVRE’S THEOREM 


Case III. II hen n is a fraction, one value of (cis 9) n is cis n6. 
Suppose n when p and q are integers, and q-\-ve. 

We have ( eis ^) 7 =eis 9. (By Case I) 

One value of (cis q)\i' is cis -• 

Raising to the power p, we note that one value of 

(cis 0 )'• is y cis -j » i.e., cis ^0. [By I or II.] 

This completes the proof for n being any rational number. 

Examples X ( b) 

1. If A+iB=(flj -hib 1 )(a2+ib 2 )-..(a n 4-ib„), prove that 

tan -1 ?=tan -1 — -f tnn 1 '-f.. -f tan' 1 —. 

A a x a 2 a n 

[p. u. ion] 

[Put A + /B = R(cos <f> + i sin cf>), a 1 -\-ib 1 =r l eis 0 V 

a 2 +ib 2 = r 2 eis ^ 2> ...a n +i6 n =r„ cis 0„. 
Then R cis <f ) = r 1 r 2 ...r n cis 0 X cis 0 2 cis 0 3 ...cis $„ etc.] 

2. If 2 cos 0=x + - and 2 cos <£=//+\ show that one 

x y 

-p f)l jjll 

of the values of -f is 2 cos ( m9-ncf >). [ P . U. 1037] 

y" x m 

3. Apply DeMoivre’s theorem to find the cube roots ol 1 

and—1 [P.U.1045] 

4. If a, /3 be the roots of .T 2 -2.r+4=0, prove that 

a n -f fi n =:'2"+ X COS y* [P. U. 1041] 

y [0 21. To find the «th roots of a complex 
number- 

Let the number be a -f w. 

Suppose a~rib=R (cos 9-\-i sin 9), 

so that a = lt cos y, b =R sin 9, 

R=(a*+b 2 )~, tan 0 =-• 

it 

11 i 

Consequently (a + ib) u = R" (cos 9+i sin 0) n .. 

=li" [cos (9-\-2pTr)+i sin (0+2;;-)} r ‘, where p is an integer. 

Thus the n values of the nth root, i.e., (a + ib) n are 

R n j cos ■— 2 — -f i sin ^t ~l ,7T ' where p=0, 1, 2,...n —1 
l n u 1 


THE q VALUES OF (cos 0+i sin 0)'/ 
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If p be given integcral values >n — 1, these values are repeated, 
and no fresh root is obtained. 


As already proved, the number of values cannot be greater 
than n. Also it is clear from the fact that these values are the 
roots of the equation x n =a-\-ib, which cannot have more than 
n roots. 

22. The geometrical interpretation of the <j values of 
(cos $ + i sin 6)'‘. 

For the sake of simplicity, wc shall take r/=l*2. the method 
employed being quite general. 

With 0 as centre describe a circle of unitv radius. Let 
/_ XOA = 0. 

Let the line OP starting from 
OX revolve round O in the 
counter clock-wise direction. Every 
time that OP passes through 
OA. OA represents cos 0 + / sin 0. 

Now let another line OQ start 
lrorn OX and revolve with an 
angular velocity T Vth that of OP, 
then the position of OQ when OP 
passes through OA will represent 

the value of (cos 0-f-t sin 0) 1 ' 1 . 

When OP passes through OA 

for the first time, OQ will be at OQ,, such that XOQ,=4' 
When OP passes through OA after revolving through 0+2n, 
OQ shall have revolved through^:. and will take the posi¬ 




tion OQ 2 , such that L Q,OQ,= j|- In this way, OQ will take 

positions OQ„ OQ,. etc.OQ 12 and the angle between ever, 

two successive positions of OQ will be r *; the points Q, 

0 2 simikV 2 7o 1 r t h USf ° rm . a ^ egUlar P ol >'g<>'> of 12 sides. This 
thrn'in ti « he ™ nute hand of a clock passing every time 
etc g t lC figUre XI1 as the hour-hand passes through I, II 
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10 23. The values of (cos 0 + i sin wherep and 

q are integers prime to each other and q is 
positive. 

Let r be an integer positive or negative, then 

|„(«±L-) +i „„ (H±?£|< 

=cos (/> 0 + 2 -r)+i sin (p 0 + 2 -r) 

=eos p $-f i sin p0 = {cos 0 +/ sin 0 )p. 

It follows, therefore, that cis 1 -- - -- is the general value of 

(cos 0 +i sin 9) pq y where r is any integer, positive or negative. 

Giving to r the values 0, 1, 2,...q—l, we see that each of the 
q values 

. p$ • p0 + 2* . pO+i- ; p0+2:rq—l 
cis —» cis 1 — 1 , cis-, cis --—» 

q . q q q 

is a value of (cis 9) p,q . 

'These q values are all distinct. If the two values for r=r x and 
; =r 2 be equal, 

P 9 + 2->\ p(? + 2-r 2 or 2jr (rj—rj 

q ' q ’ ( l 

must be a multiple of q. Rut since r x ^q— 1, and also 
r 2 ^q~^> /q —/•„ cannot be a multiple of q. Hence all the values 

are distinct. . ■ 

Any value of r different from 0, l,...q-l, will not give a root 

distinct from those in the above series. 

For any such value of r would differ from one ol the numbers 

0 , 1 , 2 ,...FT, by a multiple of q. 

Thus (cis By* has exactly q values given by 

. p9~\~2jrr _ f .j _-| 

cis-— ’ i —*■> -,...7 


CIS 


✓^Examples X 


Simplify the following 

(cos' 0 + i sin 6) 3 (cos Q -i sin Q)\ 
l ’ (cos 20+ i sin 20) 4 

(cos 3 0+i sin 30) s (cos Q— i sin 0 ) 

2 * (cos 50 + / sin 50)* (cos 20—i sin 20) 3 
(cos 20 — / sin 20) 7 (c os 30+/ sin 30)° 

(cos 50 + / sin 50) 3 (cos 70—i sin 70) 2 
4. (1—cos 0 + i sin 0) 8 . 5. (1+cos 0+i sin 0) 10 . 


EXAMPLES 
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Solve the equations 

6 . (cos 0 + i sin 0)(cos 20 + i sin 20)(cos 30 + i sin 30) = 1. 

7 . (cos 0+i sin 0 )(cos 20 + i sin 20 )......(cos p 0 + i sin p0) = 1. 

8. If (cos a+i sin a ) (cos 0+i sin 0)=1, then a + 0=2kir, 
where A: is an integer. 

9. If (cos a+i sin a)(cos 0 + i sin 0) = i, then a+ 0 =( 4 &+l) 7 r/ 2 , 
where k is an integer. 


10 . If a:=cos a+i sin 
1 

a, show that 

1 . . 

cl’ 2 — 1 

tf+ - =2 cos a, 

X 

x —=2 1 sin a, 

X 

*,+!=* tana, 

1 

\ 1 . 

x Zn - 1 . 

+ — =2 cos n a, 
x n 

x n - =2 1 sin na, 

X 

tan na • 


11. If 2 cos $ = x + - and 2 cos <4=y+ , 

x y 

show that one of the values of 

“T is 2 cos (>n9-n«)- ( l> - V. 1937) 

12. Show that the cube roots of 1 +i are 

2 1 / 0 ci s , 2 1/6 cis ‘ 2 l/G cis 

1 w 4* 12 


13. Find all the values of ( 1 —i) 1/s . 

14. Show that —1 is one of the values of 


cos 


7T . . 7T\ 

a"* sin e 


1^1 

O 



7r 


cos - + i sin 
o 


w \ I/S 

6 ]• 


. . 27T\ llA 

cos -r- + i sin —J , and express the results in a form free 


15. Simplify 

2r 
8 

from trigonometrical expressions. ( P . U. 1945) 

16. If cos a+cos 0 +cos y =0 and sin a + sin 0 +sin y =0 
prove that cos 3a+cos 30+cos 3y=3.cos ( a + 0 +y), 

sin 3a+sin 30+sin 8y=3 sin (a+0+y). 

Proof. Let a=cis a, 6 =cis 0 , c=cis y, then 

xt » a+6+c=0, a 3 +6 3 +c 3 =3dfcc. 

Now a 3 =cis 3a, 6 3 =cis 30, c 3 =cis 3y, abc =eis ( a + 0 +y), 

(cos 8 a+cos 30+cos 3y)+i(sin 3a+sin 30+sin 3 y) 

„ =3[cos (a+ 0 +y) + i sin (a+ 0 +y)]. 

Hence- cos 8 a+cos 30+cos 8y=3cos (a+0+y), 

sm 8 a+sin 30+sin 3y==3 sin ( a +0+y). 
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COMPLEX QUANTITIES 


If flj=cis 2<xj, a 2 =cis 2a 2 , « 3 =cis 2a 3 , 0 4 =cis2a 4 , 

prove that 

17. (a l + a 2 )(a :i + a i ) = l COS (aj —a 2 ) cos (a 3 — a 4 ) cis (a 1 + a 2 . 

+a 3 + a 4)- 

18. COS (a 1 -\-a 2 — a 3 — a 4 ) cis (aj-f a 2 -f a 3 -f a 4 ). 


19. Use the identity 

(a 1 -a 2 )(a z —a i )- l r((i2^-a 2 ) ( a i~^ a 4) J r~{ ( j3~ a i){ a 2~ a i) 

to prove sin (aj—a 2 ) sin (a 3 —a 4 )-f-...= 0 . 

20. Find all the values of 

(?) (cos a-f i sin a) "’ 4 (ii) (cos a-f? sin a) 1 ' \ 

ia. Defining (cis a)’ 1 ' 4 . as [(cis a) 3 ] 1 ' 4 , we have 

(cis a) 3/4 =(cis 3 (1 ) 1,4 = [cis (3a-f 2nr )] 1/4 

=ciswhere r= 0, 1, 2. 3; 

4 


0, 


. c ., 


. 3a '. 3a4-277 . 3a-f 4 t 7 3 a-f 677 

cis cis —— , cis j , cis - 4 


ib. If we define (cis a) :; 4 as [(cis a) ! 4 ] 3 
[(cis a) l/4 ] 3 =[ {cis (a+ 2 >- 7 r)l 1 ' 4 ] 3 


r . a-f 2 r 77 1 

= L c,s — 4 —J 


=cis 


Sa + 07rr 


. 3a . 3 a+ 67 > . 3a-f!2 nr 

cis — , cis —— » cis 4 ’ u 


7 =0, 1, 2, 3 

i =0, 1, 2, 3 

3a-fl87ir t 
4 ' 




. 3a 

cis —, cis 
4 


3a-f 677 


-, CIS 


3a-f 4771’ 


cis 


3a 4 277 r 


4 ' 4 

nd these arc the same as these found in (ia). 
lia If the index 6/8 he reduced to its lowest term, the 
alues of (cis a)*’ 9 are the same as those ot (cis a). 

ib If the index 6/8 be taken as. it is, the eight values of 
• nV ;/8 according to the second definition, vu. 

1 e=^fa)'»]‘ = [ ! e.s(a + 2 , r ); "T-cis fta+M) 

re' cis Ma cis * (a , cis f («+4* , «. «•+«*>. 
cis J (a+ 877 ), cis « (.+ 10.), cis t (- + W-). cs , («+“'•- 

Hence we notice that the first four values are the same as tlio 
Iready found in (««), and the last four are repet,t.ons ol the 

irst four. 
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07 ft 

•• 1 •/ 


In the general case, if the index lie p/q, where p and q have 
the greatest common factor k, so that p=p'k, q=q'k, ^ 

(cis a) 1 ' 1 =[cis(a+27rr)] / '• (where ; ==(). 1, *2... q — 1) 

=eis - (a-f-27rr) 

=eis(ad-27rr). ?=(>, 1, 2, — 1. 

It is evident that these q — kq' values arc k repetitions of the 
q' values for ?=0. 1. 2. ...\q' — 1). 

so that this definition will give the same values of (eis a)"’ 1 , 
although each is repeated k times. 

iic. Again, we may define 

(cis a)' 5 *=J[(cis a) G ]’ ,s =(cis Ga)' s 

= [cis ((5a-f 277?)] 1 H 
. Ga 4-277?' 

' . (?—0. 1. 2. .2, I. 5. G, 7) 


= eis 


? =1, 3, 5, 7 
77 r 


These values for ? =(), 2. 4: G are the same as those already 
found in (?), or (ii a. b). The values for ? = 1, 3, 5, 7, viz. 

• 3,». 4" 71 3, ; 4~ 3 77 . 3(i.4-57r . 3, t 4-7- 

eis —— , eis 1 , eis —-— , eis --T- 

4 4 4 4 

arc not admissible. 

r~ a ' T 8/«i 

For ^ cis ‘4 j 

. 3a + 77/* . t 777 x 

_C, S ——- = C1S ^ a + — j=£cis a. 

To explain these extraneous values, we notice that 

a Pi < l=a* k i < l' k =(al , 'l«') l: l k 

=[(a p ' lq ') k y 

thC q ’=? ik Val , ue of wil1 give rise to k different 
values. Thus we have q =q/k sets of k values, and only one 

value in each set will be admissible. Rejecting such values 
we have the same set of values as those of (eis 

It is therefore, advisable to reduce pjq to its lowest terms before 
we proceed to find the value of (cis „y * J 

o>‘ S 11C ! a , U the values ol ‘ ( cos « + * sin a )"'\ 

22 . Jnnd the continued product of the five values of 

(cos u4-i sin u ) a,£ . 




276 


COMPLEX QUANTITIES 


2i‘. Show that {(cos 0-cos ^)+i(sin 0-sin </>)}» 

+ {(cos 0-COS <j>) —i (sin 0-sin <£)}" 

0 -=4- cos” *±°+* 


=2 "+ 1 sin : 


27. Prove that 


24. Prove that 

(sin x+i cos ,r)”=cos »(|-« )+ i sin n(?-» j 
and (1-j-sin cos <f>) n (1-f-sin <f>—i cos <f>)~ n 

=c°s ( n ~—n<f> )+i sin ) . 

25. If 2 cos 0=a:+- and 2 cos <f>=y-\-~. 

x y 

prove that one of the values of x m y n - j-- r is 

* & m y n 

2 cos (m0 + n<£). 

26. Prove that 

(a + 40)" ,/, '+(a — i6) w/M =2(a 2 +6 8 ) m/,J " cos tan' 1 • 

i +*V3 \" / -i-tyg 

2 / ' v 2 

has the value — 1, if*n=3A;±l ; and the value 2, if n=3k, where 
k is an integer. 

v/fO'3- Sum Formulae for Circular Functions- 

We have 

COS (0J + 02,+ ••• + ?») + * sin Wl + M-1 -On) 

=cos 0! cos 0,-cos 0„ (1+4 tan 0i)(l+4 tan 3,)-(l+t tan0 n ) 

= COS 02 cos 02-..cos 9„ [1+4 *8 "Hid J’ 

where ^=tan 0 x +tan 0 2 H—+tan 0„, 

* 2 =vtan 0j tan 0 2 , 

tan 0i tan 0 2 tan 0 3 , etc. 

Separating the real and imaginary parts, 

COS (02 + 0 2 H- VOn) v 

=COS 01 COS 02-- + COS 0 n (1— *2+.*4“ r 6 + -h 

^in (01 + 02 - + 0n) V 

= COS 01 COS 0 2 "*COS Bn (h - ‘3 + *5““*7+ *”/• 

Division gives 

, U-U + t 6 —tj+ — 
tan (0,+ftH—•+«»)= ! + 


(1) 

( 2 ) 


(3) 




L 


v \ 


*- " l. 
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/ 

x0’4. Expression of cos ne, sin ntfin terms of cos o 
and sin e, n being a positive integer- 

Denote sin $, cos $, tan 0 by s, c, t respectively. 

Case I. When n is even and =2 m. 

cis 2w^=(cis o) 2m = (c+i s) 2n> 

==c 2m + 2mC 1 C 2m-1 (j 5 ) -f- 2 ’«C 2 C 2m ~ 2 (**)* + ... 

^ ^ (* «)*— X H- am C 2 m ( * 

Equating the real and imaginary parts. 


cos 2m0=c in — 2 ,n C 2 c 2m ~ 2 s 2 -f 2m C 4 c 2m ~ 4 s 4 -t -... 

+ (-!)”■ 2m C 


(*) 


sin 2m0= 2 "C 1 c 2 ”- 1 «— 2 ’”C 3 c 2 ’"- 3 « 2 +... 

+(- 1 )- 1! ’ C! ,. 1 cs‘»->. (5) 


tan 2» 8 . ^ < -- C » t, + ( 2 "-i 

t*+«-C 4 «*... + (-!)«• imc,,.' i 2 < 


rn 


( 6 ) 


• • • 


Case II. Similarly, when n is odd and =27 ti-}- 1 
Cis (2m + l)e=(c+i s) 2n >+ 1 

=c 2m + t + 2m+l Ci c 2n, (j s) + 2 "+'C 2 C 2 ”' 4 (i S ) 2 + 

+ 2W+1 C^ (l #)*-+!, 

Hence 

COS (-2771-f-1 )# = C 2m +* —2m+ 1 C. $2+... 

sin (277l+l)0 = 2 m+lC i c 2 m s _ Jm -2j3_£f”'^ 1 ^ ^ ^ 

By division we obtain + 8 " +, <W(-l)" (8) 

• 

tan (2m4-l^_ 8 r +1C i f - , " +1 C,< a + »»+ 2 C.f‘—. + / 2 <n+i 

x> ] - 2 '" +1 (’ l > i 2 + 2 '"f 2 C 4 (*—,+(-l)'“ fi+TC* < 2 '“ (9) 

41- Expressions for cos nfl and sin nfl in series 
of descending powers of cos e or sin “ eS 

nJ -4 a . n CTen . positive integer , expressions for eos n t) 

“. f stear r.rr svt 53 c 

.hi “ft,S'"'" “; f' E “" »'“•»» k» % two 


n 1S 0dd ' the ex P ressi °n for cos net cos $ in ri0‘4 

Lr F 
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III- Again if n is even . sin no /sin 0, and sin n 0 /cos 0 can be 
expressed in a finite series of descending powers of cos 0 and 

sin 0 respectively. 

IV. If n is odd, sin n 0 can be expressed in a finite series of 
sin 0 . 

The general expressions for these series in ascending powers 
of cos 0 and sin 0 will be obtained in the next chapter. Here 
we have only pointed out the possibility of such expansions 
and the set of exercises that follows illustrates .the application of 
the above principles. / 

* Examples X (c) 

1. Express cos 50, sin 50 and t/in 50 in terms of cos 0 , sin 0 
and tan 0 . 

Solution. Let c stand for cos ,i and s for sin 0 

cos 50+i sin 50=(c+ i$Y 

=c 5 + 5c, c 4 (?'s)+ 5 Co c 3 (?s) 2 + 5 C 3 c 2 (is) 3 + 5 C 4 c (is) 4 

+ # C 6 (*) 5 

=c 5 + 5? C 4 $— 10c 3 S 2 — 1 0/ C 2 $ 3 + 5CS 4 + ?V 
cos 50=c 5 —10c 3 s 3 +5cs 4 =c 5 —10c 3 (l — c 2 )+5c(l — c 2 ) 2 

= 16c 5 —20c 3 +5 c, 

sin 50 = 5 c 4 . 9 - 1 0cV+s 5 =5( 1 — 2s*+s*)s— 10 ( 1 -s 2 )s 3 +s 5 

= 5.9—2 0.9 3 +1 0.9 5 . 

. Dividing sin 50 by cos 50, 

5 C 4 .9 — IOC 2 .9 3 + .9 5 
c 5 — 10c 3 .9 2 -j- 5C6 -4 
5/—10 / 3 + / 5 


tan 5n = 


.9 


_ • where t = =tan 0 . 

“ 1 -10/2+5 t* c 

2 . Write down the value of tan 70 in terms ol tan 0 . • 

| P. U. 1931 ] 

If c and .9 stand for cos 0 and sin 0 respectively, prove the 
following. 

3. sin O 0 = Oc 5 .9 — 20 c-V + Gc. 9 5 . 

4. cos Hfi=c s — 28c c .v 2 -f 70c 4 s 4 — 28c 2 -9 6 + -9 8 . * 

5. cos 00 sec 0=c 8 -36c 6 .9 2 + 126 cM- 84 f.v 6 + 9s 8 . 

G. cosec 0 sin 70 = 7c 6 —35 c 4 . 9 2 f 21 c 2 s 4 — .v 6 . 

Prove the following, where c=cos 0 , . 9 =sin 0 , 

7 . cos 70=64- c 7 — 112 c® + 56 c 3 7c. 

8 . sin 70=7.9-56 . 9 3 + 112 « 5 -04 .9 7 . 

9. sin 80 .cosec 0= 128c 7 —102 c J +80c 3 —8c. 

10. cos 80 = 128c 8 —256 c 6 +160 c 4 —32c 2 + 1. 

11 . When n is even, prove that the last terms in the expan¬ 
sions of sin n 0 and cos n 0 are respectively 

n( — 1)V c s"~' and (—l)-s", 
c=cos 0, s=sin 0. 


where 
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12 . If n is odd. prove that the last terms in I he expansions of 
sin n Q , cos n 0 respectively, are, with the usual notation, 


M- I 


»l- 1 


•I - 1 


( — 1 ) •- s " and n( — 1 ) a' c s 

13. Prove the following (n being a positive integer) 
n(w-l) m(ji-1)(h-2)(h-3) 


I • ' + 

—l)(n —2) «(« — \)(n —2){n— »)(«— 4) 


n- 


,, ■ ,i .......= 2 a cos 


n — 


3 ! 


5 ! 


»r 

o 77 * 

—. =2 ' sin 


n- 


14. If n is a positive odd integer, the sum of the products 
taken two together of the (w — 1 ) quantities 


7 T 2 — 

tan . tan —. 
n n 


r? — 1 

tan 77 
n 


.. n(l—w) 

» 2 - 

15. Show that 


0 . d4-?r (? + 2- 1 - 

tan -J-tan — 4-tan tan 

n 1 » 1 n n 


according as n is even or odd. 


~—n cot 0 or n tan 6. 


2 - 4 - 8 - 

. Provo that cos cos cos are the roots of the 

* i t 


equation 8.i 3 4-4r 2 — 4.r —1 = 0. 

First Solution. It o denotes any one of these angles, then 


tf=2r or 4r or 8-. 

sin4*= — sin 3* 

or 4 sin h cos h (2 cosby —1) = —(3 sin f,—\ sin 3 *) 

. . 4 cos o (2 cos*-* 1)——(3—4 sin 2 *)- [*.* sin 0] 

= — 3 4- 4(1 —cos 2 *). 

Hence cos * is a root of 

8.i 3 +4,r 2 —4.r— 1 = 0 . 

Second Solution. Let u he any one of the angles 

2:r 47 6 - 8 - IO 7 127 


If 


then 


y — > - ? 

7777 


7 7 

?/=cos 0+i sin 0> 

V 7 =cos 7*-f-i sin 7*=1 

v , 2/ 7 - 1 = 0/-l)(z/ 6 -f2/ 5 4 ? /H^ 3 -f?/ 2 4 ? /+l)=O. 

iNow t /=1 corresponds to 8=2k- (k being an integer) 
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SOLUTIONS OF EQUATIONS 


the roots of the equation 

y*+y b +y A + y z + y 2 +y + 1 =o 

are cos 0+i sin 0 , 0 being any one of the above six angles. 

The above equation is reciprocal ; its roots occur therefore 
reciprocal pairs as 

. 2fi- . 12^ . 4 ;r . 10;r . 877 . 677 

CIS y, CIS —; CIS y, CIS - J CIS y J CIS y* 

. . 277 . —2^ . 4 77 . 4 77 . 877 . ■“'877 

i.e., CIS y, CIS ■ — ; cis —, cis — ; cis y, cis — • 


Put 


where 


2a?=?/-{--=cis 0+-J— -=cis 0 + cis ( — 0 ) 
?/ cis 0 

=2 cos 0 , 


2:7 4t7 877 

*= 7 ’ t or y 


Since . 2x=y+-> 

V'+ji =4.r 2 —2, y3+l=8.r 2 -6^, 

Writing the equation (1) as 

Z/ 3 +^+?/ 2 +^+3/ +y+ 1=0 > 

which transforms to 

(8a: 3 -6a:) +(4a: 2 -2) + 2a:=0 
or 8a: 3 +4a: 2 —4a:—1 = 0, 

the roots of which are cos 0 , where 0 has any of the values 

2 n 47 t 877 . 

J ’ T ’ 7 

We incidentally prove that 

cos ^+cos y-+cos y = — 2 ‘ 

COS ^COSy+COS y COS ^ +COS y COS y=g’ 


2;r 


477 


8 r 


COS y COS y COSy=--- 


L7. Prove that the roots of the equation 

8 a: 3 —4a: 2 —4a:+1=0 


77 3 -n 5 77 . 

COS COS —, COS y » 


are 
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and deduce 


<r , 37r 5 tt 1 

COS -+COS —4-cos — = > 



IT 3tt 3^ 

COS - COS — 4-cos - cos 
i 7 7 


5t t 


4 -cos 


57T 


TT 


-cos - - 


Form the equation whose roots are 


sec 


o —“ .>4*/i « 8 7r 

“ 7 , sec- sec 2 —• 


are 


Solution. From Ex. 16, the roots of the equation 

8x 3 4 - 4# 2 — 4 x — 1 = 0 
2- 4;r 8;r 


( 1 ) 


COS y, COS y, COS 7 


( 


V 


• V 

If a root of this equation be denoted by x and the root of the 
proposed equation by z , the transformation which cannects the 
roots of the two equations is 

or (2 ) 

x can now be eliminated between (1) and (2). 


Thus 




X 


2 


64 ,64 


8 16 


2 — — + 16) = 1 — - 4.-5- 

Z 2 Z ) z ' 2 2 


or 


whence 

or 


4 ^ + 16 ) = !-*^ 


Z“ z 

16z 2 —64z4-64=z 3 —8 z 2 4-16z, 
z 3 —24 z 2 4-80z-64=0. 

19. Show that the roots of the equation 

x 3 —24.r 2 4- 80*’—64=0 


are 


sec 2 J, sec 


3r 

7’ 


sec 


2 


/ 7’ 7 » 

v/20. Show that the equation whose, roots are 

4 Q 

tan 2 y > tan 2 y » tan 2 y is z 3 -21avH-35.r-7=0. 

[Hint. Transform the equation in z of Ex. 18 by the trans 

ott"^ri directly from 10 ' 4 ' the -y be 

If e is any one of the angles, 


tan 7*J r Jr 1 W+'Cf-'W 
1— 7 C a t 2 4- 7 C 4 < 4 — 7 C 6 < 6 


[*=tan 0] 

which is different from z^o 354 ^ 2 ” 4- '^ 0 ’ renlovin ? 1 
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SOLUTIONS OF EQUATIONS ETC. 


Putting t 2 =.v, a 3 — 21a 2 +35a—7 = 0 

is the required equation.-] 

0 

21. Find the equation whose roots are 

tan g ' tan ^ ; tan 7 f 


[Solution. K 0 denotes any one of these angles, 

tan 3t)= x /3. 

[<=tan 0. 

Hence the required equation is t 3 — 3^/3/ 2 —\/3= 0 ], 

Examples X ( d ) 

1 . Find all the values of (3 + 4?) 1 . Hence solve the simul¬ 
taneous equations a 4 — 6 a 2 i/ 2 + 1 / 4 =3, ,r//(a 2 —?/ 2 )=4, for real values 
of x and y. 

2 . If is a positive integer and x n +«?/» =(l+ l V 3 ) n » s ^ ow 

that Xn-tfu—XnlJn-^ *-V». 

3 . Find the continued product of the four values of 

(cos :+» sin §)’ . 

4 . Find the continued product of the 7 values of 

( cos pf* sin * 

5 . By means of the equation tan 1 U’= 0 , or otherwise, pio\e 

that ± 5- 

tan 2 £ + tan 2 ““ + tan* “ + tan 2 r " + tan»jj«55 f 

• tan n tan il tan fi tan ii ’ n =v/11 ' 

6. Prove that 2 cos 2 "’ 2 cos 4 ^» 2 cosy’ 2 cos- arc the 

0 5 - [P. U. 1937 J 


jots of the equation a 4 +2a 3 -a 2 -2a +1 —0. 


7. 


Prove that sin ^ is a root of the ec l uatlon 

64a®—80a 4 -j- 24 a 2 —1=0. 


8. If tF r =cos ^+1 sin-, prove that a r r 2 ...ad inf. 


= C0S TT' 
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9. Prove that the roots of the equation \-^ 


=0 


'Itt 


are 


477 . 8 - 

sm » sin and sin 

f T ^ ^ 

< / / 


Prove the following 

i f. n 3rr . • 7 77 9- 1 

10 . cos li+ cos 11 +po Sl] +cos ll H-coSj = • 


11. cot 2 A 4-cot 2 


11 


2?r 


II 


+ cot 2 , 7 -f col 3 * ^ ~h eot 2 ^^ 


11 


] i 


11 


= 15, 


12 . 


13. 


14. 


277 077 , 1877 \/*l — 1 

cos 13 +c° s is + cos j, = 4 ’ 

IOtt, 1477, Tin — V3 —1 
cos —- 4-cos - --cos = v 
13 r 13 13 4 


77 

15 

4k 

15 


7 7 T 

, 11- 

» 

13- 

1 

1 o 

+ cos —- 
lo 

1 

1 

cos -- 

15 

2 

** II 

3r 

4- 

5- 

Or 

— cos _. cos 

15 

cos 

cos 

15 

15 

15 

15 


I 77 


16. Obtain an expression for cos 50 as a polynomial in cos (). 

* e®- 1 a / ! 5 ~ \/ r> I 

10“2 V I 2 I ’ COS l() = 2 V I ~ 2 I' 

17. Find the continued product of the six values of 


Show that cos 


.» 


cos"+/ sin" "• 

M U » • 

•) 

18. Prove that ,r=2 sin 10° is a root of the equation 
a — 3*+ 1=0, and find the other two roots. 



CHAPTER XI 

/ 

FINITE EXPANSIONS AND PRODUCTS 


11;1 To express cos" e in ter is of multiples of 0 , 
n being a positive integer. 


then 

and 


Let a:=cos 0+i sin 6, 

=cos tJ—i sin 0 , 

x 

x n =(cos Q-\-i sin 0)"=cos n6-\-i sin n$, 
x~ n =(cos 6—i sin 0)" = cos n9—i sin 6. 


1 ] i 

x +~ = 2 cos x — =2 i sin 6, x n -\—-=2 cos n $. 


x 


X 


X 


,n 


X n —=2 i sin nO. 


x 




Hence 



=*»+"C 1 *»- 1 -+"Co 3:"' 2 \- -h”Cn-i 

X “ x- 



2 n ~ 1 cos n Q=cos nO + ncos (n— 2)0 + —1-|— cos ( n “4)0+...(1) 

If is odd, the last term will be n C (n . lw2 cos $; and I n C n;2 , if 
n is even. 

11*11. To express sin"tf in terms of sines or 
cosines of multiples of 6, according as n is an even 
or odd positive integer. 


(i) (2 i sin tf) n =^ x ~~^) 


.•c n -"C 1 x n ~ 1 -+ n C 2 x n ~ 2 . \ + - 

1 X X 2 


■+ n C 2 x 2 . xn . 2 

- nC i x - ^+" C " ? 
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When n is even, 


(—1)* 2 n sin"0=(.r n + -M- "Cj ( £"- 2 -f__A\ 

V x n , 1 V x n ~ 2 J 


i.c., ( —1)-2 , ‘" 1 sin"0 




=cos no-n cos (n-2) o+ - W —,-^cos (n-4)0... 

<■> • 

the last term being ( — 1)- n C„ /2 . 

(ii) If n is odd, 

(2 i sin 0) n =z"—"C 1 a"- 1 . j : n -2 JL . 

£ ‘a: 2 


( 2 ) 


• • • 


+"t>. -2— _ "C 1 


2 n ~ 1 ( — 1) s~ sin n o 

=sin n0-„ sin (,-2) #+ "-H sjn (ll -_ 4)er -^ 


• • • 


(3) 


^ last term being (-l)V sin 0. 

2 

EXAMPLES XI (a) 

1. Expand eos 6 0 in a series of cosines of multiples of e 
^Solution. Let ,=cos 0+i sin 9, then *-=cos 0-i sin 0 

x -cos ng+i Sin nft, x-=eos ng-i sin ng 

••• (2 cos 0)®=( *+|)‘ =*‘+<C 1 «».i + 

+ ‘ C ^ + 6 C^.J r+ «C 5 x.I+ec 8 .| | 

= (^ + 55) +e (**+y+u(**+y +2o. 

=2 cos 60+6(2 cos 49) + 15(2 cos 20)+2O 
••• cos® g =- {cos 60+6 cos 49 + 15 cos 29+10}. 
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FINITE EXPANSIONS AND PRODUCTS 


Prove the following :— 

4 > nr\ c*7 /J — 1 ! 


Solution. 


•A 1 V » V V * 1 V 4V/IIV/ " • 

2. cos 7 0 = T; '; ( - cos 70+7 cos 50 + 21 cos S0 + 35 cos 0}. 

3. sin 7 h= —I sin 70—7 sin 50+21 sin 30—35 sin 0}. 

4. 2 6 cos 3 0 sin 4 0=cos 70—cos 50—3 cos 30+3 cos 0. 

(2 cos 0) 1 (2 sin 0) 4 =^ a?+|J ^ I as 

= ( ^ + 3.r + ^^)(^-4x'H6- p+jJ-) 

= KM-!^)- 3 i^) + 3 ( I+ s); 

2 6 cos 3 0 sin 1 0 =cos 70 —cos 50—3 cos 30+3 cos 0. 

5 . 32 sin* 0 cos 2 0 =eos G.y — 2 cos 40 —cos 20 + 2 . 

G 2 11 sin 5 0 cos 7 0 =sin 12 0+2 sin 100—4 sin 80—10 sin 00 

+5 sin 40+20 sin 20. 

7 2° cos 7 0 sin 3 0 =-sin 100-4 sin 80-3 sin 60 + 8 sin 40 

+ 14 sin 20. 

\ 

1T2- Factors of cos n.0: 

In Art. 10'4. it lias been proved that 

cos f?0=c n —"C 2 c n ~ 2 $ 2 + w C 4 c m-4 $ 4 +. Ui 

Thus cos nd is a polynomial in cos 0 of degree n. 

Also the coefficient of cos"0 is 

H-"C 2 +’ , C 1 +......=l[(H- 1 )” + ( 1 - 1 )"]= 2 • 

Hence cos n$ can be expressed as the product of n ^linear 
factors. If «!, a 2 ...a„ be the roots of tire equation corresponding 

^ ^ cos n$= 2"" 1 (cos 0-«,)(cos 0—a.).(cos (1—<>„)■ 

( 21 + 1)77 „ , 9 ^Tf), and 

Now cos n0=O. when 0= - 2 ~ » P-°’ lj 

all these arc different angles. Hence ^ 

cos n 0 = 2 "-yos 0-cos £)(cos 6-cos-J . 


„ 2/1—3 V 

XI cos 6-cos 77 U 


cos fl-cos 

/ \ 


2/i_3 3 tt 

Since cos 2 |” 1 ^=-cos ^ , cos — “ cos 57*.. 

we may arrange these factors in pairs, and thus obtain 
osn«=2” + cos 2 d - cos 2 it cos 2 0-cos 2 ^ )...! cos 2 0-cos 2 -^.. 

\ -H \ ^ (2) 

when n is even 








FACTORS OF COS no 2*7 

cos 1l()= 2 n ~ 1 ( *COS 2 (/ — cos 2 }i cos 2 tf—cos 2 '*' \ . 

\ ‘2n . 2/<' 

^_2 

( cos 2 $ cos 2 - - ) cosy, when w is odd. ... (y) 

These expressions may be written as 

cos n«=2*-*(sin* 2 " j -sinV)(sin*'^-sin‘tfJ...(sin* "“C-sin^J 

when n is even, and ... (i) 

^r/“ 2 "*V in ’sr si,,v ; sinS sint « )•••(*«* - «n>«) 

when n is odd. ,r\ 

... ^ 

Now let o-* 0. 

When n is even, 1=2"- 1 sin 2 — sin 2 —.sin 2 -" 1 - (a\ 

and when n is odd, 1=2"“ J sin 2 " sin 2 3 “... sin 2 — 2 - 

2/i 2w 2/i O' 

Dividing (4) by (G) and (5) by (7) 

cos ny =(l—!i*£)(!_ \ X 

1 dn*;- A sin* ^ , in .»d!_)- W 

2n 2/i u 2n ** 

when n is even, and 

eos ntf / sin a d x / sin 2 # \ / sin 2 # \ 

eosfl ~V 1 Jl 1 - —3; . 0 ——S’-a-- - <»> 

s,n -r„ sm Tn sm * 1JT r 

when n is odd. 

Cor. Extracting the square root in (G) and (7) 

1=2 - sin — sin —^.sin -—- - ( }a\ 

2 n 2n 2n > *** .0°) 

when // is even, and . 

1=2‘■V S i n f sin??. S i„?-? _ ni 

^LS COt 

q SRINAGA 

lD'A~C. NO 


when n is odd. 
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FINITE EXPANSIONS AND PRODUCTS 


In extracting the square root, the positive sign is taken, since 

— 3— 

all the angles^- > .arc acute and positive. 

° 2 n 2 n r 

11*21. Factors Of Sin no- In art. 10-4, it was shown 

that ■ S ^="C 1 c"-»-"C 3 c"- 3 sH... 

sin 0 

As the expression on the right contains even powers of s, s 2 
can be replaced by 1 — c 2 , and so on ; so that sin ndj sin 9 is a 

polynomial of degree n — 1 in cos 9, n being a positive integer. 
Also the coefficient of eos n-1 0 is 

”Cj+ n C 3 + n C 5 +......=2 n_1 

Hence sin 710/sin 9 can be expressed as the product of n— I 
linear factors in cos 9 besides the numerical factor 2 n ~ 1 . 

Now sin n0=O, when 

* 

0=-’ r= 0, 1, 2,.7i-l 

n 


sin 710=0 when 


cos0=cos — r=l, 2 
n 


n— 1, 


the case 0=0 has been left out, because that corresponds to 
sin 9 being a factor of sin 119 . 

Also all these values of cos D are different and no new value 
can be obtained by giving to r any other value. Hence 

sin iL 6l = 2»- 1 ( cosfl _ cos 'Wco. 0-cos|). 

sin 9 V n, \ n/ 

/ Ti—1 \ 

Xl COS 0-COS7T I. 

Since cos ^4=-cos combining the factors equidistant 
from beginning and end, we obtain, when n is odd 

s !£^=2'.-i ( cos 2 #—cos 2 -Vcos 2 e-cos 2 

sine l n ' . > 


=2"- 1 (cos 2 e—cos 2 ^)( cos 2 e-cos 2 - 


/ 71 — 1 7r\ 

[COS* 9-cos* 


=2 n_1 ( sin 2 - —sin 2 0 

\ 71 


sin 2 — -sin 2 0 
7 ? 


x sin 


in 2 ?-sin 2 0 ) • ... (12) 

2 71 / 








FACTORS OF SIN n$ 
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When n is even, 
sin nd 


sin 0 


= 2 n_1 cos 


$ ^cos 2 0—cos 2 (^COS 2 0— cos 2 ^ 


X I cos 2 #—cos 2 


( 

=2 n " 1 cos o ^sin 2 ^ “sin 2 0 ^ ^sin 2 ~ — sin 2 # ^ 


n—2 

2 n 


7T 


If we now allow 9-*0, we obtain 


277 


n=2*" 1 sin* - sin 2 —.sin 2 

4 n 


when n is odd ; and 


n=2”~ 1 sin 2 - sin 2 —.sin 2 

n n 


2 77 


■n — 2, sr . , \ 
12 2 n Sm V 

... (13) 

n — 1 ~ 

— — II 

2 n * 

... (U) 

71—2 TT- 

— — 

2 n ’ 

... (15) 


when n is even. 

Now dividing (12) by (14) and (13) by (15), we obtain 

Sin nS -2 n -' ( i-- n ^ ^ ^ ' sin20 Xi ' sin 2 # 
n sin # V 1 


when n is odd ; and 

_ _ 2 n-] 

n sin B cos # 


sin=0 \ / 

sin 2 0 \/‘ 

• 


2irJ\ 

sin 8 

sin 2 

— 

n 

1 


n 

i 

, sin 2 # \ 

I- 

ih- 

sin 2 # 


• • • 


( 10 ) 


• O'" “ < 

sin z —- — 

2 n 


,77 

sm z - 
n 


• 51 

sm 2 — 
n 


I 


1- 


sin 2 # 


sin 


n — 1 tt/’ 
2 n 

when n is even. ( 17 ) 

Cor- Since all the angles involved in (14) and (15) are acute, 


fi- 1 


\/n=2 a sin-sin — 

n n 


. n —1 :r 
sin—— - 
2 n 


... (18) 


when n is odd ; and 


ti~l 


7T • 2ff . 3 7T 


when n is even. 

Ex. Prove that 
2 


Vn=2 2 sin" sin- sin .sin - „ 

n n n 2 


n —2 77 


n 


» (19) 


• 


"- 1 sin " S i n h 


n 


n 


. (n—1) v 

sm v --—=n. 

n 


(P. U. 1941) 


LO 

& . : 

■‘•'i 
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FINITE EXPANSIONS AND PRODUCTS 


113. Binomial Equations. Factors of Binomial 
Expressions. Roots of-f-1 and-1. 

In the present article we consider the four binomial expres¬ 
sions, 

x 2m 4 1» .t 2 " ,+1 +1 5 .r 2m — 1, a ,2w+1 —1, . 
and the corresponding equations obtained by equating them to 
zero. 

11*31- First equation « 2m +i=o. 

The equation is a standard reciprocal equation. 

4 t 2 "*= —l=cos (2/7-{-l)n-4 ^ sin 

where p is a -f ve integer. 

1 _ 

x— {cos ( 2 ^ 4 -l)»+^sin (2p4-l)n-J ='» 

= cos ( 2 l+}k+i s \ n &±}h t p = o, 1, 2,.. 2m—1. 

2 in 2 m 

=C0S ^^ )5±i ""^ar 5,?J=0, h 

. (2p—/i’) 7T 

cis—- - =cos-i sin—• 

V P V 

Thqse roots are all distinct, and being 2m in number there is no 
other root. 

This also follows from the fact that the roots occur in recipro¬ 
cal pairs.- Thus the factors of x- m -r\ are of the form 
l 2p+1 . . 2/M-1)jt| • 2p-fl . . 2p+l 

Lp-cos ~h--i sm ’ U-cos-4— tt+ 1 sin 

( 2 m 


2m i t 


2?7l 


2 m 


27? + 1 + l,p = 0, 1, 2,...m—1. 


Hence 


= a 2 —2a- cos 

2m 

fii-1 

ir 2m_|_l = II (x 2 ~2x COS 




( 20 ) 


and these are the only factors, as they are m in number and are 
all distinct. 

The result may be written as 


m- 1 


-f-ar”*= II ^—2 cos 


2p+l 


X -f-a. -— I ~ - -- 2772 

If in this result wc putWcos 0+i sin 0, we get the factors of 
cos n 0 (Art. 11-2) 

1132. Equation x 2m+1 -4-1=0. . , oc 

One root is obviously -1. The other roots are determined as 

before. 


BINOMIAL EQUATIONS 


20 l 


cos 


_l_ 1 

Here l r=(—1)-"*' J = |cos (2p- f-I) ff + tsin (2p-f!)-[ aw* i 

(2p4-l)- . . . (2JI+1)*. A - 

=cos -2m+r +,sm 2 n r+f’ *-°> 

These roots arc all different, and being 2m -+-1 in number, there 
is no other root. 

For p = m, we get the root —1 already found, and the other 
roots occur in reciprocal pairs like 

(2/> + !)- , . i (2p±l)r (*p + l), . - (2p + lk 

These roots give the quadratic factors like 

2 r? 4-1 _ 

• • l '*" 2 ‘ r C0S 2 ^r+r '+ 1 * ^=°» 

Hence j;*««+ 1 +i S s(.u 4 -i) II (.i*— 2tl . C0S 2 P+L__j-i) / 21 \ 

The factorization is unique. For there cannot be more 
than 2 m -f1 factors, and also all these factors are different. 

1133 Equation x 8m+1 -l=0. 

This is a reciprocal equation of the second kind and* 6 odd 
degree. Obviously +1 is a root of the equation. 

Here 4=(l)^T=[ C os 2 p*+i sin 2 p^h~i 

C0S 2m+i 1 * S * n 2m+l’ h...2m. 

d i sta n if from 'begin nin g and e°nd, ^ 

- &*> 

and such roots give the real quadratic factors 

X Z — 2X COS - “^' r 4-1 71 — 1 o w 

2m+l~ * P~ l > 

. „„ 

Hds factorisation is unique. 

11*34 Equation x 2,n -l=0. 

. Here *=(l)i =(cos 2 ^ +i sin tpr) h, [p is a +„ einte g er] , 


, * - • -— il / - 

=OOS 2S ; +i siu 2 m'’ P= 0 ’ 2. 


2m— 1 . 
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FINITE EXPANSIONS AND PRODUCTS 


For p =0 and p=m we get the roots 1 and— 1 . The other 
roots occur as reciprocal pairs. 

2 p- , . . 2 »- , - 

s=cos _ ±{ s,n _, p= 1. 

and these are the only roots, for no other root is obtained from 
any other value of p. 

m * * 77 — 

Hence x 2m — l=(,r 2 — 1 ) II (x 2 — 2 x cos — + 1 ). ...(23) 

l m 

11*4. Factors Of x 2 " —2x n COS 110 + 1- The factors of this 
expression can be obtained by a method similar to that of 
Art. 11*3. But it would be. interesting to give an alternative 
method. 

Let u n =x n —2 cos nO+x~ n . 

Now x n —2 cos ft 0 +<r~"==(j: ,, ” 1 +ar n + 1 )(ir —2 cos 0+.i ,_1 ) 

-f -2 cos 9 l#”" 1 —2 cos (ft — 1) 0+ar” +1 } 

— {x v ~ 2 —2 cos (ft — 2 ) 0 +ar n + 2 }. * 

u n =(x"- l +x- n + x )(x-2 cos 0 +x ~ l )+2 cos 0 u n ^-u n . 2 . 
Thus u n is divisible by u v if and u n - 2 are divisible 

by m 2 . . 

But u t -x \-2 cos 29+x~ 2 

= (x —2 cos 0 +ar 1 )(;c +2 cos 0 +# _1 ). 

Hence w 2 is divisible by n Y and, therefore, u 3 is also divisible, 
and so on. Hence u n is divisible by u x and therefore x 2 n -2x n cos nt) 
_li has the factor x 2 -2x cos 0 + 1 . Since 9 can be changed 

int0 without altering cos nQ, we see that if p is a 


n 


positive integer 


x 2 —2x cos ) + 1 


is a factor of the given expression. 

x 2 "—2x r ‘ cosnO+l—J} Q j |> 2 —2«cos^0+ 


Cor. i. x u -2 cos w 0 +ar"= II [x-2 cos ( 0 + *r x~ l l> 

* = ° ...(25) 

If we put ii=cos (p + i sin y- wc obtain 

cos my—COS n6=2 n -' H j cos <p -cos (fi+ ^)}-(2«) 
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ji 

Cor. 2. If .r be replaced by -» then multiphying by a 2 *, 

a 2 "—2aV* cos nd-r a 2 "= II Qr 2 — 2ax cos ( 0 + 2 ~- ) + « 2 J ( 27 ) 

*11*5. Expansion of cosntf and sinntf in powers 
of cos 6 , n being a positive integer. 

In art. 10*41 we have shown the possibility of expressing cos nQ 

and sin n0/sin Q as polynomials of degrees n and n — Y, respec¬ 
tively. We can accordingly assume 

cos rc0=A o £ n -f A 2 <? n ‘ 2 +...+A 2r a: n ‘ 2r -p... 
sin n$ _ , _ 

where .r=cos $, and A’s and B’s are constants which are to be 
determined. 

Let y= cos nQ } or cos ~ l y=n$, / 

c6s-hj=n cos-'jS 
Differentiating w.r. to x, 

* dy_ 11 ' '\ 

Vl~y 2 dx y/l—X 2 

Differentiating again, 

2<1 —*>S - — 

w t/=A^+A^- 2 + ...- f A 2 ^-2r +>>< 

dx~~ n ^° v “Hu— 2)A 2 £ n -f (n_2r)A 2r .r’ , * 2r • 1 -f 

d 2 y 

^2=n(n—l)A (y r' , ” 2 -f(7i—2)(n—3)A 2 i ,n “ 4 -f-.. < 

+(n—2r)(rc-2r—l)A 2r a* n - 2r -2-f 

Substituting these values of d £ and % in the differential 

0?thevar?oL W ; 0 ;t in of a : the eoefficients 

* * n ( n ~“l)A 0 —(n—2)(n—8)A a —(n—2)A J -f-n 2 A 2 ==0. 

?A n . 
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or 

or 

Now 


In genera] equating to zero the coefficient of x v ~ Zr 
(n— 2r+2)(w—2r-j-l)A r _ 2 —(«—2r)(w—2r—l)A 8r 

— (n— 2r)A 2r +n 2 A2 r =0, 

(w—2r-f2)(w—2r+l)A r _ 2 =—4r(w—r)A 2r , 

* 2T ~ 4 r(n-r) Air ~ 2 - w 

A 0 =2 n ~ 1 , A 2 ——n 2 n_3 , 

a a _ w ( n ~ 3 ) ow-s 

A * 4.2(n—2) 2 2! ’ 

a (n—4)(n—5 ) a _ n(n-4)(n-5) on _ 7 

A(J -~ 4.3.(w—3) 1_ 3! 

We may now assume that 

a / nr n{ 7 i-r-\)(n-r- 2 )..\n-Jr+l) ^ 

A 2 r =(-I) r - jT[ 

(n—2r)(n—2r— 1). 

From (2), A 2r+2 = - 4(r + 1)(n _ r ^T, A >' 

. „ n(n—r—2)(n—3) . (« —2r)(«—2>—1) 

=(-l) r+1 —-(7+1)! 

So if the law of formation of A 2r holds for any value of r, it 
also holds for r+1. Bat it holds for r=l, 2, 8; hence for any 

integral value ot r. 

2 cos nfl 

+ "'-plW---'rfi-tfca. M --. 

n(n—r—l)l.n—r—2)...(n—‘2r+l)_. <> .„. 2r , 

+...+(-i) fi — -FT ' 


The expansion of sin net sin $ can be obtained by differentiat¬ 
ing the ab'ove result. It will be found tha 

sin 0 1 • 

(■M—4)(n—5) (n—6 ) t 9c \n-i . 

— 3 ! v ~ ' 

(n-r-l)(n-r-2) (n-2r) ) n _ 2r -i + iti ( 4 ) 

+( -:- TV [ } 

Examples XI W 

l°'V?lLT wins e 2 qua "° + n ^ +1 =o. 

4. li;: 3 4fe - q L + tio^-l=0, and find which of its roots 
satisfy the equation # 4 +# 2 + l — 
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[Solution. .r 12 =l=cos 2pn+i sin 2p*. 

x=cos~±i sin p— 0, 1, 2, 3, 4, 5. 

Suppose that cos sin is a root of the equation. 

4 »r . . 4 prr , 2 pir . . 2p^ _.. 

cos -^4—Sin ~-+cos —*—+tsm —=- + 1—0. 


• • 


cos 


6 

2 V* ; 


c 


6 


8 +C ° S f +1= °’ 


. 2 pjr . . px A 

sin —+sin - =0. 

v- 


Prr 


From (B), sin ^"=0. or cos J ^ = — 

The solution sin ^ —0 is inconsistent with (A). 

M 

cos —=—J, and cos?-^ :L =—J from (A). 

O O 

Hence p—2, or 4. 

Thus the common roots are 

_ o_ o_ 

cos -±i sin 3 ; cos --±? sin — 

5. Solve the equation (l+a.’) 5 + a: 5 =0. 

[Solution. (l+a’) 6 =—a i5 =a ,5 (cos2r-f 1 r + i sin 2r-j-l 77 ), 


• • 


x £ 1—ci 

o • 2r + 

2 x sin 


. , ( 2r+l , . . 2r+l 

14 -^=^ cos —— ^- + 1 sin —— 7T 

\ 5 o 

2r+l . . 2r*i 1 , 

cos —-— 77 -t sin ——-7T I = —1, 


2r + l T . 

L S1 


2 l ' _ 

5 ' J ~~ 


or 2 x sin 


10 
2r+1 

10 


5 

2r+l . 2r-f 1 
sin —77—? cos 


10 


10 


77= — £si 


x=-\ 1-fi 


cot 


2r+l 

10 


•]. 

-],r=0, 1,2, 3, 4. 


2 r +1 . . 2 r+l 

sin 77 +1 cos —— 


10 


(A) 

(B) 


6. Prove that every root of (l+;r ) 6 +* 0 =0 has-J for its 
real part. 

7. Show that the roots of the equation (#— l) n =x r> are 

i (l+i cot^),r=0, 1, 2.(n—1). 

8. Solve the equation (5+a?) 5 +(5—®) 5 = 0 . 

[Sol. (5 -{- ®) 5 — (5—fc) 5 =(5 —®)®(cos 2r+i jr+i sin 2r+l 
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Extracting the fifth root, 


(5-j-.r)=(5 — a?)]fcos 


2r+l . 2r + l 

— z — sin 




0=0, 1, 2, 3, 4 


••• .rf 1 + cos 2r +^ +i sin 

L O S 


or 


-[■ 

•[ 

= ~5 £ si 

=5i r 


2 ? -fl 




5 
2r+ 
"10 


, • • 2r-fl 
— 7 r-fi sin- 


’- 1 ], 


1 , • • 2r+l 1 

- 7T + i sm 


cos 


2r+l 

10 


/i 


2r-f 1 . 2r+l 

Sm — 20 — 7T ~ l cos 


2r+l 


• • 


io ^ s,n 10 


10 r ] 
2r+l 


. 2r+l 

sm "TF“ 




. 2r + l 
sin 


10 


/. > 


Hence x=5i tan 


2r+l 

10 


r=0, 1, 2, 3, 4]. 


9. Prove that the roots of the equation (.r-f 7) 6 +(,r—i) 6 =0 are 

I 1 


cot 


2r-f 1 
12 


77 r=0, 1, 2, 3, 4, 5. 


10. Show that the equation (,r-rl) 6 -f-(£—1) 6 =0 has 

2r+l 

i cot ■ ~ 77, r=0, 1, 2, 3, 4, 5 for its roots. 

Hence show that 
(.v+l) 6 +(*-l) 6 


') 


=2 ^ a.’“+cot 2 ^j ( .r 2 -fcot 2 ( x 2 + cot 2 ^ 
=2^ £ 2 -ftan 2 ^)( £ 2 + tan 2 ?|)( .r 2 +tan 2 ^ 

Deduce sec 2 -^-+sec 2 ^-fsec 2 — =18. 

1 J 1«- * * 

11. Show that the solutions of (l+.r) 2 "+(l—3?) 2 "=0 are 


x =±i tan - 


2r+l 


4 n ’ 

Deduce {\ + x) 2n + {\- x) 2 ”=2 II ( r 2 +tan 2 

O ' 


r=0, 1, 2,...w—1. 
2 r + l 


4 n 


a 


n-i 2r + l 

Hence show that S sec 2 —— n=2n 2 . 

o 4 n 
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12. Solve the equation z z =i(z— l) 3 and show that the points 
on Argand’s diagram corresponding to these roots are collinear. 


[The points are z=\—\ i tan 
on the line *=J], 


4r+l 

12 


n, r—0 , 1, 2, and they lie 


13. Solve the] equation (l+iz) s = — 1, and show that the 
three points on Argand’s diagram corresponding to these roots 
are the vertices of an equilateral triangle. 

[The points are 2i, | (i±\/ 3 )] 

14. Show that the solutions of the equation 

(tf-f 1 ) 7 =£ 7 (cos 7a-f i sin 7a) 

are ~ l~2 * cot il a+ *j)' p=0, h 2 ’ 3 - *• 5 - 6] 

15. Prove that 


« 7 + l=(*+l)f« 2 —2a? cos ^-f 1 )( x 2 —2x cos 8 -+1 ) 

' • / V 7 / 


j 71 i Sir . 5n a . 7T 

Deduce cos-+cos — +cos —=4 sin — 

Y 7 7 i a 


(x 2 -2x cos^+i y 


. 3t r 
sin — 
14 


. 5rr i 
Sm 14 = 


7 ' 7 14 

[Equate the coefficient of x 6 . For the second half put .r=lj. 
16. Show that £ 10 +1==** j(tf—1) 2 +4# sin 2 I 

r- 0 ( 20 j 

Deduce 0) sin g sin g sin g sin g sin g=g, 

root (say the first) to be we have g &ny ° ne 

2==a 4'~+a 5 -f-^* 

a a 0 
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2 '=» i +^«“+i+2:a*+jv+i+2) 

=“ +a+“ 2 +i+“ S +i + “ 4 +^ + “ 6 +is+“ 6 + J 

- ( a + 1 +(l5 +y +4+(a‘+j+a* + J.) 
=3-2 + a 4 + 1 +a 6 -f V 

a* a b 

z(*+z-B) = ( a + -+a 5 +-,) («‘+V.' + -,) 

\ a a 0 / \ a 4 a 0 / 

=2° 6 +^+a’+ 2 + * 3 +i ? +a e +2a+a> 1 +2 ]+,+, 


= — 1+2. * 

Thus the required equation is 

2 3 + 2 2 —42+1=0. 

Second Solution : Call the roots z v z 2) z 8 ; then z x 1 2 2 + 2 3 ?=-l. 
Also it is easily verified that 

2 2 2 3 =-l+2 3 . 2 3 2 1 =-1+2 1 . 2 1 2 2 =-l + 2 2 - 

12^2= -3 + 22!= -4. 

Multiplying these relations by z v 2 2 , 2 3 , and adding, we obtain 

32J2223 = - ^ + ^3 = 1 “ 4 * 

• *. ^l+2~3 = 

Hence the required equation, is z 3 —z 2 ^z 1 +zlz l z 2 —z 1 z 2 z 3 =0, 
i.e ., 2 3 +2 2 42+1=0. 

The equation a: 13 —1=0 can now be solved algebraically. The 
roots 2l , 2 2 , 2 3 , are all real and can be found by Horner s method. 

Also (X + 1 » a 5 -f -R are the roots of t 2 —2 ^+2 3 =0 ; 

a a 11 

a 2 + - o 3 + -3 Of < 2 -z,« + z,=0 ; and a*+- t - a» + - 6 

tt a 1 1 . 
of t 2_ iZ3 -pz 2 =0. When these quadratics are solved, a, a 2 , - 2 * 

...may be found from quadratics.] 

18. Prove that the roots of the equation x l0 + lbr 5 —1-° 


are 


±y^il cos +i sin + 
2lo 0 


CHAPTER XII 


EXPONENTIAL AND HYPERBOLIC FUNCTIONS 

12*1. Exponential function of a real variable. 

The infinite series 

, , , x 2 . X 3 x n 

1 + it+ r! + 8l + - + n! + - 

converges for all values of x. (Examples : VII (d) 11). If 
E (a) denotes *the sum of the series, the function E (x) is 
finite and single-valued. 

Since E ft),E (y) are both absolutely convergent, therefore 
by the multiplication theorem oi the infinite series (7-931), 
E (x) E (y) K h 

- l+ <*+»)+(n + ?l + |1) + ... 

_x n x n 1 y X' 2 if . x ?/"-! . 7 /«\ 


•+ i 


, 10 • ^ # y i * _’ t/" x 7/ n-A 

U ! T (n-l)!' ll (n—2)! Ti + - + n ' (n-^ljT^ni) + > " 


*1 + a 1 - 1 - y + «-« . tf , *. y-i y « 

n! (»-!)! 1! (n—2) ! 2 ! + " + l j ' (^nyj + ^| 


XT x . x n ~ L _ f/ . a: 
Now —, + ;-rrr * A + .- 


y”" 1 ■ ?v” 

. \ a < 


=,f! (*' + nc ‘ i '" *»+V+ • • • +*C» .,V+»c,»«) 

Hence E (t) E (y)»l+(*+y) + (£^ , +>>> (£±!0! +#B< 

=E (t+«/). U ' 

Thus by repetition of the above formula [ 

. E (*) E E ( 2 )--=E («+0+*+...). (2) 

)etter S P to rt ^ U n! r ’ lf X=y=z= -< and supposing the number of 

’ IK WI’=K M, (3) 

It a;—1, we get the particular case v ' 
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DIFFERENTIATION OF c* 


m 

n 


In the formula (3) above, suppose x is the positive rational 
’ then m and n being positive integers, 


n 


" E Qi] =E(m)=[E(l)]-. 


(5) 


' jyi\ 

Thus E is a nth root of [E (!)]’«. Since m and n are 


m 


positive integers, the value of E ( - ) is real and positive. 


n 

Thus the nth root of E (m) or [E (l)] m is a positive real 
number. 

If in the formula (1), we put V=—x, x being a positive rational, 

E ( x ) E (—.r)=E (0)=1, 

so that E (—^)=[E( l r)J“ 1 =[E(l)] _r . (6) 

Thus (4), (5), and (6) lead to the conclusion, that for all 
rational values of x 

E (*)=[E (1)]*=«*, (7) 

where e=E(l)=l+—j+g-jd-... 

Finally, we define when x is irrational , as being equal to 
E (x). 

1212. Differentiation of e x . 

We first prove the following lemma : 

pi — I 

Lt —=1. 


x ->0 


x 


gr - 1 -14-- + - + 
“S- 1+ 2! + 3! + - 


<1 + 


x 


+ 


X 

<) 


2 


X 

2 


•f... 


= 1 + 


x 

2 


1- 


Now 


hence 


X\ 

2 


[ 


1- 


x 


] 


X 

2 


0, as x —► 0, 


£* -1 

Lt—-=1. 

x—>0 


X 


gt+h—gx e^—l - 

Now Dxe*= Lt -;- =e z Lt —— e • 


h-*o 


h -*0 


(i) 
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Incidentally we have proved that e x is a continuous function 
of x. 

12; 13. The three fundamental operations of arithmetic on the 
functions e x and c~ x give new functions which are called hyper¬ 
bolic functions, and are defined as follows :— 

cosh x= —(1) sitih x —-—— ( 2 ) 


2 

2 


sech x-~^-^ (3) cosech x= 


2 

2 


g* _ g~X 

tanh x= - (5) 


coth x= 


e x —e~ x 

e x -\-e~ x 


(4) 

K% ' / v;WLU J = ~ e r __ -x ( 0 ) 

These are, called, respectively, hyperbolic cosine, htjpcrbolic sine etc 

Examples XII (a) 

.V } Sho Y that cosh ® and sech .r are even functions but tanh x 
coth a, sech a: and cosech * are all odd functions of * 

2. Prove that 


sinh *=a+£ + *L + *! , 

3 ! '51^7! ' 


• • 


cosh *=1 -f-—.-j-— i ... 

~2 ! '41^6 ! + 


3, 


Show that tanh *=ill ) h x cot h x — cosh x 

cosh x' sinh x 


(7) 

( 8 ) 


sech x~ 


cosech x~~ 


4. 


cosh*- sinK 

Prove that cosh 0=1, sinh 0=0 

sech 0 = 1 , tanh 0 = 0 
e ax -l a 


5. Prove that 


Lt 


*-*o sin bx b 

hyperbolic funwrkms^f tfofsam 0 ^ 8 betTO een the 

We ,h„, prove 

cosh 2 a:—sinh 2 ,r=i 

sech 2 x -f tanh 2 < 7 = 1 * (*) 

coth 2 *-cosech 2 *=i’ ( 2 ) 

By definition cosh z+sinh (3) 

cosh *—sinh x=e~ x 
sinh* x i 


or 


1-____ 

cosh* x cosh 2 x 
1 —tanh 2 x = sech 2 *, 
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which is equivalent to (2). To get (3) we divide both sides of (1) 
by sinh 2 x. 

Note. Relation (2) shows that —1< tanh x <1. 

Since by definition, cosh x is always positive, it follows that 
so is sech x. The relations (1) and (3), therefore, show that 

cosh x^l, 0<sech x^l. 

12 21L These correspond to the relations 

cos 2 0 + sin 2 0=1, sec 2 0 — tan 2 0 = 1, cosec 2 0-cot 2 0=1 
between the circular functions. From any formula connecting 
the circular functions, the corresponding formula for hyperbolic 
functions may be deduced by the following rule due to 

Osborne. 

In ami formula connecting the circular functions of general angles , 
replace each circular function by the corresponding hyperbolic 
function and change the sign of every product (or implied product) 

of two sines. 

This is illustrated by (1). 

In sec 2 0 —tail 2 0 = 1. since tan 0=^’ ^ will be replace- 

sinh 2 0 _tanh 2 0 

cd ^ — cosh 2 !) - ta 6 ' 

Hence the relations (2) and (3). 

By means of relations (1), (2), (8) combined 
tions, any hyperbolic function can be expressed in terms any 

other. 

The following table gives tne results__ 


sinh T = « cosh 


sinh x 




cosh x 


Vi+11- i 


v/i-tt* Vu a -1 




tanh x 


a 

V l'+tt 8 


Vu'-l 

u 


seeb x = u 

cosech x 
=u 

V\ ^u 3 

1 

* 

u 

u 

1 

; s/r+u* 

u 

Ti 


i 

V 1-U 2 

V l+M 2 
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sin x=u 

* 

cosh ar=ti 

tanh x=ti 

cotli x - - u 

scch x=u 

coscch 

X = 1l 

not ii v 

1+tt 1 

w 

1 

« 

1 


LULU iC 

u 

V/ «* — 1 

u 

</l -u 3 

V 1-f- m3 

scch x 

1 

1 

V I —M* , 

V - 1 

fl 

tt 


V 1 + U J 

u 

tt 

u 

! V 7 

cosech x 

1 i 

1 



u 


— 

u 


u 

V u a —1 

V 7 1 - «* 

U 


12 22. Addition and Subtraction formulae. 

cosh (x +«/)=cosh x cosh i/+sinh x sinh y, 
sinh (®-f2/)=sinh x cosh y -}-cosh x sinh y , 

tanh (x+w)=- tanh -: c + t «'!hiL, 

1 -f tanh x thah y 

cosh (x—y)=cosh a? cosh y —sinh x sinh y , 
sinh (x i/)=sinh x cosh y —cosh x sinh y, 

tanh ( i .- 2/ )=i anh • r ~ tanh 'J 


( 1 ) 

(-’) 

(3) 

« 

(5) 

( 6 ) 


1—tanh x tanh y 
To prove (1) by definition : , 

cosh (*+2/)=| (e'+v+c ’-*)=* ( e'.ev+e-'.e-i') 

= t [(cosh a; -f sinh x) (cosh t/-f sinh y) 

, , , . , -f( c °sh x —sinh x) (cosh y —sinh uW 

—cosh x cosh y+sinh x sinh y. U y)J 

Again, sinh (®-f-y)=J [c x .e^~e -*e-v] 

=^[(cosh a;-j-sinh x) (cosh y-f sinh y) 

-mb, ,,„ h ,, ,.™ h ,, ln i5“ h — toh <“i> »-™i> mi 

changing y into —y. ' ’ ' 8 '’ res P ec tively, by 

Offfnd L elati0ns between Hyperbolic Functions 

cosh 2i'=cosh 2 al+'sinli« * , 

=2 cosh 2 x—l U 

=H2sinh2a; 

__ 1 4-tanh 2 x (8 ' 

1—tanh*®* (4) 
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sinh 2a=2 sinh a cosh x 

2 tanli x 


tanh 2 x= 


1—tanh 2 x 
2 tanh x 


(5) 

( 6 ) 

1+tanh 2 a; ^ 

Formuhe (1), (2), (3) follow from(l), (2), (3), 12-22 by putting 

y=x. 

To get (2) and (3) we make use of (1) along with (12*21,1). 
To get (3) we note that 

cosh 2a=cosh 2 a-}-sinh 2 x 

cosh 2 a.’~{~ sinh 2 x (12'211) 

— cosh 2 x— sinh 2 x 

1+tanh 2 x (dividing the top and 

bottom by cosh 2 x) 


Again 


“ 1—tanh 2 x 
sinh 2 x =2 sinh x cosh x 
2 sinh x cosh x 

= cosh 2 x— sinh 2 x 
2 tanh x 
— 1—tanh 2 x 


( 12 - 21 , 1 ) 


12-24. Hyperbolic functions of Sx • The following 
relations can be easily proved by the repeated application oi 


art. (12-23). 


cosh 3a=4 cosh 3 .r—3 cosh x, 

sinh 3#=3 sinh .r-f-4 sinh 3 a, 

, 3 tanh a+tanh 3 a 

tanh 3a=- 


( 1 ) 

( 2 ) 

(3) 


14-3 tanh 2 a 

1 Verify that the 12'22, 12.23 may 

be deduced from the comspond^ “*. 0 , 00 ^^ . ^ ^ 

appear subsequently). 

2. Prove the following relations . 

(!) sinh (x+y) +sinb (x-y)=2 sin h * c< ? s !? V’ 

(ii) sinh (■!!+!/)—sinh (x-y)= 2 cosh * sinh y, 

(Ui) cosh +*/)+cosh (*-2/)=2 cosl1 x cos , h f 
(to) cosh (x+y) -cosh (x-^y)=i s” 1 * 1 x sin y- 

3 . Prove that 

(!) sinh M+sinh v=2 sinh — cosh g ’ 

1 U ^ V 

[ii) sinh u— sinh v=2 cosh—- sinn g 
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(iii) cosh u+cosh u=2 cosh cosh — —» 

t „ . , u+v . , u—V 

(iv) cosh u— coshv=2 sinh —— sinn — 

4. Prove that (cosh .r+sinh a:)"=cosh n^-fsinh nx, 

(cosh x —sinh <r) n =cosh nx —sinh nx, 
n being a positive integer. 

Proof. By definition 

cosh a’+sinh x=c x , <?"*=cosh nx -\-sinh nx 
Hence (cosh a:+sinh a:) n =e nr =cosh nx -\-sinh nx. 

If n is a positive integer, and J=tanh x, show that 

5. cosh r?;r=(cosh x) n [l+ n c 2 l 2 + n c A t 4 -f . ]. 

6. sinh n£=(cosh x) n [ n c 1 < + n c 8 i s +.]. 

7. tanh nx= -- —t—*——• 

l+ n c 2 t 2 + n c A t i f ...... 

[Hint. 2 cosh na:= (cosh a:+sinh a , ) n -f (cosh x —sinh a,’)", 

2 sinh na;=(cosh a: + sinh a 1 )"—(cosh a’—sinh .r)"]. 

8. If sin x cosh y —cos a and cos x sinh y —sin a, prove that 

sinh 2 ?/=cos 2 x— ±sin a . 

cc 

9. Prove that coth coth a:=cosech x. 

£ 

10. Prove that 

(cosh z + sinh a:)(cosh */ + sinh y )—cosh (a:+i/)+sinh (x + y). 

o 

11. Show that cosh 6 a;—sinh 6 #==1+^ sinh 2 2a?. 

12. Show that ( ^tanh ^ j =cosh 6a: + sinh 6a:. 

Prove the following :— 

13. cosh 5a:=16 c 5 -20c 3 +5c, N c==cosh a:. 

14. sinh7a:=64$ 7 -f-112s 5 + 56s 3 -f7$, 5 = s i n h x. 

- 16, c °sb 6 ic= —[ cos h 6 cosh 4a: + 15 cosh 2x— 10]. 

16. If tan a:=tan a tanh /3, tanh y —cot a tanh jS, prove that 

in tp u tan (*+*/)=sinh 2/3 cosec 2 a . 

17. It cosh u=sec 0, where -r<0<7r, and if u0>O, prove 
that sinh u=tan 0, u=log (sec 0 +tan 0), and tanh |-=tan 

[It M0<o, sinh u=— tan 0, u—log (sec 0 —tan $) t 

tanh ™-=—t an L. ] 

Functions Variati ° ns and Graphs of Hyperbolic 

12 31. Cosh. X. Cosh x is an even function of x. It 
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decreases in the interval 0), being large and positive, when 

x is numerically large but negative. For x=0 , cosh ®=1, 
which is the minimum value of the function. For0<z, the 
function continuously increases with x, and is large for large 
values of x. 

The graph of this function can be constructed from the graphs 
of e x , and e~ x (shown by dotted lines) by taking for any parti¬ 
cular value of x, the ordinate of z/=cosh x to be the mean of 
the ordinates of y=e x and e~ x . 

12*32. Sinh x. Sinh x is an odd function, and vanishes 
for x = 0. As x increases in the interval (-oo, «), sinh a; 
also increases from -w to oo. 

The graph of this function could be constructed in the same 
way as that of cosh x. In this case the ordinate of y =sinh x 
will be the mean of the difference of e x and e~ x . 

Y 
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12 33. Tanh. X- Tanh x is an odd function and lies between 
—1 and 1. The lines y= — l and y= 1 are asymptotes of the 
curve which it never crosses. 

12‘34. Sech X- Sech X is an even function, and has the 
maximum value 1 for #=0. It lies above its asymptote y = 0. 

12‘35. Coth X. Coth X is an odd function and lies above 
the line y=l and below the line y= — 1 which it approaches 
when £->oo and #->—©o respectively. For a,=0, y-> oo, so that 
x=0 is also an asymptote of the curve. 

1236.. Cosech X- Cosech X is an odd function. The 
lines x=0 , y —0 are asymptotes of the curve. 

Y 


are 
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12 4. Inverse Hyperbolic Functions. 

(a) Let cosh x=y 

e x -\-e~ x 

then —2- =2/ ’ 0r e 2 *-2ye*-fl=0; 

' ^ x =2/± V / 2/ 2 —1» or x—\og (y±^/j/~ i), 

so that for given y>l, there are two real values of x f which 
equal in magnitude but opposite in .sign. 

The positive value is denoted by cosh - 1 y, so that 

cosh“ 1 y=log (y+VF-l). (1) 

Thus cosh 1 y is a single-valued and continuous function of 

y < 1 . 

( b) If sinh x=y, 

e x -e~ x 

—-— =y, therefore, e 2x —2y c s — 1=0. 

Hence e r =y+ \/y 2 +l. 

The negative sign before the radical is rejected, for c z is never 
negative. Thus 

sinh- 1 y=x= log (y+y / y 2 + 1 ). (2) 

Sinh~ l y is a single-valued continuous function of y for all 
values of y. 

(c) If tanh x=y 

e x -e~* 


_ =y, 

e x 4e~ x 1 -y 


l + v 

Thus tanh- 1 2 /=,r=^ log—^ 


(3) 


y 


which is also a single-valued continuous function of y in the 
interval —1 <y< 1 
In like manner, we can show that 


, y +1 
*y -1 

(4) 


(5) 

5 ' y 


i+yi +'/. 

(6) 


y 


Expansion of certain functfons in series. 

The discussion in the following section depends 
ng theorem of analyis which is almost intuitive . 
iff (x) ^ 0, when a ^ x ^ b, then 


J7w 


dx^O. 
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The value of the integral cannot he zero unless f (x) is always equal 
to zero. " 


V\J /OL / u» 

For a proof of this theorem reference may be made to Hardy’s 
Pure Mathematics, Seventh Edition, Page 821). 

12*51. Gregory’s series for tan" 1 .?. 

We start with the formula 


0 

Now by division, 

rb= l -* 2 +*‘+...+(-ir-> 

Integrating between the limits 0 to x, we have 
tan-i,_,-£+ 1 )—+ (*), 


where 


. C*Ldt. 

J i 




*C 2 "+ 1 


If 0<a?<1 ’ 2nTl ^°’ as *°°- Xt Allows, therefore, 
that 

tan- 1 4 c= t r—- + ~ -+••• ad infinitum, 0<a><l. 

If a; is -ve, and -l<.r< 0 , put x=-y, so that 0<?/< l, 

tan ' 1 + 

=zX— -4- i2 L._ iX? ' 

3*5 7“+ , *‘ 

a ' ternating Seri6S 

Thus + 

i that^alfrS valui^of f SiU * and C0S We sha » P rove 

sin *=*-£ +|L + ... = 1 ; (-1)' 

5 r=0 ' ' (2r+l) 1 


(1) 
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X 2 . X* X 6 


eo 


008 3=1--.+ -.-- + ...= 2 ( -1)2 


X 


2 r 


(2) 


2! 4! 6! r =O v (2r)! 

Since sin (—«)=— sin x and cos {—x )=cos x, if the above 
results can be proved true when £>0, they will also remain true 
when a’<0. 

•T S .T& 7i2n-fl 

Put S M = X ~+ *.. + (-!)» 


3! ' 5! 


x 


X 4 , _.« X 


( 2 / 1 + 1 )! 
2« 


First we shall prove that S 2n+1 ^ sin x, according as n is even 
or odd ; and C 2n ^cos x , according as n is even or odd, 

i.e., S 4w+1 > sin x > n=2m, n=2m —1 ; (3) 

C 4m > cos x > C 4m _ 2 n=2m, n=2m—1 ; (4) 

Proof. For all real values of x 

1—cos x^O. 


* 

Assuming x >0, J 


0 


for the integrand is positive, and x is increasing during the range 
of integration. . Thus 

x— sinOO. 

Integrating repeatedly we get 



X 2 

-^ — 14 cos x >0 , i.e., cos#—C 2 >0, 

x>0 


2 ! 



tC® 1 

l —r— ,r + sin x >0. i.e., sin x— S 3 >0, 

3 ! 

x>0 

X* 

— ^r+1—cos x >0, i.e., C 4 —cos x>0, 

x>0 

4! 

21 


X 5 

« 

2 

— — 4- x —sin x >0, i.e., S 5 —sin a*>0, 

x>0 

5 ! 

3 ! 



Thus we get a series ot inequalities oi which 
arc given by (3) and (4). We now prove the general case by 

induction, assuming one part of the inequalities, ( ) ( )> 

cos x —C 4 ,„_2 >3. v 

Integrating this between the range 0 to a: 

sin x— S 4 «-i >0. 

Integrating again. 

C 4m —cos £ >0. 


( 6 ) 

(7) 
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Integrating twice again, 

S 4 mfi—sin a: >0, (8) 

Cos x— C 4m+2 >°* ( 9 ) 

Thus if (5) holds for any value of n, the results (6), (7), (8), 
(9) also hold. But it holds for n=^2 ; hence (3), and (4) hold. 


Thus cos £=C 4 „,_ 2 +R , where R< y * 

=c«»-R' ■ where R,< (4^iS)T' 

^4*1 ^4n+2 

Obviously, and ^ + both tend to zero, as n->oo. 
This proves (2). 

The result of (1) follows similarly from (3). 

12 53. The series for log (1-f x). 

The function log x is defined by the integral 


l08 * = .f?* 


£> 0 . 


From the definition, therefore, 

l+x 

log (l-f.r)=(l-fa?>0, or 4 r>—1) 

l 


= f— 

J 1 + f 


Now by division, 

±. rl - t +fi-t»+ .+(-!)» {L. 

Hence on integrating term by term, it is found if x>— 1, 

io g (i+«)=*_ 4 ^44+... +( -ir- i f+fl B( x ) , 


where 


Hz 

«»W=(-i) n j' 1 ^ dt. 


K{x) \ Wt dt< S 


If ir>0, 
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Hence if 0<£^1, 

| R n (x) | —>0, as n-+ oo. 

If —1<£<0, put x=—y, so that y> 0. 

-y 

0 

Putting t=—v, 

y 

/ v n 

l=v dv ' 

0 

Now since l>?/>0, in the range of integration (0, y), 
l-y^l-v; 

y 

■■ <$jZTy V ’ iV 

0 

= _L y*l l 

l—y n+1 

1 J *J _"!!. 

^ 1+2 n +i 

Since -l<x<0, R n (x)-*0, as n->co . 

Hence if — 1 <£<1, ' 

x 1 x* x* 

log (l+«)=a?—g + J 4 +. 

In particular, for «=1, 

r log2=l-i+J-i+i. 

19’fi (Convergence of Infinite Series whose terms 
„e /u»Sns o“S Oorota Varl.blb .«« F- 

bItl • ”■» «-*- ** “ I "”‘ 

variable, z=<r + i y- Su W° se = ^ + i ^ 

Denote £ U* V?*^of tte first nTerms^ k 

vn„, then W = U„ + »V n . 

It 0. - v. both » V “J 

W n is said to tend to the lunrt U+ =u+ < y. 

n-><» 
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We then say that the series converges and the sum is W, so 
that lw n is said to be convergent if 2 u n and ^v n converge sepa¬ 
rately. 

Theorem. A series of complex terms converges , if the series of 
moduli is convergent. 

For |u„| < (w* 2 +iv*)^ |»i, < («» 2 *f^» 2 )“, 

and since ’Z{u n 2 + v n i fi is given to be convergent, and vy„ 
therefore converge separately (7*33). Thus has a finite 

sum, as n->oo , i.e., the series converges. 

A series of complex terms is said to be absolutely convergent if the 
series of its moduli is convergent. 

12 7. Exponential Function of a Complex Vari¬ 
able. When z is real, the infinite series 

2 2 2 Z n 

1 + n + 2! + - + ^! + - (!) 


has been seen to be convergent and its sum has been denoted 
by the exponential function e : . If 2 is complex and 
=r (cos 0-f i sin 0), no significance has been attached to this 
infinite series. The series of moduli 

r r 2 r n 

1+ r! + 2! + • + ^! + - 

is convergent for all values of r (page 207, Ex. 11 ). The series (1) 
is, therefore, absolutely convergent for all finite values of 2 . 

We define e : , when z is complex , to be the sum of the infinite 
series (1). J 

This is a finite and single-valued function. 

A property of absolutely convergent series is that they can 
be multiplied term by term (7-931). We can then prove in 
precisely the same manner as in (Art. 12*1) that 

e*. 

In particular, e*+'v— e *. e*v, 

iflS’TJ- Ex P° nen tial Values of Circular Functions. 


' 11 2! 


ia j 1 . xt 


8 1 1 + 


• • • 


Wl—4-fL \ , •/ * 3 (T 5 \ 

l *!+«r-7 + *(*-aT+6l“-) 

=cos i sin x, 

the grouping being admissible by (7*912), 
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Similarly, e~ ix =cos x—i sin x 

e ix_L e -iz ' e \2_ e -ix 

cos x= — -, sin x= - 7 — • 

i 2 1 

12’72. Generalized Circular and Hyperbolic 

Functions. The circular functions of a complex variable z 
are defined by the equations:— 

e iz -\-e~ iz . e iz —e~ iz sin z 

cos 2 =---, sin 2 =——;—, tan 2 =-» 

2 2 1 cos 2 

1 1 , COS 2 1 

sec 2 =-, cosec 2 =-—• cot 2 =—— =-—* 

cos 2 sin 2 sin 2 tan z 

The close analogy between the definitions of generalized 
circular functions, as given above, and the relations proved in 
(12 71) for circular functions of a real variable, show that the 
above definitions include as particular cases the circular functions 
of a real variable. All the formulae which hold for circular 
functions of areal variable remain true for circular functions of a 
complex variable. 

In a similar way we may define the generalized hyperbolic 
functions by the equations 

cosh 2 =£ {e z i-e ~ z ), sinh z=\ (e z —e~ z ) 1 

e z —e~ z , e z -\-e~ z 

tanh 2 = ——- , cotn z=-—— , 

e z -\-e~ z e—e 2 

2 2 
sech ■ cosech - 

The results that have been obtained for hyperbolic functions 
of a real variable hold good in the general case. We proceed 
to establish the relations between the circular and hyperbolic 




functions:— 

If 2 is purely imaginary and equal to ix, where x is real, 
sin ( i x )=(e-*-e*)/2i=isinhx , 

COS (ix)—\(e x +e x )—COSh x. (2) 

/. tan (ix)=i tanh x, sec tx-sech x, 
cosec (ix) = i cosech *, cot (ix)=-i coth jf. 

sinh (ix)=i(e iT —e~ ix )=i sin *. . 

cosech (ix)=—i cosec x 

cosh (M)=i(e iI +e-")=cos ^ 

v /. sech (i;r)=sec x 

tanh [ix)=i tan x coth («*)=-»cot x.l 

It will be instructive to get certain formulae from these 

definitions. 

(a) cos z-\-i sin z—e z , cos z—i sin z=e~ g . 
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Multiplication gives cos 2 z+sin 2 z=l. 

(b) sin u cos u=(c iu -<r iu ) {e iv + e~ iv )l^i 

_[( e ««-f*> e - i <«-v>)]/4i. 

2 sin u cos u=sin (w+v)+sin (u—v). 

Again, cos u sin v={e iu -\-e- lu ) (e lv —e~ xv )lii 

or, 2 cos w sin u=sin (u+^)~sin (u — 1 >). 

Addition and subtraction give 

sin (w-f-u) = sin u cos u-fcos u sin v , ,gv 

sin («—u)=sin w cos u—cos u sin v. ' 

Similarly, cos (« + u)=cos u cos u^sin u sin v , 

12*721. By application of (2) we deduce from formulae 
for circular functions, the corresponding results for hyperbolic 
functions. (See art. 12*211). 

2 I jin 

Illustration . Putting ix for x in the formula sin 2.r =-— r —~ , 

l-ftan\r 


sin 2 ix=- 


2 tan ix 


whence sinh 2x— 


2 tanh x 


14 -tan Hx’ ’ ..1—tanh 8 ® 

In (14*14) writing iu, iv for u and v, we get 
sin i(tt+u)=sin iu cos iv + cos iu sin iv, 

.*. i sinh (u+u)=i sinh u cosh v+i cosh u sinh v, 
or, sinh (w-j-v)=sinh u cosh i; 4-cosh u sinh v. 
‘Similarly, sinh (u— u)=sinh u cosh v —cosh u sinh v. 
Making the same substitution in (4) 

cos i(u±v)=cos iu cos iu-f sin iu sin iv, 
or cosh (tt±u)=cosh u cosh i>±sinh u sinh v. 

From relations 

z 2 z 4 

C0SZ=1 —2l+4!. 


■sin z=z 


3 1*5 1 
z 2 z 4 


We deduce cosh z-=14-- -U—- 4 - 

T 2r4i r . 

• 1 . z 3 z 6 

sinhz=z4—-.4- u 

■ sr5r . 

12 73. Example 1. If a-\-ifi=i cl ' i,s > prove that 


a*+p*= e ~ { * n+1)v K 

Since i may be put as cos l+is'm ~~, a +ift= 

Z 2 


(P. U . 1941) 


C.S - 


=( cis 2 nw+|) 


a+»^ 
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Putting (2n+£)77 or 
u+?j 8 =cis (ka+ikB) 


4n-fl 

- . 7 T—k, the above becomes 

[By De Moivre’s Theorem Case 


=cos ka cos ipk -sin ka sin ipk+i (sin ka cos ipk 

1 U 07 | . , + C0S 

=cos ka cosh ^-cos *a smh pk-\-i (sin & a cosh pk 

t~i ,. ,, , , . . —sin ka sinh pk). 

Equating the real and imaginary parts, 

a ==cos ka (cosh pk —sinh pk), 

P =sin ka (cosh pk— sinh pk). 

Squaring and adding, a 2 -f ft=(cosh pk —sinh pk) 2 

= (e“ P *)2=e“ 2 *^ e H4n+iW 

Examples XII(c) 

Prove the following relations : — 

cosh 2 w~l . 

=tanh 2 w. 


1 . 


2. 


cosh 2 w+l 
sinh u _ w__cosh w —1 

coshw+l“ an 2 ~~ sinh u 


1 + tanh« 

3 . ,—-—=—=cosh 2u+smh 2 u. 

1—tanh w 

4. (a) sinh (a.-h ^ H- y)—sinh a—sinh /?—sinh y 

=4 sinh | [P+y) sinh i (y-f-a)sinh £ ( a + j8). 

(b) cosh (a-f-^-j-y)—cosh a—cosh p —cosh y 

=4 cosh £ (j9+y) cosh £ (y'-f a) cosh | (a-f ft. 

5. If cosh u=sec Q, prove that sinh w=tan 6 , tanh tf—sin 6 

6. Prove that sin 2a+i sinh 2 p =2 sin ( a -Hft cos (a-ip). 

7. Prove that 

co£ (a + ift+i sin (a+ip)=e~t ( cos a +isin ft. 

Express sin (.r + ift in the form A-\-iB. 

[Solution: sin (tf+i»=sin x cos %+cos x sin iy 

=sin x cosh y-\-i cos x sinh y. 

Thus K{sin {x+iy)\ =sin x cosh y, 

/{sin (x-]-iy )} =cos x sinh y.] 

^/Separate cos (x+iy) into real and imaginary parts. 

, , . . sin 2x4-i sinh 2 y 
10. Prove that tan (x+iy)= - M 2a . +cosh 2 y ' 

. . sin (x-\-iy) 

[Solution: tan ^ + ^)- cos(x ^ 

2 sin jx+iy) cos (x—iy ) 

= 2 cos {x+iy ) cos { x —*y) 
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.'. tan {x+iij) — 


sin 2a:-f sin 2 iy 

cos 2a:-f cos 2 iy 
sin 2x+i sinh 2 y T 

cos 2a:+cosh 2 y'A 


11. Prove that cot {x+iy) = —..H in h2 ^ . 

v J> cosh 2—cos 2x 

12. Prove that sinh (a:-f ti/)=sinh x cos y+i cosh a: sin t/. 

13. Prove that 

(i) sec 2 — S x CQ f y +* sin * sinh » . 

cosh 2a:-fcosh 2 y 

(ii) cosec (~ | -y)- 2 sin * cosh cos * sinh « . 

cosh 2y —cos 2x 

14. Find the value of | sin {x-\-iy) | 

[Solution : If sin (*+iy)=P-f 
then sin (x—iy)=P+iQ. 

-P 2 -r Q 2 = | sin {x+iy) | 2 =sin (ar+*y) sin 
=4 [cos 2ii/—cos 2a?] 

= | (cosh 2?/-cos 2a.’)=cosh 2 i/-cos 2 a: ; 


sin {x+iy) | = v'cosh 2 i/-cos^.] 

15. Prove that | cos {x+iy) | = V^T"sinh V 

16. Show that | tan {x+iy) I 2 _ cosh 2y-cos 2a: 

cos 2a:-f cosh 2 y ’ 

17. If tan (a:-fit/)=sin {u+iv), prove that 

sin 2a: _tan u 

sinh 2z/~~tanh v * 

[Solution : sin u cos iu-fcos u sin ?r- sin ( x+i V) 

' cos {x+iy) 1 

sin u cosh v+i cos u sinh t*— 2 sin fo+fr) cos te— 

2 cos (®+ iy) cos (a:—ii/)‘ 
_ sm 2a:-fsin 2iy 

cos 2x + cos 2 iy 

__ sin 2a: -ff sinh 2iy 

cos 2a:-f cosh 2i/ 

sin w cosh 7 >— s * n ^ _ 

cos 2a?+cosh 2 y 9 

cos u sinh *>— — 2y 

c ?s 2a:-f cosh 2 y * 
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Dividing 


sin 2x 

- 9 


sin u co sh v 
cos u sinh v ~sinli 2y 
tan u sin 2x 


,] 


tanh v sinh 2y 

18. Prove that cos (x~t~iy) = --- „ ■ • 

cos 2x —cosh 2 y 

19. If |cos(m+w) | =1, then sin 2 w=sinh 2 v. 

20. If ! sin (u+iv) | =1, then cos 2 M=sinh 2 v. 


12‘8- Periodicity of the Exponential and Hyper¬ 
bolic Functions. 

If z=x+iy, e z = c x + iu =e x (cos y-\-i sin y). 

Now cos y and sin y are unaltered if y be replaced by 
y p 2 n- where n is any integer, 

e z =e x [cos ( y + 2mr)+i sin (t/+ 2/i-)] 

x+i (y+2nr) z+2/wr 
— 6 —C • 

Thus c z is,periodic with the period 2 i v . 

(b) Since c 2,n7r =cos 2mr+i sin 2nw=l, 

* 2+2tn W, 


— 2—2 inv 
e =e -. 


Ilence 


e z+U’>* +e -*-U»’' =e , +e -* l 


. . cosh (z-J-2m7r)=cosh z, 
sinh (z + 2in7r)=sinh z. 

Thus cosh z and sinh 2 are periodic and have the period (2tti) 
/ . E(z+inir)-E(-z-inir) 

V {c) tanh {z+ m K)=E{z+in7T) + E{-z-iniT) 

E(z). E(inn)—E(—z) E(-ini r) 

= E{zj E{inTr)+E(Pz)E ( -inn) 

E{z) \E{in)] n -E{-z) [gHjg)] a 
= E{z) [E{in)] n +E{-z) [E{-in)] n 

_E(2)-F(^) =tanh2> 

-Els)+E{-z) 


for 


E (z 7 r)=cos 7r+i sin n— 1» 
E{—in )=cos n-i sin tt=— 1* 
Thus tanh z has the period in. 


EXAMPLES 


319 


Examples XII (</) 

‘It Prove that cos 2 « cosh 2 /3+sin 2 u sinli 2 /L-cosh 2 /J—sin 2 a . 
2v^\Vhat values must be given to x to express the following 
as simple hyperbolic functions ? 

(Hi) y/x* + 2x~+3 . 


(*) ✓**+«*, 
(iv) 


(«) 


y/x*—a* 


i/Vx 2 + 3x+4 

J&. If p—a-\- ?b, q=za — ib where a and b are real, show that 
pe*-\-qe* is real. 

4. Prove that sinh (u-* i>) +sinh- (u + u)-}-2 sinh u 


=2 sinh «(cosh t>+l)=4 sinh u cosh 2 - 

2 

5. If cos a cosh /3=cos <p> sin a sinh #=sin <p, prove that 

. sin <p=±s'm 2 tt =±sinh 2 /5. 

6. If sin (u+iv)=x+iy y prove that the point (.r, y) lies 

(i) on the ell 'Pse = when Mis the parameter, 

and (u) on the hyperbola when « is the para- 

meter. 

7. If x+iy =cos (u-fm), prove that 

(1 -j-a:) 2 -ft/ 2 —(cosh u+cos u) 2 , 

„ rr • /a \ . ( J“^ 2+ ^=( cosh "-cos «)*, ( London) 

8. If sin (0-f up) =cos a+i sin a, then cos 2 0= ±sin a . 

9. If tan a:=t a n h u tan a tan ?y=tanh u cot prove that 

tan (*-b*/)=sinh 2 u cosec 2 a . 

10. If tan (x-\-iy)=u-\-iv, prove that 


tan 2 X = 


2 u 


1 -u 2 -v* 


a: 


ri I— u 2 -v 2 cos 2x 

l-fu 2 +u 2 ”"cosh 2 y 


[tan 2*-tan (a+ and tan {x _ iy)=u _ iv ] 

1 2 , («+«>)=*+*& prove that 

* , +!/ +2lE COt 2W=1 and x'+y'-Zy eoth 2»+l=0.1 
[Solution : Since tan (u +iv)=x+iy> tan 

tan 2u=tan (u-pip-p</—f T i)_ * an (u+wQ+tan (m— iv) 

1—tan (u+ii>) tan (w—iu) 


2ie 


whence a 2 +J/ 8 +2* cot 2u-l=o 
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Again, tan 2 m=tan [u-\-iv—(u—iv)] 

tan (u-\-iv) — tan (u—iv) 


2uj 


1+tan (m+iz>) tan (m— iv) 1 -\-x 2 -\-y 2 

2 ji 

Hence etc.] 


tanh 2o “?+?+T- 

12. If x-\-iy=c cosli (0-HV)> prove that 

.x- a sech 2 Q-\-y 2 cosecli 2 0=c 2 , x 2 sec 2 <p—y 2 cosec 2 q>=c 2 . 

(London) 

13. Separate the real and imaginary parts of tan" 1 (x+iy). 

[Sol. Put tan- 1 (x+iy)=u+iy, ( p - U- I941 ) 

and tan -1 («— iy)—u—iv. 

••• 2«=tan-> x — r etc.] 

14. If tanh (u+iv)=x+iy, where u, v are real, find a? and y m 
terms of u and v. Find the values of u and v, when x=l, y~ 1. 

[Solution : Since x+iy= tanh (m+w), x— tf/=tanh (u—iv). 

2®=tanh (M-j-m)+tanh (u-iv) . v . t , .. 

sinh (u-\-iv) cosh (u— u>)+cosh (m-H^) sinh ( u lv K 

= cosh (w-t iv) cosh ( u—iv ) 

s inh 2 u _si nh 2 u _ 

•** x ~cosh 2 m + cosh 2 iv "cosh 2 m+cos 2v 

Similarly 2 iy= tanh (u+iv)- tanh {u—iv) - 

sinh (u-\-iv) cosh (tt——sin h (u—iv ) co sh (u+w)^ 

— cosh (u+iv) cosh (u—iv) 

. sinh 2 iv _ 

or ^ = cosh 2 m+ cosh 2 iv 

sin 2v _, 

Thus tanh 0 (u+iu|is°separated into real and imaginary parts. 
If x=y=l, sinh 2u=sin 2v. , 

A1SO (cosh 2 m —sinh^u)* ==cos^2u ==1 — sin 2 2v=l -smh* 2m. 

cosh 2 2 «+sinh 2 2u-2 cosh 2 « sinh 2 «=l-sinh -u. 

• sinh 2 m (3 sinh 2 m— 2 cosh 2 m) —0. 

tanh 2tt=|, sinh 2u ^ 0 ’ for then X 


or 


c 2u_ e -2u 


Hence e iu =5, or u=$ log a. 

— 2u 


Again, (cos 2i>—sin 2u) 2 =cosh 2 2M=l +sinh 2 2tt—l+sm a 2v, 
i.c., 1—2 cos 2v sin 2 w=l + sin 2v. 

sin 2v (sin 2» + 2 cos 2v)=0. tan 2v=— 2. 
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Thus u=J(n77-tan- 1 2).] < 

15. If sin {x-\-iy)—P {cos 0+t sin 0), prove that 
p2 = £( cc >sh 2y— cos 2x) and tan 0=tanh y cot x 

16. If tan (tt-ft*u)=tan x+i sec x, prove that 


[Solution 


e 2t, ==±cot^ and 2u=rhr-\-^-\-x. 

1* " 

tan 2u=tan {u-\-iv+u—iv) 

__—cot a;=tan 

1—(tan 2 ir-fsec 2 #) 

V 


( x+ l} 


• ■ 


2u=?hv + 2 -\-x. 


2 i see x 


Again, tan 2iu=tan {u+iv—u—iv) — j^tan 2 a:-f 

tanh 2t;=cos x. 


sec 2 x 


cos x , 


or 


>2v_/> Zv 


COS X 


• • 


e 2u +e 


-2t> 


, 1+cos a: a,’ 

or e 4v =z^ -=cot 2 - 

I—cos x 2 


X 


• • 


Chicot-.] 


17. If cos (a+ ib) cosh (x+iy)=l, where a, 6, a,’, */ arc real, 
prove that, in general, tan a tanh b=tanh x tan y. {London) 

18. If tan (a + *j3)=t\ a and 0 being real, prove thqt a is in¬ 
determinate and (3 is infinite. 

19. If cos (0+t» cos ( a -Hj8)=l, prove that 

tanh 2 <p cosh 2 (3=sin 2 tt , and tanh 2 (3 cosh 2 <p=sin a 0. 

20. If tan y= tan a tanh j3, tan z=cot tt tanh (3 , prove that 

tan (i/-fz)=sinh 2(3 cosec 2 tt . 

12'8. Separate tan-^cos 0 + i sin 0) into real and imaginary 
parts . 

Let tan -1 (cos 0-f i sin Q)—x-\-iy ; 
then, cos 6+i on 0=tan (g-Hj/)= C0S 2a!+cosh 2j/ * 

... ( 1 ). 


Thus 


cos 0= 


sin 2x 


and 


cos 2®-[-cosh 2 y 

. sinh 2t/ 

sin 0= —;— 


# • • 


• • • 


• • f 


cos 2®-|-cosh 2 y 
Squaring and adding, (cos 2a?+cosh 2t/) 2 ^=sin 2 20+sinh* 2 y, 
or cos 2 2x— sin 2 2#+cosh a 2y— sinh 2 2y+2 cos 2x cosh 2y—0* 
or cos 2 2a;-|-l—sin 2 2®+2 cios 2x cosh 2t/=0, 

or 2 cos #(cosh 2t/4-cos 2a;)=0. 

cos 2a;=0, or cosh 2y=— cos 2x. 


( 2 )- 
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As x and y are both real, the second possibility is ruled cut, 
and cos 2a?=0, which gives 

... (3) 


71 


2a:=T27r+- 5 

I 


or 


1 . 7T 

cT=-• ••• 

2 4 


From (2), sin e=^-‘^=tanh 2y. 


• • 


2?/=tanlr 1 sin 0=- log,— . ~ e 
J 2 1—sm 6 ° 


0 . 0 

1+sin 6 , COS 2 + Sm -2 

.-.=10?—y— ? 

cos - 2 -sin- 


6 



7T 6 \ 

=] 0 g ——-=log tan ^+2 
1 —tan - 


••• 2/=s !°g ta n (~+|) ... 


» • 


(4) 


Thus (3) and (4) give the real and imaginary parts, res¬ 
pectively. 

Examples XII (<?) 

1. If tan (u+ii>)=(cos x-\-i sin a?), prove that 


u 


= T+Z- and v=i - l0g tan ( 4 + 2' 


7 T X 




2. If cosh (x-\-iy)= cot (u-\-iv), prove that 

sinh 2v cosec 2«+tanh x tan y=0, 
cosh 2 . 1 ’ +cos 2y-\-2 
and coth 2v= -TiShTSHIT' 

3. If cosh (u+m)=tan (x+iy), prove that 

cosh 2« + cos 2i>=2 (cosh 2 (/-cos 2.r)/(cosh 2j/+cos 24 

4. Prove that 

t , , it I , * 1 ;lo „ tan I---]- (P- U. 1945) 

tan~ (e l °}= 2 n7T ~r~£ ~~2 110 ° ldn ' 4 2 ; v 


[l tan (1-2 


-1 




1-tan | ijl + tan 2 

= i — 


1 -f tan 


tan 


Q 


=tan 


H)] 


' CHAPTER XIII 

SUMMATION OF ELEMENTARY TRIGONOMETRICAL SERIES 


13. The methods employed for summation of trigonomet¬ 
rical series will, in general, be similar to those used for summing 
up scries in Algebra. In fact, most of the trigonometrical 
scries are summed up by reducing the series to (i) a Geometri¬ 
cal Progression, (it) a Binomial series, {Hi) an Exponential 
series, or {iv) a Logarithmic series. Quite often the method 
of differences will be found useful. 

13'I- To find the sum of a series of sines or cosines 
of angles in Arithmetical Progression. 


1311- Sum to n terms the series 

sin a-fsin (a-fjS)-rsin (a20)+...+sin {a+(n-l)0}. 


o 

Multiplying each term by 2 sin we have 

*2 

2 sin a sin ^=cos^ a— - )—cos( a+^)» 

2 sin (a+0) sin |=cos^ a +^)“ cos ( a+?|) ’ 
2 sin (a+20) sin £=cos' tt + ^ )“ cos ( a +lj )* 


2 sin (a+n—10) sin|=cos| a+2n—3^) —cos^ a+2n—1^ 

It S„ denotes the required sum, we have by addition 
2 sin | S n ==2 sin ^ {sin a+sin (a+0)+sin (a+20) + ... 


+sin (a+n—10)} 


/. s, 


= cos ( a - cos^ a+2n-lj?) 

=2 sin^a+n^-T^) sin 

=sin ( a+n—1^ ) sin j sin ^ 


f v other terms 
cancel in pairs] 


...( 1 ) 
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1312. Sum to n terms the series. 

COS a + C0S (a+0)+COS (a+2j3)+ -+COS (a-fn^ljS) 

We follow the same method of summation. , 

Let C„=eos u+cos (a-f/?) + cos (a-}-2/?)-|-fcos (a-frT^I/j). 

Multiplying both sides by 2 sin -> 

2 


2 sin g * C n =2 sin ^ cos a+2 sin ~ cos (af/1) 






+2 sin « cos (a + 2jS)-j-(-2 sin ^ cos (a+Ti-ljS) 

— 2 


-| sin (a+f)- s m( «-§))+{ sin(a+|^-sin( a+ ^ 

sin ( a+^—) -sin ( a+^ :3 0 ) 

2n-l \ . / 0 ) 

+ ~r P )- Sm (a-2 


=sin a 


...( 2 ) 


o / . 71 — 1 /) \ • n P 

= 2cos^ a-f-g-0 J sin—* 

• p ( n ~ 1 „ \ • n P / • P 

• • C„=cos ( a-f — (3 J sin sin 

No/e 2. The sums are respectively, sin j sin ^ times the 

sine of the average angle in (1), and the cosine of the average 
angle in (2). 

Note 2. The result (2) can be obtained from the result (1) by 
changing a into a-f J which amounts to changing the sine into 

It 

cosine, wherever a occurs. 

Note 3. An easy way to test the accuracy of the formulae, 
when quoted from memory, would be to see that they hold w hen 
n— 1, or n=2. 

13*13. Sum to n terms the series 

coshu+cosh (u+i>)+cosh (u+2d)+- 

The 7 ith term is cosh (w-f ti—1 v). 

Multiply each term as in 13*12, by 2 sinh -• 
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Then 2 cosh u sinh ^=sinh ^ sinh ^ u —- j» 

2 cosh ( u-\-v) sinh |=sinh^ j—sinh ^ 

2 cosh (u+2v) sinh ^=sin ^ u+y j— sinh ^ u+— j» 


2 cosh (tt+n— lu) sinh | 

=sin^ u+ 2n ~ -^ v sinh ( **+—g-" v 

By addition and simplification, the sum of the required series 
is found to be 



13'14- The method used in the above example is the method 
of differences. It would be instructive to express the terms in 
exponential form and reduce the series to a geometrical pro¬ 
gression. We illustrate this method by applying it to the 
following series, though the method of 13‘13 is equally applicable. 


Su 1 to n terms the series 

sinh u-f sinh2«-i- sinh 3u-h..+ sinh mi. 
If S n denotes the required sum. 



/ 
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Examples XIII (a) 

Sum to n terms the following series 

1 . sin .r+sin 2a;+sin 3a;+. 

2. cos a;+cos 2a?+cos 8«+. 

3. sin a;+sin 3a; -i- sin bx- f. 

4. cos a* + cos 3a;+cos 5a;+. 

TT 3 t T blT 

6. cos —+ cos ~ n + cos — +. 

6. sin a;+sin (a;-*/)+sin (x-2y)+ . 

7. sin x— sin 2a;+sin 3a;-sin 4a;+. 

[Hint. Put t r—x for x in (1)J. 

8. cos a?+sin 2a;—cos 3a;-sin 4a;+cos 5a;+sin 6a:+ 

[Hint. Put for* in (1).] 

9 cos x —sin 2x —cos 3a;+sin 4a; - ! • 


[Put £+2 for x in (1)]. 


10 sin a;—cos 2a;—sin 3a;+cos 4 a;+sin 5*-cos 6 .r— 
u ; COS x —cos (x+y)- I-cos (x+2y)-cos («+Sy) + - 

[Hint. Take a=x, fi=y + n 18 ‘ 12 1- 
12., sin * cos tf+sin 2# cos 2^+sin 3x cos Sx+- 

13. sin 2 a;-|-sin 2 2a;+sin 2 3x+ - 

14 . cos 2 a: hcos 2 2 a; + cos 2 4aH 

15 . sin 3 # + sin 3 2*+sin 3 3a;+- 

3 sin a;—sin 3x -j 
[Hint. sin 3 #=-^ 

16. cos 8 #+ cos 3 2 a;+cos 3 3a;+- 
17 ! cosh 2 M+cosh 2 3u+cosh 2 5u+- 


• t 


2pn , 4p?r 

.8. Sum cos 2 -^ + S+l ' 


6dtt , 2n/?7r 

COS 2M r l + - +C ° S 2«+l 


WhaCltbe'heSii) P isa multiple of2»fl ,WP 
>i a multiple of 2n-fl ? 

9 . Show that all the solutions ^ the equation 

cos * 4 -cos 3x + cos 5 *+...+cos (2n 

ay be written in the form 
y (25+1)-. 

x - 2 r 
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l 3 2 Method of Differences. This artifice of putting a 
term in’the form of a difference is important, but it is not always 
easv to do so. The student should have sufficient practice and 
also remember the forms occurring frequently. If the mode^of 
resolution cannot be discovered even by the trial method e - 
plained in the following examples, the result, if known, will 

a guide to its discovery. 

13*21. Sum the series 

cosec a+cosec 2a+cosec 4a+*..cos Z a. 

Let us try to put cosec tt into the form of a difference of two 
other terms. 


L 

cosec a — -— = 

sm a 


^ . a a 

2 sm o C0S 2 


sm 


a 


^ . a a 

2 sm - cos - 


. a 

sm- 


sin 


a 


and by trial cosec a = 


Hence 

Similarly 


cosec a = 


a 

e°s- 2 


• tt 

sin- 

a 


COS a 


sin 


a 


cot - — cot tt. 


cosec 2a=cot a —cot 2 (l , 
cosec 4a=cot 2 a —cot 4 a , 


cosec 2 n_1 a—cot 2 n 2 —cot 2 , '“ 1 a . 

By addition, the sum = cot ~ — cot 2 tl “ 1 a . 

z 

Note. If S„ be known, putting n=l, we get 


a _., 0,0 .a 


cosec a=cot-— cot 2 . a =cot cota. 

Z 2 

13*22. Sum to n terms the series 

tan a-bgfc&Bg "F.». 

It be sometimes quite difficult to split up a term. Trials like 

the one in the above example may be carried on. 

• 

Here if we put tan a = —-» it cannot serve the purpose, for 

COS a 

cos a or cos 2 a cannot be factorized. 
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o u nxaixx x 
Tp,, C0S a COS a 

liy sTnT t si'ri a cos = aTT and we n0te ‘ 

cos g 2 cos 2g _ sin a —sin a cos 2 a sin « 2 sin 2 rt _ 

sin a sin 2 a sin a sin 2 a 2 sin 2 tt cos a _a ' 

TT. _ ... « 


—t——» and we note that 
2 sin 2 tt 


sin a sin 2 a sm a sin 2 „ 
Hence tan a =cot a —2 cot 2 a , 

Jtan^= J cot |-cot«, 


2 2 


* an 2 2 2 2 ^ c 2 2 " 


a 


1 a 1 . a 1 . 

o2=« c0t S 2 -l c0t 2’ 


1. a 1 a 1 , a 

2^-2 ^ an 2^i — 2^-1 C0 ^ 2 n ~ l C °^ 2 n-1 

By addition 

tan- u + *tan ^ tan|- 2 +...to n terms 


1 , a 

— 2«-i c °t 2«-i 


2 cot 2a. 


13*3. From suras of known series, the sums of other series 
can be obtained by differentiation, or integration. 

Thus differentiating the result of art. 13*11 with respect to u , 
the result of art. 13*12 is obtained, and vice-versa. Similarly 
13*13 can be differentiated or integrated to obtain the sum ot a 
series of hyperbolic sines in A.P. 

Integrating 13*13 with respect to u, sinh w+sinh (w-fy)-f •• 1° 
. ,nv 

smh Y n -l 

n terms =-—• sinh {u -\—— v)+C. 

sinh- 

2 

Putting u =0 and v=0, it is easily seen that C—0. 
Differentiating 13*22, we get 

sec 2 a+^- 2 sce 2 “+ ^sec 2 ^+ ... d-jarf* 0 ’2"-* 

= - 2 -^i cosec8 ^i+ 4COSeC * 2 “ 

It may be noted that Integration of 13-22 gives 
log cos a+log cos| 2 +logcos|j+...to n terms 

' =-log sin-^-j+log sin 2 tt +consUnt 

sin 2 a 

or cos a cos>s § 5 .. .to n factors=K.—- • 

2 2 sin onHi 


( 6 ) 
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which is only the result of factorising sin 2 U by a continued 
process. 

Conversely, from the product of sin 2*, the result 13 22 could 
be obtained by differentiation. 

ij Examples XIII (b) 

Sum to n terms :— 

1. sin x sin 2j?+sin 2x sin 3z-fsin 3x sin 4.r+ 

2. sin x sin 3£+sin 2x sin 6x -f sin 4.r sin 12 j,’+... 

3. sinh u cosh 2u+sinh 3 u cosh 4u-j-sinh 5u cosh 0w+... 

Sum each of the following series to n terms by the method oj 

differences :— 

a a 

4. cosec a+cosec - +cosec 

5. tan a+2 tan2a+4 tan 4a+8 tan 8a + — 

6. tan a tan 2a+tan 2a tan 3a+tan 3a tan 4a-}-- • 

[Hint, tan a tan 2a can be got from tan (2a—a).] 

7. tan a sec 2a-}-tan 2a sec 2 2 a-f tan 2 2 a see 2 3 a-j- — 

[Hint, tan 2a—tan a=tan a sec 2«]. 


^ sin 2a ^ sin 2a sin 2a 

sin a sin 8a~^ sin 3a sin 5a ' sin 5a sin 7a 


sin 2a 


9 . _ L__ + _l_ 

COS a COS 3a COS 3a COS 5a 


-1--L 

5a cos 5a cos 7a ' 


10. sec o. sec 2 u -}-sec 2 a sec 3 tt -f sec 3 a sec 4 a -f- 

11 . sin 2 a _. sin 4 a sin 6 <t 

cos a cos 3a ' cos 3a cos 5a 'cos 5a cos 7a 


[Hint. 


—- 1 — w il 

cos 3a cos 5a 
s 2a , cos 4a 


will lead to the second term.] 


12 cos 2a,_ COS 4a , cos 6 a 

sin a sin 3a sin 3a sin Sa^sin 5a sin 7a 

13. sin 3 a+~ sin 3 3a+^ sin 3 3 2 a-}-... 

14. cos a cosec 3a -f cos 8a cosec 8 2 a+cos 3 2 a cosec 8 3 a } 

15. cot0cot20+cot20cot30-f-cot80cot40-f—. 

Prove the formula, p>q 

Deduee° SeC ^ P ‘ r=c0sec t cot 3*-cot px]. 

16. cosec x cosec 2<c+cosec 2n cosec 8a?+..-to n terms 

__ " =cosec x [cot a;—cot(n-j-l)®]. 

17. cosec x cosec 3a;-1-cosec 8a; cosec —to n terms 

=cosec 2x [cot a?—cot (2n-f-l)a>] 
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' 18. cosee ( 0-\--r Vosec! 0+^) 

\ 4 nj \ 4n/ 


+ cosec ( e+ S) cosec ( s+ s 

+ —to n terms. 


=2cosecf+- cosec 
2 n 


7 T 


2 n 


20 


19. Sum the series 

cosec a COSCC (a + j3) 4- cosec ( a + j8) cosec (a+2/3) 

+cosec (a + 2/3) cosec (a + 3/3) -f- —to n terms. 

20. Sum the series 

tan 2^ tan 2 0 + 1 tan 49 tan 2 20+J tan 80 tan 2 40+••• 

to n terms. [P* U. 194o) 

[Cf. Ex. G above, and establish tan 2 0 tan 20=tan 20—2 tan $) 

21. tan 1 J+tan -1 i+tan -1 xV+tan' 1 5 \ + - 

[Hint. 2\= tan -1 —-v^+tan '2-tan- 1 .] 


22. tan 


-1 


2.1 2 


1 + 1.2 

tan" 1 A-o+tan 1 »+•• 


2.2 2 


2.3 2 
2 


[ffintf. T n =tan _1 2 = tan ' 1 i^ 2 _i) 

! (2n+l)-(2n-l)_ _ tan -i ( 2 »+i)-tan* > (2ft-l)]. 
-tan l)(2n+l) 

13 4. Sum to n terms of the series. 

u 0 cos tt+tti cos (tt+/3)+Ua COS ( ,l +20)+ ( * 

«. Sin a+ Ul sin (a+«+B. sm 

where u u u 2 form an ari hme tcal progression 

L,t S = W 0 COS «+% cos (a+fl+« 2 (“+ u «+ os (o+ — 1/3) . 

o / i o\4-COS la- fl)]+Wl[ c0S («+ 2 0)+ COS 

2 -Jos eaassAiP- 

—Ug COS (a-/ 3 )-Un-l cos _U+n0). 

+(2tt„- 1 -«.-») cos (a+n-1/3). 

s'- -• s’™ r... ^ 

S(l-ms 

+ (2w n _i Un - 2 ) co (“ 0 f t hi s result by 
S is found by dividing bothies 
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The sum of the second series may he obtained by a similar 
method, or by differentiating the first series with respect to , t . 

Examples XIII (c) 

Sum to n terms the following series 

1. 1+2 sin ,?+3 sin 2,?-t-4 sin 3.?+ ..+ft sin w — 1 x. 

2. cos ?+2 cos 2,?+3 cos 3a* + -+n cos nx. 

3. sin x-r‘1 sin 2,?+3 sin'3#-}- \-n sin nx. 

4. 3 sin ,?+5 sin 2x+7 sin 3,?+..+(2n-f 1) sin nx. 

\ 

13 5. Sum to n terms of the series. 

Cn = COS a + * COS (a + 0) + x 2 COS (a + 2j8) + ... 

S„=sin a+x sin(a+j3)+x 2 sin (a+2j3)+... 

If both sides of the equation C n be multiplied by 
1—2.? cos £+a’ 2 and the terms containing like powers of x be 
collected, all the intermediate terms will be found to varnish. 
For instance, tl^e coefficient of ,? 2 will be 

cos (a + 2/3)—2 cos (a + 0) cos /S + cos a, 
which is zero. Similarly the coefficient of x T in the product 
will be 

eos(a+r0)-2cos0cos (a+r“l/3)+cos(a+r^2/j) 
and this is also zero. Hence 

(1—2,? cos 0+,? 2 ) C,,=eos a-x cos ( a -p)-x n cos (a+njS) 

+<z’ ,+1 cos (a+n-1/3), 

. C n = cos a ~ x c °s (a—,3) n c os (a+n/j)—,r cos (a + n — l(j) 

1—2,? cos /?-f.? 2 1—2,? cos /5+a’ 2 

It will similarly be found that 
S __si na-a sin (q-ff ) sin {a+nfj)-x sin (a-M^T#). 

1— 2x cos /3-f x* 1 1—2,? cos/3 + ,? 2 

The factor 1—2.? cos 0-f x 2 is called the scale of the recurring 
senes. 

Each result may be obtained from the other by differentiation 
with respect to a. 

Tf* ^ um i n fi n ity of the series in 13*5. 

It I «? | <1, £ n —>0, as 7i—»x . Also 

| cos (a+ft/ 3 ) I <1, I sin (a+ft/j) | <1, for every n. 

Lt C jt ^c osa-g cos (a- e) ; 
n—1— x cos /3+a: 2 

Lt fi - sin a ~~ g sin ( a ~^) 
n->» 1— x cos (3-\-x 2 


and 
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13 6. Use of the exponential values of sine and 
cosine of an angle in the summation of series. 

Let us consider the series of art. 13*5. 

Put cos p-\-i sin /?, or e v =z\ 

then C n +i$ n =e a [\+xz+xh*+ .] 

ia 1 —x"z n 
~ e l—xz 

= * (*-*•> (Hf) 

(1 -“)( 1 -“) 

1-*V— +a?"+ , Z*- 1 • 
ia 2 

-^ ___ 

i-*( *+} 

If we now replace z by cos p+i sin p, and - by cos p—i sin p. 



n =(cos a+i sin a) (1 —x n (c os np f i sin nR)-x {cos p-i sin 0) 

-}-a> n + 1 (cos W—1/J + i sin n—l/^)}/(l—2.r cos /?+**) 
= (cis a—cis (a+n/3)-a? ci s (a- /?) 

+aj"+ l cis (*+»-lj8) }/(!-*» cos )• 

. C n = [cOSa-* COS («-£)-*" COS (aj^£) 

-f a,’*+ 1 cos (a+w—1^)]/(1 — 2a? cos 0+^’)» 

and S n = [sin a-x sin ( a -p)-x n sin k+nP) 

+«-+i sin ( a +n-li8)}/(l-2a?cos /?+*“)• 

13*61. The following is a simpler illustration. 

We take the sine and cosine series of Art. 13 11. 

Let C=COS 01+COS (a+/3)+™ (.+*0)+•••+ CO, k+* 

and S=sin tt +sin (.+{)+*» (.+»/»>+..•+«“ (“+"- 1 « ’ 

put z=cos 0-Msin (3=e • 

Then C+iS=e < “[l+ z + 2;3 +' , - n terms] 

«"(S) 


Hi, 

r >-( -4) +i 


[ multiplying num. 
and den. by 1— 
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=e 


1 — z n — ~+z ni 

ia Z 


-(O 


Substituting 2 =cos (3+i sin /5, -=cos 0 -i sin /j, 

2 

r fT -c_> 1-cis n/J-cis (-/?)+cis n-10 

I /-v / _ V ~ 


V 


=e 


2 (1-cos p) 

cis «—cis (q+nff) —cis(q—/ ?) 4 cis(«+n—1#) 

2(1—cos 0) — 

. «j 8 

- sin -f 

{(a+n-lp/2) 2 


• j 8 

sm 2 


. rc/3 
sm 2 


o { cos (a+n —1 §)+< sill (ct + /i— 1 ^)1 

sin £ 2' * 

2 

C fnd U s!‘ ng the rCSl and imaginar y P arts ' we get the values of 

artist' AS an ° ther ilIustration we take the series of 

C »=“° cos « + «! cos (o+/3)H-|-u„-, cos (a+n~I«) 

S„=u 0 sin o+ttj sin (a-)-/})-|-sin (a + n~lp), 

c »+*S„=e t [u 0 +u 1 3+u a s»+...-). tt 2 »-n 

where z=cos (3 + { s in /j. 1 

z(C„ + !S„)=e la [u 0 2+ U 2 a + U J 3_|-, , 

Now we subtract second from the first/ ^ J- 

SmCe - form * n A -P. tti-u 0 =tt 2 _ u = ... =M 

=e a z "+(«i-«o) . 

Multiplying both sides by l-l, 

<c-hs.k, 
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• * 


2 — f z 


1 

z 


id 1 

(C»+iS„)=<? [(2w 0 -wi)-w 0 ~-u n -i(z n 

Z 




) 


+ (W n _ 1 -W n _ 2 )2 W - 1 ]. 

Since i —Wjj-j 2 * 

Replacing 2 by cos /3+i sin /?, 

2 (1-cos J t?)(C I1 -H'S„) = [(2w 0 -w 1 ) cisa-w 0 cis (a-/5) 

4-(2w n . 1 —i4 n _ 2 )cis (a+71-l^-w,,.! cis(a-f -nf})]. 
2(1 -cos fS) C„=(2w 0 -Mj) cos a-« 0 cos (a-0) 

-f(2 ll n -i Wn-s) COS (a-f7l-l/?)-Wn-i COS (a + ?l/3), 
and 2 (1-cos 0) S n =(2 « 0 -Wi) sin a-K 9 sin (a-/5) . ‘ 

+(2 M„-i-Wn- 2 ) sin (a+n-lj8)—Mn-i sin (a+w/3)- 

13*7. The methods used above in summing up series of 
different kinds may be classified as follows 

1. Method of Differences.— Every term a n may be put as 
the difference of two functions in the form <f> {n)-cf>{n- 1). The 
scries will thus become a telescopic series, the intermediate 
terms cancelling in pairs. This may be done sometimes by 
multiplying each term by a constant factor. 

2. Method of Recurring Series. Multiplication of the series 

by a certain factor, called the scale of the series, removes the 
intermediate Terms, as in 135. , 

3. Method of Exponential Values :-By “Ff,. l-duced to 

term in the expeonential form, the series may be reduced 
one of the algebraic series-Geometrical Progression, Anth- 
metico-geometric series, Exponential series, Bmomial series 
Logarithmic series etc. Bus >^ 

that of summing up a pair of sine c > be 

series by the use of complex numbers The metnoa W 
further illustrated by examples given in article 1 . 

ii-r.r:ir^si£s S r,;S 

Binomial, Logarithms, “ J?. and t hcir convergence wil, 

complex numbers. The exj limitations under which 

therefore, generally be assumed, and the l.muar. 

they hold, stated. . 

(/) Series of Complex terms separately 

If z n =x a +iij», cog® 5 - 11 - a y 

(as defined already in 12-6), . .. f 0 ii ows that 2r n cos 0» 

Putting x m + iy.=r m [cos 0n +is in *.), R follows 

and ir n sin On converge, if ir n , i.c., 1 {-»■ ° 
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83 5 

(«) The Geometrical Series. The sum of the finite 

series 

1—2 n 1 

1 + 2 +**+-is =r L -r 1 -' 

1—2 1—2 1—2 

Now let 2 = l T+?y=r (cos fl+i sin $), 
then 2 ’ ? =r" (cos 0+t sin t)Y—r n (cos n$-\-i sin no). 

T r" (cos n$+i sin nO) , 

■' l-rcosl-^slrT^ 0 ’ Where or N<»- 
{Hi) The Binomial Series 


2 * + 


( 1 ) 


2! ' 1 3! 

Case 1. When n is a positive integer, there is no difficulty, for 
the ordinary proof holds. 

Case 2. When n is negative or fractional, and jsj < 1 , the 
senes (1) coges. and its sum is one of the values of (l+ 2 )", which 
is called the principal value. ' 

Case 3. When n is negative, or fractional, and j=l, the 
theorem is true if (1) ra is + ve , or ( 2 ) n is a negative proper 
fraction, and 2 is not equal to -1. proper 

(«) The Exponential Series 

E(z) = 1 + fl+2-!+3l+- 

«, real or complex" t0 * abs ° lute ‘y conve rgent for all values of 

i v ) The Logarithmic Series 

■»2 


2 -J- 

o 1 o 


• • • 


log U+ 2 ) and h 2? S T S ] S known t0 be the expansion of 

xlis^also t ue°^ n' -+1 + l ^ 

Whf*n * ic “ , 2 ~ + l. but not when 2 =—1. 

log (l+a), the Xeipai n vllu+fiog(l+")' C ° geS ' ^ SUm iS 

I 21 1, the series holds except when am z=(2n+] )j. 

S-coflfll't SUm a Up the infinite series =- ‘ 

Putting the exponential values for cosines, 

( C + C )+i(e " +e “ 6is )^^^ +e -^ )+ ... 

+ (e-« +J e-«» +ie -^ + ... ) 

-( 1 ) 
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Now log^=2 (2+y+y+v). ; ^ ' 

1-2 3 5 /- • '“_2 iE 
when |s|=1, and amz=2tt;r. ^.1 | v* , H ^ 

Hence from (1) 9- Q- 


_ , 2i0 , , -2ft 

2S = | log — lo g 


1-e 


, W (l+« 2 V+«~**> -X 

= ^ log 2 id, „ -2i0x 2 


1-e 

-2i0 


—hO 


I -e 


-3K- 


(1 _/«) (1 _ e - 2 «) 


log 


2 2 cos 2 0 


2 2 sin 2 0 * 

) \ L e I 

S=J log cot 0. ... 

tfote. If the sum of the corresponding sine-senes also were 
required, the method of “C+iS” would have been useful. 
Example 2. Sum the two series : 


C=l+J cos a+y COS cos 3«+-ad inf. 

6(7 


and 


2.4.6 

1 3 1.3.5 _. 

S = i sin a + r 1 -. sin 2a + 


2.4 


2.4.6 


sin 3a-h..ad inf. 


Now C+iS=l+le*‘+!f 2i ‘+yf e8 - + - ad 


. t>i c1 


< 1 . 


= (l-c i(1 ) , when 

[It may be noted that | cos - —- , . 

a -l(2k-j-l)-, | 2 | = + 1, and the formula is true.J 

Hence C+iS= {f^Si^-tsin a } 

/ 


i sin a I < 1 if a an( ^ 

_ * •* 


= |2 sin sin cos 2 


SI 


-4 


✓ 


„ • a 
2sm- 


{ 


a—7T , • • a- w l~£ 

—i + i Sin —— 


COS -T— +* s ' n 2 1 


l/ 2sin 2 


cos V^+* sin * 


4 


Now equate the real and the imaginary parts. 

Examples XIII (d) 

Sum the following series, each to n terms 

1. cos 0 COS (0-}-a)+COS (0+a) c ^ cos + 0 _l. 2(i ) ^ (0 + 3a) + - 

2. sin (p-J-1) 0 cos 0 +sin ( 7 )+ 2)0 cos 20 cos30 + ... 
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3. 1+2 cos 0 + 3 cos 20 +- 

‘4. 3.4 sin a + 4.5 sin 2aH— 

5 . 1.2 cos 0 + 2.3 cos 20+3.4 cos 3</+••• 

6 . Show that 

sin 0-sin 20 +sin 30-to n terms fl + 1 

cos 0 —cos 20+cos 30-to n terms - 2 

7 -!iS+_ _ sin _A . _ + A - + ... t0 » terms 

cos A cos 2 A cos 2 A cos 8 A cos 3A cos 4A 

=tan (n+1) A—tan A 

8 . Show that 

sinh a,’ + ?t sinh 2x + W ^ 1 - sinh 3# + -to »+ 1 terms 

= 2 ” cosh ' 1 1 sinh f ^ + 1 

9. With the aid of complex numbers, sum up the series :— 

(i) cos 0 + .r cos 20 { x 2 cos 30+ -"to n terms 

(ii) sin 0 + , x sin 20 + .t 3 sin 30 + —to n terms 

10 . Sum to n terms the series : — 

(?) C=cos 0 cos 0+cos 2 0 cos20 + cos 3 0 cos 30 -i ••• 

(it) S=cos 0 sin 0 + cos 2 0 sin 20 + cos 2 0 sin 30+ — 

[Hint. C + iS=z cos 0 + z 2 cos 2 0 +.wheres=cos0 + i sin 0 .] 

11 . Sum to n terms :— 

... sin 0 sin 20 sin 30 

1 cos 0 ^cos 2 0 ^cos 3 0 
.... cos 0 cos 20 cos 30 

v ' cos 0 ^ cos 2 0 T cos 3 0 

12. Sum to n +1 terms the series :— 


i , ntn— 1) , n(n—l)(n—2) 

l + ncos0+ - v 2i 7 cos 20 + —--' 


cos 30 -j- •• 


13. Sum the series :— 

tan - sec x + tan —sec-+••• +tan — sec — 1 * 

14. Sum the series 

sin 0 sin 2 3 + 2 sin - sin 2 ^ + 4 sin - sin 2 3 +—to n terms. 
- ^448 

Sum to infinity the following series ~ 

15 . COS « + ^ COS 2* + C -^ cos 89 + 5 * cos 49 + ... 

16. cos 0 + s iai C os 20 + S ^cos 30 +- 

17. 2 cos 0+1} cos 2 0 + | cos 8 0 + f cos 4 0 + — 
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„ a 2 sin 20 a: 3 sin 30 

18. <t’ sin 0---+--- 

19. cos 0 —b cos 20 4- J cos 30 +... 


20 . 

22 . 

23. 

24. 

25. 

26. 
27. 


sin 20 sin 30 , cos 20 cos 40 

S,n «- TT+ IT-" 21 - 1 -2T + -4T 

sin 0 + 2 sin 20+ i sin 30 + - 

cos 0 +~ cos 20 +i cos 30+- 

1 + x cosh a + x 2 cosh 2a + a: 3 cosh 3a + ••• 
x sinh a -f-a: 3 sinh 2a 4 a: 3 sinh 3a -f ••• 

. _ a: 2 sin 20 x 3 sin 3 0 . 


x sin 0 + —jrf —+ 

M . 


3 ! 




1 —a: cos 0+ l —7 cos 20 — 

M • 


X* 

28. sin a + x sin (a + 0) + 2 ~ sin (a + 2£) + 


29. cos a + X COS (a + jS) -f-cos (a -I- 2/?) + 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


1 13 

sin a + - sin 3a + ~ sin 5a + — 

Ld m % 9 

,n(n+l) „ , n(n + l)(n + 2 ) 

n cos aH-—— cos 2a H- — - cos 3a + 

It J J *M%0 

1 . 1 . 1.3 . Q 

- sin a — — sin 2a + -— sin 3a- 

2 2.4 2.4.0 

cos 2 a nQ COS 3 a p 
1 -cos a cos (3 + ~yt cos 2 £--p cos 3£ + - 

. , sinh 2 u sinh 3 u , ^ 

sinh u+ — g-j—+ "• 


3 ! 


37. 

38. 


v ‘ <* 


x sin a + 1 x 3 sin 3 a + ^ x 5 sin 5a + 4 g jTj s i n 7a + ”* 
... x 2 sin 20 x i sin 40 

w-5T“ + ~r“ + •" '' • : 

..*c 2 cos 20 , a: 4 cos 40 , 

1 T“-2— + ”i t" + ~ 

^1 f 1 IT K 

sin 0 —-s|p30+sin5—• where -|< 0<i 2 * 

Sum the series c cos a + i c 3 cos 3 a + \ c 5 cos 5a 
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Examples I ( a) (Pp. 4-5) 

1. o=ll, b=— 6 . 2. a=l, 6=0, c=2. 4. n is an odd 

integer, or a multiple of 4. 


1. 

2 . 

3. 

7. 

10 . 

11 . 


1. 

3. 

4. 
7. 

10 . 

11 . 

13. 

18. 

20 . 


Examples I ( b ) (Pp. 6-7) 

(i) a ,4 +2a: 3 —25a: 2 —26a:+120=0. 

(ii) 25a: 4 +120a: 3 -66a: 2 -184a: + 105=0. 
x 2 + (m + n )x- -f* rn 2 — m n +n 2 = 0 . 
a: 3 —3 mnx — (m 3 +n 3 )=0. 5. —61. 6, 8 , 8 , —b. 

-4, 1,2, 3. 8 . 1,2, 3, -4. 9. 5,-19,21,-45. 
Q=4a: 4 —2a: 3 +2a; 2 —3a:+3, R- -5. 

2 a: 3 —9.i 2 -|- 18a;—29, R=53. 


Examples I (c) (Pp. 10-12) 


a: 3 —8a: 2 +26a:—28^ 2. x 4 -2a: 3 -m a +6a:+2=0. 
(0 3, -1. 3*^30 ; (ii) -1, -6, 3±tV2. 

l±3i, -2. 5. (a:+2)(a: 2 +2a:+5). 6. ±1. 

-2,3. 8. ±V2±v/3, 2_-+: v /5. 9. ±y/2± v/5, 

±v /2 + V-l, 3(1 f v/~7)/4. 

4, -1 + ^/3, —l+o)^3, -l+ w 23/3. » 

a/I+\/§» 17. n. 

w(n+l)a: 2 -2(n+l) l r+2=0. 19. -4, 2. 




2. 

4. 

5. 

7. 

9. 

10 . 

14. 


Examples I ( d) (Pp. 13-19) 

W ±b ~2 ; (ii) ±1,2,4; (Hi) ±^/^, 

4 

*=54, roots 3, 3, 6 ; *=50, roots 5, 5, 2. 

■i* 1* f > 2, 2, 6, r 2 -+4^ 3 == o. 

1, 1, -2 ; -1, -1, 2. 8. ^V 5 , 

. 2 ^ 2 _ 

Pi ?=l±v/17 ; roots are 7 -±-V^Z, 

2 2 


-15 


- 5, 4, -2, 1. 


12. 2±i,S±2i. 


1±V—7 

-l±t, —X - 15 +V3, l±iy/Q. 
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16. 

18. 

21 . 

24. 

27. 

29. 

39. 

40. 

3. 

4. 


1. 

4. 

9. 

10 . 

11 . 


17. ?*✓=?, ±1- 
5 


19. (ii) b 2 =ac, a 2 d=b 3 , o 3 c=6 4 . 
3, 3,4, 4. 22. -f, -1, -i. 23. 1,4,7. 

i* 25. 4, 1. 26. §, —2. 

it 3, 6, 12. 28. 1, -3, 9, -27. 

±2*. 30. 6,4, -1. 36. 3, |, f, — 


«i 3 - 4fl o«P / 2+8ao 2 fl 3 =0 5 ~1 ~ ± 2 7 > 

2, 6, 1, 3. 43. x-abc , y=—^bc, z=^a. 

Examples II (a) (P. 23) 

(i) cos (xi y) (ii) 2y 3 . 

(i) -315. (ii) -168. (iii) 360. 

Examples II (5) (Pp. 30-31) 

(i) 6 ; (ii) 14 ; (iii) 15 ; ( iv) 19. 2. +ve. 

(i) -8 ; (ii) 0. 6. 0. 7. -27. 

a 2 l 2 -f- 6 2 m* -f c 2 n 2 — 2bcmn — 2canl—2ablm. 

« 4 +(i 2 -f 7n 2 -fh 2 +a 2 +j3 2 +y 2 )a 2 -f(/y+7ni3-fwa) a . 

pi + f ,4 ++ s 4 _ 2 p2 9 2 _ 2o 2 r 2 - 2rV - 2s 2 p 2 - 2p 2 r 2 - 2?V 

—Sp(JTS» 

Examples II (c) (Pp. 36*47) 


±2 ! -l±v/-2. 

. i Izty/—15 

+ -—» -- -- 

“v/3 4 


6. 6. 15. -1, -1, -2. , » 

19 . —(AP+Bm 2 -f Cn 2 -f-2Fw?i-f 2Gni-f2H/w)+dA> where A, 

B, ...are co-factors of the corresponding small letters in 

the determinant A of Ex. 18. 

24. —8 6 . 25. 0. 33. abc ( b-c ) (c-a) (a-b). 

40. (a + b + c) 3 . 

Examples II ( d) (Pp. 50-51) 


1. (a) ,r=4, y= 2, 2=3 ; (b) x=l, y= 2, z=S. 

(c) .r=$, !/ =1 > z =~h 

2. x=-}, w=f, z=—4, »>=—#• 

3 . =« (4-c)* : i (^«) 3 •' « ^_ c)[c - a ) (« 

,=»=£). etc. $ 

(a-6)(a-c) 




4. 
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5. 


x— ^ ^ ^ ^ ——* and two similar values for y and 
W~P) (a-y) 

6. Consistent. 8. x : y : 2=1: 3 : —10. 

+(ab—h 2 ). 


0. 

a h g l 

11. 

a h g 


h b f m 


h b f 


g f c n , 


g f <> 


12. &=— (^iW 2 n 3 p 4 )H-(/ 2 ^ 3 n 4 ). 13. 1 + yz+zx+xy=0. 

Examples II ( e ) (Pp. 54-50) 


6. 


a 2 + h 2 +g 2 ah+bh +fg ag+nn-eg 

* 

ah + bh± f g h 2 -\-b 2 -\-f 2 g/i-fV+c/ 


8. A = ±l 


2 . 

3. 

4. 
6. 


4. 

21 . 

22 . 


ag + f h + cg gh+bf+cf g i -\- f2 -\-c 2 

Examples II (/) (Pp. 82-63) 

(#—a) 4 (#-f4a). 

—{a+b-\-c—d)(a-\-b+d— c) (a—& + c-f-d)(—a-ffr-f-c-fd). 

(a-f6-}-cd-d)(a—6-f c—d)(a— c-j-i d)(a—c~~i b—d). 

-{v+y-\-z)(y+z-x){z+x-y)(x+y-z). 

' Examples II (g) (Pp. 63-71) 

x=— 6. a:=0, 10. 
a{a-\-b+c) 

etc * If ab+bc+ca=0, then x=y=z=l. 


u 

w * 

v‘ 

• 

• 

u 

w' 

v' 

a 

w* 

V 

u' 


W* 

V 

u' 

b 

c' 

v! 

to 


V' 

u' 

w 

c 





a 

b 

c 

0 


24. t~ 0, 3 ; x—y~z ; when 2=3, the equations are identical. 

25. a 2 c 2 f 2 h 2 . 26. x=a, y=b, z-c. 

Examples III (a) (Pp. 72-75) 

1. a3 + ^ y2+ 8ffl 2 -|-flc) ^ ad—9bc _Q 


a a* ~ a 2 

2. (C"-a6V+(8c-2a6+rt8)t/8+(8c-a%-l-c=0. 

3 . ry —qy 2 — 1 == 0 , [y-q)*+q(y—q) 2 +pr{y—q)+r 2 =0. 
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4. (276 3 -36flk+8a 2 d)2/ 3 +(27i 3 -36ak + 12a 2 % 2 

-\-Sa(2ad—3bc)y+a : d=0. 

5 - f \a\2y+Tj | =0, if /M= aa ’ 4 +4&® 3 +.=0. 

6. 2/ 3 -28?/ 2 +2452/-650 = 0. 

7. c 2 ?/ 3 — flc(c-fl)t/ 2 + (c+l) 2 %—(c-f-l) 3 =0. 


11 . 1 , 2 , 1 + ^- 2 . 


_ , 2 0 10 -3±v/-3 -3 -3 + ^-3 -15 

12. 1, 3. 13. -t-; - 3 -> • 


14. 


2 ±i ; -5, 8±2f. 15. 3 . - 3 . 2, 2, -4. 


16. 2, 5, ±z. 

Examples III ( b) (Pp. 76-77) 

1. {i) 7x*+8x 5 +9x i + x*-x 2 +3x + l=0. 

(ii) ® 7 -f8® 4 +3® 2 -7®-9=0. 

3. ® 4 —7® 3 + 4-8® 2 —25 2® -f 432 = 0. 

4. a; 3 —4a, 2 —18®—648=0. 

5. ® 4 -3® 3 -f4® 2 —27®-f 108 = 0. 

6. 5® 4 + 2® 3 +® 2 —2®—1=0. 

7. ® 5 —50® 3 —200® 2 —56® + 400=0. 

8. ® 4 + 2® 3 —6®—6 = 0 ; 1 : —4. 

9 . m= 4 , ® 3 — 6 ® 2 —® + 2 = 0 . 

10. m=30, ® 4 -25® 3 -f 375® 2 -ll,700=0. 

11. ® 3 -3® 2 +3®+12=0. 

Examples III (c) (P- 78) 

1. f, f. 2. -i, -I. 1- b 

Examples III (d) (?P- 80-82) 

2. a44-20.T 3 +153j: 2 +526*4 689 = 0. 

3 3* 5 -60* 4 +475* 3 -1860.c 2 4-3GOO*-2745=0. 

4. 4z 5 -40,r 4 + 158* 3 -308* 2 +303*-129-0. 

5. 3r>-76*-156=0. 6. (t) C=1 ; («) c=-l. 3. 

7. 2® 4 —46® 2 —121®—85=0. 

a o o 10. “1» ~ 3 ’ ”**• .— 

11. The transformed equation is ^-24 ?/ 2 -52=0 ; -4± ^ 

-4 ±1 /^2. ’ 12. -7,-3,-5±V3. 

Examples III (e) (PP- 84-85) 


1, 1±3 /~ 3 - 4. h = 2 >l ; ^-5® 3 +2®-2=0. 



® 4 +5® 3 ———a;— =0. 6 - 6 , -2, -7, -1. 

4 16 
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7. 2±\/2. 2±\/3. 8. z 8 -f9z+6=0. 

9. ^ 4 +^ 2 +,r-^ } =0. io. fl 0 2 a 3 -3fl 0 a 1 a 2 + 2a 1 3 =0. 

. Examples III (/) (Pp. 80-88) 

2. -2,849. 3. 795. 5. 518. 6. -54. 7. 100a 2 . 

Examples III (g) (Pp. 90-95) 

% 

1. f. 3. 4(4a 1 2 —3a 0 a 2 ); 4(4a 3 2 —3a 2 a 4 ). 6. c—nb. 

7. 27H, -27G. 8. 96H, -256G, 256 (a 0 2 I-3H 2 ). 

4 12 

9. -~3-[24a 1 2 a,-18a 0 a 2 2 -4a 0 a 1 a 3 -fa 0 2 a 4 ]. 10. -— 2 (« 1 « 4 -2a a a 3 ). 

13. .r 3 — ax 1 — a:+a=0. 14. <r 2 , y 2 , 2 2 are the roots of 
x 3 —3a:+ 6=0. 15. ■ 16. «K 2 -«o ««) 


-• r 


a 


a 


o 


18. i(2a 0 a 3 2 -3a 0 a 1 a 4 H 20 ^ 4 ) =0 

“o “o a o 

20. 3p 3 —16/jg-}-64r ; ^(g 3 — p z r). 

23. 3.t 3 —9a: 2 -f 6a: -{- 2 = 0. 24. 2s 2 -p, J(3^-6s;?-f 4s 3 ). 

Examples III (ft) (P. 97) 

, 3 15 2 , 225 125 A 

L ^"5-^+le IT" 0 - 

2. z 3 -f6gz a +9y 2 z + 27r 2 +4g 3 =0. 3. a 8 +|a l +H*+W=0. 

4 * —gj-®=0. or *fP na l equation has two equal 

roots. 


Examples III (i) (Pp. 97-100) 

1. 3, 2±2i. 5. y 3 -2fcy 2 -f (ac+ft 2 )t/+c 2 —aftc=0. 

8. («/ 2 -at/+ft-c)(t/-ft+c)-c(?/+l-a) 2 = 0 . 

9. The transformation is x = • 

c—y 

10. t/H(2&-aV+(& 2 -2ac+2% 2 + (2ftd—c 2 )w-f d 2 =0. 

11. (5y 2 +7y-H) 2 ==y(3i/ 2 -f-y+2) 2 . 

1S * ^ 8 “ 25 !/ 2 + 44y-27=0. 14. y«-8y 3 .fl4y 2 -f 8y+l=0. 

17. The transformation is x 1 =qy t y{qy-\-p)*=q. 
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18. ±2, ±1,5. 

20 . 87(G«+4H 8 ) 


«o 2 


a 


19. ±1, ±3, 4. 

= 0 . 


0 


Examples IV ( a ) (Pp. 104-105) 

2. One positive and two complex. 

4. One positive and four complex. 6. ±1. 

7. One positive and 2 n complex. 8. 2n complex roots; —1. 
9. Three positive and one negative. 

Examples IV ( b ) (Pp. 108) 

1. (1,2). 3. (~2. —1); (—1, 0); (0,1); (5, 6). 

6. The new equation 9?/ 5 —19?/ 4 —57«/ 3 —55?/ 2 —10?/—1=0, has 
only one positive root. The original equation has one positive 
and four complex roots. 


Examples IV (c) (Pp. 113-114) 

2. 3,3, -3, -l 3. 2, 2, —2, —2, 

4. (a: 2 —2,r+3) 2 . 5. 2, 2, 2. -3. 

6. All the roots are equal, each being equal to 3. 

7. 2 roots are equal to 2, and 4 roots equal to —1. 

8. ( i) 3, 3, -1, -1, -1 ; («) 1; 1, 1, x'+2x+ 3=0. 

11. (ii) k= 0, or —The roots are —1, —1, —2. 

2 1 


or 



14. One negative and two positive. 

15. The roots are all real, if 

16. a =2 or — when a=2, roots are 1, 1, S; and when a=£f , 

25 

the roots are -f, 17. fl>16, or a< — 16. 

19. 8^/c^il.' 20. 023. a=- 1, ^=-2. 


Examples IV ( d ) (Pp. 117-119) 

60. . —146 

2. Positive roots : 5 and — » negative roots : —8, * 

6. 2 and -7. 7. f. 8. 5. 9. 3. 

Examples IV ( e) (Pp. 120-121) 

1. (-2, — 1 ); ( 1 , 2 ); (3,4). 2. Two positive roots; one is 

1, and the other lies between 2 and 3. The remaining roots aie 
complex. 4. One negative root in the interval (0, -1); two 
positive in the interval (1,2). 5. (2,3); (3,4); (-1, -2). 

(- 2 , - 3 ). . - 
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1. 


2 . 

6 . 

7. 

10 . 

13. 


Examples IV (/) (Pp. 125-127) 

3, —1. 4. ±1. 5. 4, —1, —2, —3. 0. 7. —2, —2, —2. 
Examples IV (g) (Pp. 128-129) 

8, 8, -1, ±1. 4. -1, 8, 5, f. 6. -< -1, ~ 1±8 -- 

2 2 

Eor —218a? re/id -281a?; 5, 8, 11, -~ 1 ~V~ 8 . 

1 1 1 -1 
2 2 2 2 


0 6 -4 3 , 

8 - o' T” 5’ 1±V2 - 


1. 

5. 


« 2 ’ r ? * 1L ^ I2 * (^— 2 )(^-f-2) 2 (.r-l-l)(^ 2 —2a?4-4). 

6, 4, 1, -1, - 5 , -6; .r 2 —a?+1=0. 14. 12,35. 

Examples IV ( h) (Pp. (137-138) 

125 2. 125. 3. 3 05. 4. 3*2842. 

1*25992. 6. 1-44225. 7. -1*517. 8. 12*909. 9. 9*886. 


Examples IV (i) (Pp. 140-141) 

1. 1*51850605. Negative roots are -0*50849, -1*24359 

u r“ “VViV; ; 

1’7603017589, correct to ten decimal 3 peaces. 

Examples IV (j) (Pp. 142-143) 

2. 1*35689584; 1*69202147. 3. 1*2556- 1*77788 

8. 0 0694318 ; 0 3300094; 0'9805681. 

Examines V (6) (Pp. 147-148) 

roots are complTx. ^ + 2> ~ 1> - 1 - <*> 8 - the other two 

Examples V ( c) (Pp. 161-152) 

3. 8. 8. — K»f44\a 8 ,.... _ .. _- 

* ° W 3 ’- 2 - ; ( m > 5 ’ i(~5±8V-3) ; 

(it,) ~ h : (») 17, 17, -19; (oi) J, n 7 ± 9 V^8. 

« w (gi+.+ ; . i |-+.-,. !+ „i + „„,' 


34 6 


TEXTBOOK OF PURE MATHEMATICS 


4 

{ix) -4, 5±^3. (x) '4* + 3=3/-I35,-f£/25, 

wS/-135 + w 2 3/25, w 2 i /— 135 + w ^ 25] 

Or, the equation is equivalent to 5(a: + 3) 3 -t (3,r + l) 3 =0. 

[xi) The equation can be written as 
2(,z+l) 3 —(#—2) 3 =0. Or, 0 + 4 =-3(2/4+^2), etc. 

i.e. -4-3 (2*+2*), -4-3(2 3 w +2V‘), -4 -(2*V+2*«). 

0 0 3 — 3±?V5 

4. g 3 +8r 2 =0; -> - 4 "' 

5. The roots are real, if 4^ k ^5. 

6. —(<z + l), —(0 jfl + w 2 ). — (w 2 fl + w). 

7. — (a+ 6 ), — («a+« 2 6 ), — (« 2 a+«&). 8 . —y’ -y, 3a. 

Examples V (d) (Pp. 156) 

1, —6, 3±i. 2. —2, 1 ± 21. 3. —2, 3, 6. 4. 2, 3, 4. 

Examples V (c) (Pp. 161-165) _ 

5 . {i)p 2 =4 ; 1±y 7 -—2, -l±y/2. (u)j 2 =4;4, -2, -l±v'” 1 - 

(m) j? 2 =l; 4( —1 ± V -3 )> __ 

(ii>) 7? 2 =4 ; —1 ±^/2, l±2i. (i>) ±^/3,l±</~6. 

(vi) 1, 2,3, 4. {vii) -1±V 2 > £( 7 X ±\/ 1 3 )- 
(mu) 2± v /3, 3±2 v /2. (<*) y-» -2±v/2. 

6. (.r 2 +o: v /6+3-V^)(f 2 - a; \/ 6 + 3 + v/ 6 )- 

a The^equation"takes the form (*+ 2) 4 + 2 (*- 1)1=0 ' 

Examples VII (a) (Pp. 189-100) 

Cogt, and Digt , stand for 

Tt ir cogt ” (iii) osci11 i tes fin ; tely - i 

1# /• V«\ r >i diet.; — 1 <r< 1, cogt.; r=- 1, 

^oscillates finitely between -1 and 1; f< _1 » 

Oscillates infinitely; r=l, reduces to a tr.vial case 

when each term of the sequence equals unity. 

Ivi) Oscillates infinitely between zero and 
V , ± X + ^1-Htr . /M 1() 

2. (a) The least integer greater than 2 

Examples VII ( b ) (Pp. 191-192) 

1. H. 2. Coges. to “ 3. If» be a positive ineger, 

24 48 

S in = 0, S 4n+1 =13, 5 4 n+2= 6 *. 5 4n-|-8- Z * 

4. Coges. to 1. 6. Oscillates infinitely. 
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18. 

28. 

31. 


4. 

17. 

18. 
19. 


2 . 

4. 

6 . 

14. 





7. 

14. 

16. 


4. 

24. 


Examples VII (c) (Pp. 199-203) 

Coges. for a > 0, diges. for a ^ 0. 10. Coges. if p > 1 ; 

otherwise diges. 15. Coges. 16. Coges. 17. Diges. 
Coges. 19. Diges. 25. Coges. if p> 2 ; otherwise diges, 
Coges. if q>p-\-l ; diges. if 29. Digt. 

Coges. if A>4; otherwise diges. 

Examples VII ( d) (Pp. 205—208) 

Cogt. 5. Digt. 6. Cogt. 7. Cogt. 

Coges. if — 1 <x< 1 ; diges. if | x | >1. Fora:=l, 
coges. if p> 1, and diges. if 1. 

Coges. if 0 < x < 1; diges. if x ^ 1 . 

Coges. if £<3; diges. if a: >3, ( ii) coges. 

Examples VII (c) (Pp. 218 — 221) 

Coges. if x^l ; diges. if x> 1. 3. Diges. 

Coges. if a>2 ; diges., if as$2. 6. (a) Coges. if x< 1 ; 

diges. if 01; (6) coges. if o' < 1; diges. if O 1. 

Digt. 7. Coges. if x sU, and diges. if x >1. 

Coges. if ex< 1; diges. if ex^l. 


Examples VII (/) (Pp. 224-226) • 

Coges. absolutely for finite values of 10. Cogt. 11. Digt. 

Examples VII (h) (Pp. 233-235) 

Digt. 2. Coges. for -1<*<1, diges. for | * | >1 
or ®=1. 3. Coges. if **<1, diges. for .t 2 >1. 

Coges. if — 1 < — < l; diges. if ~ > 1; oscillates finitely or 

infinitely, according as — i, 0 r < — 1. 

Coges. 8. Coges. if | x | < 1, diges. if | * | ^ l. 

Coges. for |\x | <1, diges. for x^l; for ,r=-l, converges 
cond^onally 15. Coges. for .r< 1 , diges. for o l. 

Coges if | x | <1, diges. if x>l; conditionally coges. if 


0 . 


5. 1. 


Examples VIII (Pp. 243—245) 

6./^\ 23. ±\/ — 
J—S V 5f2V2' 


®=±18. 25. 1, -i 


28> T ~ab~ 30 - x= i- 
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Examples IX (a), (Pp. 254-255). 

1. 2 cis ~ . 2. V2 cis — . 3. 2 cis —• 


4. V2(2-tV 2 ) cis tan- 


1 + V 2 

1 


5. V 5(7+2^5) cis tan" 1 

6. sec a cis «, or (—sec a) cis ( 77 --fa). 


_ . /7T \ . i3lt \ 

7. cosec a cis I— —a ), or —cosec a cis ——a j* 

\2 / \ 2 / 

( 77 \ / 7 T \ 

—y-fa )» or (-sec a) cis (y+a j* 

Examples IX (6), (Pp. 259-260). 

_. , a 2 —6 2 2ta6 

i. 21, 2i, -l, * 

a 4-6a 2 & 2 -f& 4 , 2 11*' 

~(a 2 +& 2 ) 2 (tt 2 -j-& 2 ) 2 » 25 + 25 ’ 

2. cis (a-f/? +y), 2 cos 0 cis (-30), i tan 0. 

3, * 1 ’^ :1 ’F 5 - ^ 2 > x : ' /5, tan ' 1 (~5 

Examples IX (c), (Pp. 261-265). 

1. (x*-y*)+2ixy, x 2 -3xy 2 +i(3x 2 y-y d ), 

(i ax+b)(cx+d)+acy' 2 ( i ( ad—bc)y 

(CiU+^ + cV + (^-frf) 2 -f C 2 y 2 

4 ^ } y/13. The parallelogram is found to be a square. 

8> _6+9i. 24.^flw(fl-6)=flw(c-d). 

Examples X (a) (Pp. 268—269) 

1 —2, — h ±i‘ 2. 1, 2, £, —3, —i, 

1> ’ 5 2 ’ 1 1-43 v/ —3 -3±\/5 

3. ±1,2,1, -3, -J. 4. ±1, 2, 2 , g ’ 2 

5. -1, —1, i (- 1 ±*V3). 

6. 1, -i(l± V'-S), i (7±\/4a). 

Examples X (0 (Pp. 272-276). 

1. cos 10 9— i sin 10 0. 2. 1. 3. !• 

4. 2 8 sin 8 - (cos 40— i sin 40). 
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5. 2 10 cos 10 ? (cos 59-\-i sin 50). 6. — • 

2 3 


7. 


4mr 


p(p+i) • 

7177 7r 


, - . / 27177 - 777 \ 

13. 2'* cis — +— , n=0, 1,2. 


, _ . / 7177 77 \ , 

*15. cis ^y+- j, where 71=4*, 4*+l, 4*-f-2, 4*+3 ; k being 

an integer. This gives -*+i v/ 3 , 

• 2 2 2 2 2 2 

V3 i 2 01 2a+2wr . . . 2a-|-2777* 

— -L-- 21. cos —v-H sin —— (r=0, i, 2). 


2 +2 


3 - 3 

22. cos 3 a+i sin 3a. 

Examples X ( d ), (P. 278). 

Corrigenda : For Ex. (c) (P. 278) read Ex. {d) 
and for Ex. (d) (P. 282), read Ex. (e). 

* 0 7f-35/ 3 +2U 6 -* 7 , 

1—2U 2 -f35i 4 —7( 6 ’ w ^ ere *— tan 0 * 

Examples X ( e) (Pp. 282—283) 

1 4 / r • 2tt7T 4- a 

1 . */5 cis ——, 7 i= 0 , 1 , 2 , 3 , «-tair»|; 

cos 2 -^±^ ,- 4 * sin „ =0> 1 , 2 , 3 . 


4 


3. 1. 4 . 


4 

17. 1 


Examples XI (6), (Pp. 294-298). 
1. -1 and cos ~ ±i sin p=l, 3 , 5. 


2 . 


7T 

— 1, ± cis ±cis ^, ±cis — 

04 4 


1T . 877 


Q •_ (2j7-i-l)77 

3. cis ^ - T ,37=0,1,3,5. 

Examples XII (c). (pp. 316-318) 

9. cos x cosh y , -sin * sinh t/. 

Examples XII (d). (p p . 319-321). 

(t) T a Z h {ii) X=a C0Sh 

(to) «+ 3 -=— sinh e. 13 . v=i tanA _! _ 2 y 


4 4 
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10 . 


11 . 

12 . 

13. 


15. 


16. 


17. 


18. 


Examples XIII (a) (P. 326) 


. nx . fi+1 / . x . nx n+1 

sin — sin —— x I sin - 2. sin — cos —- 

I I I i It It 

sin 2 na:/sin x. 4. sin 2nff/sin 2x. 5. 0. 

. / n— 1 \ . ny i . y . 

sin ( *- Y y ) Sm 2 I Sm 2* 

. 71(tt — x) . (n + l)(7T— x) I x 
sin -±—sin v -^-- cos -• 


sin 


. n TT \ . tt + 1 7T \ 
Sln 2 1 2 * / Sm (2 ® ) 
. n , tt , \ . n + 1 ; 7r 

Sin 2 (o ) s m- 2 “(s + *. 


sin 


4 2/ 


2 '2 


. W , TT \ 

sm 2~( 2 X ) C0S 


2 \ 2 
n-j-1 i Ti 
2 \ 2 


• l n , x 1 

sm (j-H-g)’ 

• X / ^ T 
sm 


n - y-V* \ I y 

sin" (*/ + 7r ) cos (a;+n—1 -y J j cos- 

sin (n-f-l)a: sin nx/ 2 sin a?. 

-- 1 sin na: cos (n+1) a:/sin a;. 

2 2 


14. - cos (n-\-l)x sin na:/2 sin x. 


r nx 3 , . . 3na: 

3 sin (n-f-1)? sin y sin- (n+1) * . sin ^ 


* 

4 sin 2 

3 . nx w+1 
-sin-cos-y* 


a? sm 


. 3.t; 

4sln 2 

. ® 

S,n 2 " 

1 . 8na! 3(»+l)» | c j 
+4 Sin -F C0S_ 3-/ 


- sinh 4na: 4 sinh 2a?. 
2 

• P W7r nr P( w + 1 ) 7r I 

Sin 2^+i 2n+l I 


sin > j?=( 2 n+l)&. 
sin 2»+l F 


Examples XIII (&). (PP- 329-330) 


n cos - —* sin na? cos (w+2)a?/sin * 
2 - 

4 (cos 2a:—cos 2 , ‘+ 1 a:). 


I S3 
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3. 

5. 

7. 

9. 

10 . 

11 . 

12 . 

13. 

15. 

19. 

20 . 


, sinh 2 nx . , , . n . , a 

$ ii^h2oT Slnh ( 2w + 1 )* ~ 2 ~ slnh x - 4. cot --cot a 

cot a-2 n cot 2”a. 6. cot a tan (»+1) a—(n + 1). 
tan 2"a—tan a. 8. sin 2na/sin tt sin (2n+l) a. 

{tan (2n + 1) a—tan a}/sin 2a. 
sin na/sin a cos a cos (n-r 1) a. 

{sec (2n+l)a—sec a}/2 sin a. 

[cosec a—cosec (2n+ 1) a]/2 sin a. 

| £ 3 sin a— ^^j-sin 3 n a J . 14. £(cot a—cot 3"a). 

cot e (cot 6 —cot n+1 9)—n. 
cosec ^3{cot a-cot (a+n0)}. 

tan 2 n 6 —2 tan 6. 21. tan' 1 
^ n+2 

- L ” read “tan' 1 —* — ” 


For “tan -1 - 

1 + 1*2 ' " 1 + 1*2 
Examples XIII (c). (P. 331) 

1 2—2 cos .r+sin #+(n+l) sin (n — 1 ) x—n sin nx 

2(1 — cos#) * 

cos nx + 2 n sin x sin -— 1 

__ 2 2 

2 ( 1 —cos #) * 

3 (” + l) sin nx~n sin (n+ l)j 

2 ( 1 —cos x) 

4 . sin a?+ (2n+3) sin na?+(2 n+l) sin (n+1 la 

2 ( 1 —cos a?) I 

Examples XIII ( d ). (Pp. 336-338) 

1 . cos „ + cos ( 20 +fig) sin na 

2 2 sin a 

2 . ^-sin r»fl+ — (P+ n +l)# sin nd 

2 2 sin d 

3 . — cos 0 +(w+l) cos (n — 1 ) d-n cos n 0 

2 ( 1 —cos 0 ) -- 

4. 3 cot - sin ( a + Wa / 2 ) sin (n- ljg/2 

2 2 (sin 3 a/ 2 ) 

Jn+ 2)(n+5) sin na-(n+ 2Mn-H» s i n fn+lk 
, 7 4(sin 8 a /2) 
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5. 

If S is the sum, 2(] —cos 6) 

i S= 

—2 sin ndl2 n— 1 
sin 9/2 C0S 2 9 



-fn(n + 3) cos n0— n(n + l) cos 

(w-f-l)0. 

10. 

(i) cot 0 cos n 0 

sin 0, (ii) cot 

9(1 

—cos"# COS 710). 


1 1 

(i) cot 0 C ° S 

(n+l)e . in) 

sin 

(n+l)« , 


1 1 . 

x sin 

6 cos "0 { } 

sin 

0 cos"0 


12. 

0 nd 

2"cos” - cos — ■ 

A A 

■ 

13. 

tan a;-tan x/2 n . 


14. 

2 n ' 2 sin 0/2"- 1 - 

-l sin 20. 

15. 

cos*$ / - . sin 20\ 

e 9 cos ^ 0+—g—)• 

16. 

£ sin 2612 cos (9+sin 2 9). 

17. 

cos 0 

1—cos 9 l0g(1 ' 

cos 0). 


19. log 2 cos-- 

21. cosh (sin 0) cos (cos 0). 
1 —x cosh a 


26. / sin 0 sin (® sin 0). 


1 4-re , 0 

18. log ^ jg . i9 - log 2 cos-- 

l+xe 

20. e" cos ^sin (sin 9). 21. cosh (sin 9) cos (cos 9). 

4 sin 9 4 cos 9-2 , 1 -jcosha 

22 ' 5-4 cos 9' 22 '5-4 cos 9 ' l- 2 zeosh a+x 2 

2 , * sinh n _ 26. e xsia S sin (t sin 9). 

1 — 2x cosh a-\-x 2 

27 . e ~ xcos Q cos x sin 9. 28. e x cos P sin (a f * sin 0). 

29. e* C ° S P cosh a+z sin J9. 30. (2 sin a)"* sin (+ l) ’ 

except when a=nn. 

oi _i 4 ._ 3 _cos - (w-a), where n<l and 2fr>a>0. 

+ ( 2 sina/ 2 ) n 2 

32 . \/2 cos a /2 sin a/ 4 , when —w<a<7r. 


- > 


33. « 


- COS a COS P 


(cosh sin ft 


34. e 


cosh u 


sinh (sinh u). 


y/l—X 2 sin 2a+a 2 /4 S * D ^*"^2 

, . on „_ * 2 sin and when V /2>A’> —V 2 

where tan 0 2—x 2 cos 2a 

36. («) sin (® sin 9) sinh (* cos 9), 

(«) cos (• sin 9) “ Sh ( ' r C ° x+2 c cos_a+c 2 . 

37. 1 log tan (?+ 38< * log 


J 
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